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Abstract

The central theme of this thesis is homological mirror symmetry for curve singulari-
ties defined by invertible polynomials. The main results are contained in Chapters
3,4, and 5. Chapter 3 is based on joint work with Jack Smith, and establishes
homological Berglund—Hiibsch mirror symmetry for invertible polynomials in two
variables by matching generating collections on both sides. Along the way, we show
that the category of graded matrix factorisations has a tilting object, confirming a
conjecture of Lekili and Ueda ([LU18, Conjecture 1.3]) in the case of curves.

In Chapter 4, we build on the results of Chapter 3 to establish a derived equivalence
between the Fukaya category of the Milnor fibre and the derived category of perfect
complexes on the proposed mirror. The strategy of proof builds on that of Lekili and
Ueda in [LU18], and uses a moduli of A.-structures argument. A key step in the
proof of this result is to reconstruct the Milnor fibres by a gluing procedure.

In Chapter 5, we prove homological mirror symmetry for a framework which gen-
eralises that of invertible curve singularities. Namely, the B-model is taken to be a
chain or ring of weighted projective lines joined nodally such that each irreducible
component is allowed to have non-trivial generic stabiliser, and the A—model is built
using the gluing construction of Chapter 4. As a special case, this completely re-
solves a conjecture of Lekili and Ueda on invertible polynomials ([LU18, Conjecture
1.4]) in complex dimension one. This also re-establishes the results of Chapter 4
by different methods and generalises the results of [LP17b]. As a corollary, we
prove some derives equivalences between categories of sheaves on the B-models by

studying when the corresponding A—models are graded symplectomorphic.
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Impact Statement

The work in this thesis sits at the intersection of three prominent areas of modern
mathematics: symplectic topology, algebraic geometry, and representation theory.
The main results uniformly establish several homological mirror symmetry conjec-
tures in the first non-trivial dimension — that of curves. Thus, I believe that the results
of this thesis will find application due to the interest of the mathematical community
in these conjectures. I also believe the techniques in this thesis are able to be further
developed to provide new tools in their respective fields, independent of applications
to homological mirror symmetry.

In order to achieve this impact, the paper on which Chapter 3 is based has already
appeared in a peer-reviewed journal, whilst the paper on which Chapter 4 is based
has been accepted for publication. In addition, the paper on which Chapter 5 is based
is publicly available on the arXiv, and has been submitted for peer-review. Interest in
this work is evidenced by citations of subsequent work by various authors, as well as
my recent invitations to present the findings of my thesis in, for example, seminars
at the Korean Institute of Advanced Study, the University of Hamburg, and the FD

Seminar (Bonn).
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Chapter 1

Introduction

There has always been an interplay between mathematics and theoretical physics,
although this relationship has grown stronger in recent decades. In particular,
mathematical ideas which have arisen from string theory have proven to be truly rev-
olutionary, providing a deep insight into relationships between areas of mathematics
which were previously thought to be unconnected. One of the most consequential
ideas which has arisen is homological mirror symmetry. Roughly speaking, this
posits an equivalence between certain categories arising in the study of the symplec-
tic topology of one space, possibly equipped with some extra data, and the algebraic

geometry of another. These are known as the A— and B—models, respectively.

Before mirror symmetry, symplectic topology and algebraic geometry were not
seen as being intimately linked. Topology is a global study, and any two symplectic
manifolds of the same dimension are locally equivalent. On the other hand, this
is far from true in algebraic geometry, where the objects of study are more rigid.
It therefore stands to reason that these geometries should not be closely related (if
at all); however, this conventional wisdom was overturned in [CdIOGP91], where
symplectic enumerative invariants were correctly predicted using the principle of

mirror symmetry.

Several years after this initial breakthrough, the original enumerative predic-

tions were refined by Maxim Kontsevich in his 1994 ICM address ([Kon95]) to
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conjecture that a categorical version of mirror symmetry should hold. The resulting
homological mirror symmetry (HMS) conjecture proposed that certain categories
arising in the study of symplectic topology and algebraic geometry of a mirror pair
of Calabi—Yau varieties should be equivalent, and that this should be the underlying
phenomenon explaining the previously observed dualities. Subsequently, there
have been numerous generalisations to predict equivalences between the categories
arising from the A— and B— models in the setting of, for example, Fano or general
type varieties, stacks, or Landau—Ginzburg models on these spaces (cf. [HVO00],
[KKOYO09], [KLO3], [SeiOl]).

There is now a significant body of evidence towards the HMS conjecture in all of its
interpretations, where important cases have been proven in, for example, [PZ98],
[Sei03], [Shel5], [AKOO8], [AAET13], [LP17a]. Nevertheless, there is still not
even a conjectural mirror partner for many A— or B—models, and examples of the
correspondence have remained difficult to prove, even in cases where the conjectured

mirror pair is explicitly understood.

Recently, homological mirror symmetry for invertible polynomials has gained
a lot of attention. In this context, HMS is a series of conjectures which postulate
a relationship between the symplectic topology and algebraic geometry of two
polynomials which are related by a very elementary operation — matrix transposition.
The precise and simple formulation of HMS for invertible polynomials allows one to
overcome the first major obstacle of mirror symmetry — predicting what the mirror
model should be — although the conjectures are still sufficiently broad in scope to
provide new and interesting examples. The main results of this thesis provide a

uniform treatment of the first non-trivial case of these conjectures — that of curves.
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1.1 Homological mirror symmetry for invertible

polynomials

Consider an n X n matrix A with non-negative integer entries a;;. From this, we can

define a polynomial w € Clxy,...,x,]| given by

In what follows, w will always be quasi-homogeneous, and so we can associate to it

a weight system (dy,dy,...,d,;hy), where

d

w(thxy, .. 1%, =™ w(xg, .. x),

and dy := hyw —d| — --- —d,. There 1s a trichotomy of cases depending on dj:
* Log Fano: dj < 0,
* Log Calabi—Yau: dy =0,
* Log general type: dy > 0.

In the case of two variables, which is the primary focus of this thesis, all invertible
polynomials are of log general type with the exception of w = x> +y2. In [BH93],
the authors define the transpose of w, denoted by W, to be the polynomial associated

to AT,

n
ai
VAR L]
X] ,

M=

W(EL, ... ) =

1j=1

~

and we call this the Berglund—Hiibsch transpose. One can associate a weight system
for W, denoted by (dy,d),...,dy;hy), in the same way. We call a polynomial w
invertible if the matrix A is invertible, and if both w and W define isolated singulari-
ties at the origin. Such polynomials are automatically quasi-homogeneous and the

systems of weights associated to w and w are unique (see Chapter 2).
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Recall that for f € Clxy,...,x,] and g € C[yy,...,ym], their Thom—Sebastiani

sum is defined as
fEEig:f®1+l®gE(C[xla"',xnayla'”7ym]' (1.1)

A corollary of Kreuzer—Skarke’s classification of quasi-homogeneous polynomials,
[KS92], is that any invertible polynomial can be decoupled into the Thom—Sebastiani

sum of atomic polynomials of the following three types:

* Fermat: w = x{",
. _ Pl P2 n
* Loop: w=ux| x2 +x5°x3 + - - +xp,"x1,

e Chain: w = xf'xz —|—x’272x3 4. —i—xg”_’]‘xn 4+ xh".

The Thom-Sebastiani sums of polynomials of Fermat type are also called Brieskorn—

Pham.

Remark 1.1.1. In this thesis, when we refer to an ‘invertible polynomial’, we will
always mean a polynomial of loop, chain, or Brieskorn—Pham type unless otherwise

stated, and also assume that each p; > 2.

To any invertible polynomial, one can associate its maximal symmetry group

I'y = {(ll, e 7tn+1) € (C*)n+l| W(llxl, . ,tnxn) = l‘n_|_1W(xl, . ,xn)}. (1.2)

In general, I'yy contains C* as a subgroup of finite index, and we consider certain
admissible subgroups C* C I" C Ty, (see Definition 2.2.4). Correspondingly, one

must consider a group I" which acts on the mirror, defined in (2.12).

Remark 1.1.2. In this thesis, we will be careful to write I" when what we say is
valid for any admissible subgroup, and 'y, when we specifically mean the maximal

symmetry group.
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Conjecture 1. Let w be an invertible polynomial and I" C I'y, an admissible subgroup

of the maximal group of symmetries of w. Then, there is a quasi-equivalence
mf(A", T, w) ~ D" FS(w,I)

of pre-triangulated A categories over C.

Here, the B-model is the category mf(A”,I",w) of I'-equivariant matrix factori-
sations of w: A" — A. In the maximally graded case, this is equivalent to considering

graded matrix factorisations with respect to the maximal grading group for which w

is homogeneous, namely the abelian group L freely generated by elements X1, ...,X,
(the degrees of xp,...,x, respectively) and ¢ (the degree of w) modulo the relations
n
Y aij¥j=¢ foralli. (1.3)

J=1

The situation where I" C I'y, follows by considering graded matrix factorisations
with respect to a quotient of L.

The A-model is the category D*FS (Vv,f), which is the (split-closed, derived)
orbifold Fukaya—Seidel category of w: C" — C, equivariant with respect to the
action of I on the total space. In the maximally graded case, taking the split-closure
is not necessary since the (derived) Fukaya—Seidel category has a full exceptional
collection; however, this is not known to be true in the orbifold case. It is worth
noting that the study of orbifold Fukaya—Seidel categories is still in its infancy,
although a definition of a Z,-graded version was given in [CCJ20], which the authors
then use to establish the corresponding Z,-graded version of Conjecture 1 in the
case of curves. The maximally graded case of Conjecture 1 goes back to [T*10] and
[Ued06], and there have recently been many results in the direction of establishing it.
It has been proven in several cases — in particular, for Brieskorn—Pham polynomials
in any number of variables in [FU11], and for Thom—Sebastiani sums of polynomials
of type A and D in [FU13]. For further discussion and background on Conjecture 1,

see [Ebel6], and references therein.
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Recall that the derived category of singularities of a stack X is defined to be

the quotient
D} (Xo) := D" Coh(Xo)/ perf Xy

of the derived category of coherent sheaves on Xy by the category of perfect com-
plexes (those complexes quasi-isomorphic to bounded complexes of vector bundles).
Buchweitz ([Buc86], cf. Orlov [Orl09, Theorem 39]) showed that when Xj is a
hypersurface in a regular scheme, its singularity category can be expressed in terms
of matrix factorisations of the defining equation. This can be extended to stacks
[PV11, Proposition 3.19] and in our setting we obtain an equivalence of triangulated

categories

HMF(A", Ty, w) — D2 ([w™1(0)/Ty]), (1.4)

sing

where HMF(A", T'y, w) denotes the homotopy category of mf(A” Iy, w). Conjec-
ture 1 therefore relates the algebraic geometry of the singularity w to the symplectic

topology of the singularity w.

On the A—side in the maximally graded case, a famous result of Seidel ([SeiO8b,
Theorem 18.24]) shows that the Fukaya—Seidel category is generated by Lagrangian
thimbles, and so Conjecture 1 implies that the category mf(A”, I'y, w) has a full ex-
ceptional collection of length p (W), the Milnor number of the transpose polynomial.
This is proven in [FKK?20]. In fact, this collection is conjectured to also be strong

([HO18, Conjecture 1.3]), which would imply the following:

Conjecture 2 ([LU18, Conjecture 1.3]). Let w be an invertible polynomial with

maximal symmetry group Uy. Then, mf(A",I'y,w) has a tilting object &.
Recall that an object £ € mf(A" 'y, w) is tilting if
* End'(€) =0 forall i >0, and

* hom*(&,X) =0 implies X ~ 0.
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If such a tilting object £ exists, then it implies that mf(A”, w,T'y) ~ D”(end(E)P),
allowing the computation of the category of matrix factorisations as the category
of modules over an algebra. Since the A—model is known to have a tilting object, a
common strategy for proving mirror symmetry, and the strategy which we in fact
follow, is to prove that the B—model has a tilting object, and then match it with that
of the A—model.

The stronger claim that mf(A” T'y,, w) has a full, strong, exceptional collection
was proven for all chain-type invertible polynomials in [HO18]. It was also proven
in [Kral9] for n < 3 variables. Moreover, Kravets’ proof is constructive, and should
also be adaptable to higher dimensions. It would be interesting to study analogues of
Conjecture 2 in the case of non-maximally graded symmetry groups, since in this
case it is not known whether the relevant orbifold Fukaya—Seidel category of the

mirror pair, (W, 1), possesses a full exceptional collection.

As well as the homological mirror symmetry statement for the Landau—Ginzburg
models (w,T") and (W,1"), it is natural to study the corresponding mirror symmetry

statement for the Milnor fibre of w. In particular, we define
Vi=w (1)

to be the (completion of) the Milnor fibre of w. This differs from the usual definition
of the Milnor fibre, although is equivalent, since all invertible polynomials under
consideration are tame (see Lemma 2.2.2) and have only one critical point. On the
B-side, the action of I is extended to A"*! in a prescribed way (see (2.11)). In

[LU18], Lekili-Ueda made the following conjecture:

Conjecture 3 ([LU18, Conjecture 1.4]). For any pair of invertible polynomials w,

W, and admissible subgroup T' C Ty with corresponding dual group T, there is a
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quasi equivalence
D™W([V /I]) ~ mf (A" T, w +xox1 ... x,).

of Z-graded pre-triangulated A«-categories over C.

Here, mf(A"! T, w4 xox; ...x,) is the dg-category of I'—equivariant matrix
factorisations of w+xg...x, on A”*!. In the maximally graded case, this conjecture
was recently established in the case of n > 3 for all simple singularities in [LU21],
and a Z;-graded equivalence was given for the Milnor fibre of any invertible polyno-
mial in [Gam20]. Recently, a proof of the Z-graded version of the conjecture in the
maximally graded case was given in [Li21] for Brieskorn—Pham polynomials of the

form x7 +x3 + x5 + - 4+ xf".

In the case of invertible polynomials of log general type, an adaptation of

Orlov’s theorem to the present setting gives a quasi-equivalence:
mf(A"™1 T w+ xox; ... x,) =~ D’ Coh(Zy 1), (1.5)
where

Zywr = [(SpecClxo,x1,...,xn] /(W+x0x1 ...x,) \ (0)) /T]. (1.6)

The generalisation to the case where I is a finite extension of C* is straightforward,
and the extension to the setting of dg-categories was studied in [Shil2], [Isi10],
[CT13]. There is no such equivalence for the log Calabi—Yau and log Fano cases
since extending the action of I' to A”*! in these cases doesn’t have strictly positive

weights.

It is known that the subcategory perfZy rr C D? Coh(Zy 1) consists precisely of
compact objects ([HR17]), since Zy r is a proper stack with finite stabilisers. On the

symplectic side, it is clear that compact Lagrangians yield compact objects in the
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category. On the other hand, it is not known in general that the compact objects in
the category are precisely the compact Lagrangians (cf. [Gan21]); however, this is
the case in all known circumstances. In the equivariant setting, morphisms should
be given by the I'-invariant morphisms of the standard morphisms. Therefore, in
the case that the (derived) Fukaya category is precisely the compact objects in the
(derived) wrapped Fukaya category, Conjecture 3 in the log general type case would

imply an equivalence
D™ F([V /1) ~ perf Zy 1. (1.7)

In the maximally graded case, the first instance of this was given in [LP11b] for
x? +x%. The equivalence was subsequently establish in the cases of w =} | xf“

and w = x% + Zl’f:lez”, both for any n > 1, in [LU18].
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1.2 Statement of results

Chapter 3 is based on joint work with Jack Smith, [HS20], and we study Conjecture

1 in the maximally graded case. Our main result is:
Theorem 1 (Theorem 3.1.1). Conjecture 1 is true in the case of I' =T'y, and n = 2.

As part of the proof, we construct a full exceptional collection on the B—side
whose length is t(W), and show that the direct sum of these objects is tilting, thus

confirming Conjecture 2 in the maximally graded case and n = 2.
Theorem 2 (Theorem 3.1.2). Conjecture 2 is true in the case of ' =1'y, and n = 2.

In Chapter 4, which is based on [Hab], we build on a strategy of Lekili and
Ueda in [LU18] to deduce the quasi-equivalence (1.7) in the maximally graded case.

Our main result is

Theorem 3 (Theorem 4.1.1). Let w be an invertible polynomial in two variables with

maximal symmetry group Uy, and W its transpose. Then there is a quasi-equivalence
D™ F(V) ~ perfZy r,

of Z-graded pre-triangulated A.-categories over C, where Zyr,, is as in (1.6),

V :=w~1(1) is the Milnor fibre of W, and D*F (V') and perf Zy ., are as in Section
1.3.

A key step in the proof Theorem 3 is to eliminate the potential mirrors by
showing that their Hochschild cohomology isn’t isomorphic to the symplectic coho-
mology of the Milnor fibre. In order to do this, the Milnor fibres are reconstructed
by an explicit gluing procedure, allowing the symplectic cohomology to be easily
computed. These computations suggest a more general pattern of HMS which should
include Milnor fibres of invertible polynomials as a special case. In Chapter 5, which
is based on [Hab21], we show that this is indeed true, establishing the following

theorem:
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Theorem 4 (Theorem 5.1.4 ). Let w be an invertible polynomial in two variables
with admissible symmetry group T' C Ty, and corresponding dual group T. Then, the

action of I on 'V is free, and there are quasi-equivalences

D™ F (V1) ~ perf Zy r

D™W(V /T’) ~ D’Coh(Zy )

of Z-graded pre-triangulated A-categories over C.

Remark 1.2.1. It should be reiterated that, although the quotients of the Milnor fibre
by the dual group T should a-priori be a stack, in the case at hand the quotient is a

genuine manifold and standard techniques in symplectic geometry can be applied.

As already mentioned, Theorem 4 is a special case of a more general HMS
result, in particular regarding rings and chains' of certain Deligne-Mumford stacks,
generalising the work of Lekili and Polishchuk [LP17b]. In particular, we consider
Deligne-Mumford stacks whose irreducible components meet nodally and are
allowed to have a generic stabiliser given by the cyclic group ;. Additionally, we
demand that the underlying orbifold? of an irreducible component be a weighted
projective line of the form PP, . This is the orbifold whose coarse moduli space is
P!, and such that the point 0 has a stabiliser of 1, and o has a stabiliser of . In
the case that ged(a,b) = 1, this is [(C?\ (0,0)))/C*], where C* acts with weights
a and b on the coordinates x and y, respectively. The case of general a and b is

discussed in Section 5.2.

In what follows, we let ]P)"i,f-,”i, . denote the orbifold P! with precisely two
distinct orbifold points (g; —,g;+) such that Aut g; — ~ u,, _ and Aut g; 1 ~ H,, ..
Here, the subscript & refers to which end of the orbifold the points g; + are at; we

have that the point g; ; € C; intersects C; 1 at g;41,—. In the case of a chain of curves,

'In this thesis, we will use the word chain to refer to both a cycle of (stacky) projective lines
which are in an A,-configuration, as well as an invertible polynomial of chain type (whose B—-model
is in fact a ring of curves). We hope that this distinction is clear from context.

ZRecall that an orbifold is a Deligne-Mumford stack with trivial generic stabiliser, and that the
underlying orbifold results from ‘removing’ the generic stabiliser (cf. Section 5.2).
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we also allow r; _ =0, or r, 1 = 0, so that the corresponding irreducible component
is a (stacky) A!. The irreducible components of the curve are notated as C;, and their

generic stabiliser groups as ;.

In addition to what the irreducible components are, a crucial piece of information
is how the nodes are locally presented. Namely, if H; is the isotropy group of the node
where the irreducible components C; and C;; | meet, then there exists a surjective map
H; — Wy, , whose kernel is a torsor for (i, and a surjective map H; — Uy, , _ whose
kernel is a torsor for U, . Rephrased, this says that H; is able to be constructed
as an extension of [, + by U, and an extension of ., by Ug, . Note that the
extension class is not part of the data — one can only conclude the isomorphism class

of the extensions as complexes. The groups H; are abelian metacyclic groups.

Remark 1.2.2. It is worth reiterating the subtle difference in terminology here
between ‘equivalence of extensions’ and ‘isomorphism of complexes’. The first is
the usual notion of equivalence of extension, which requires a chain map between
extensions to be the identity on the first and third groups. The second notion is an
isomorphism of extensions in the category of chain complexes, meaning that the
chain map on the first and third terms must only be an isomorphism. In particular,
two abelian extensions of cyclic groups are isomorphic as complexes if and only if
the middle term in the extensions are isomorphic. This is clearly a much weaker
notion than two extensions being equivalent. Correspondingly, we will take care
to be precise in using the terms ‘equivalence of extensions’ and ‘isomorphism of

complexes’ in this thesis.

Example 1.2.3. The group ug x Uy can be viewed as a non-trivial extension of Ly
by U4, and as the trivial extension of Ug by Wo. In the former case, there are two
inequivalent extensions which yield Ug X W, although both extensions are isomorphic

as complexes.

Given an intersection of C; and C;;, this is modelled locally as the stack

quotient of {xy = 0} by H;. How the group H; acts will be important; it is possible
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to have the same intersection point with different actions by H; yielding non-derived

equivalent categories of H;-equivariant sheaves.

Figure 1.1: A chain of n curves. Each irreducible component has generic stabiliser ,,, and
the intersection of C; and C;y; has isotropy group H;. An analogous picture can be drawn for
aring of curves by intersecting the first and last irreducible components.

Example 1.2.4. For a simple example which captures the key points of the construc-

tion, consider
{xy =0} CP(dy,d>,d3),

where ged(dy,dy,d3) = 1. This is a chain of curves with two components. The
component Cy = {x = 0} has generic stabiliser gcd(dy,d3), whilst the curve C; =
{y = 0} has generic stabiliser gcd(dy,d3). The node |Ci|N|Cy| =[0:0: 1] is

presented as the quotient of {xy = 0} by Uy, acting as

t-(x,y) = (t91x,1%y).

In general, one does not need to present the curves as being hypersurfaces in a
weighted projective plane, and can consider the intersection of two abstract curves.
To get a chain of curves with more components, we intersect the point at infinity of C»
with the zero of another curve, C3, and similarly with Cy4 etc. To get a ring of curves,

we close up a chain by intersecting Cy with C,,.
Theorem 5. [Theorem 5.1.1] Let C be a Deligne—Mumford stack such that:
o The coarse moduli space of C is a ring or chain of n P's.

* Each irreducible component, C;, has underlying orbifold Py, _ ,, . and generic
stabiliser g, such that r; d; = riy1 _dii1 (we allow ry _ and/ or r, =0 in

the case of a chain of curves).
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* The node q; := |C;i|N|Ci+1| has isotropy group H;, an abelian metacyclic group,
and is presented as the quotient of Spec C|x,y]/(xy) by H;, where the action is

given by

h-(x,y)= (ll/i,+(h)x7 Wi+1,f(h)y)

for some surjective i - H; — Wy, and Wiy - H; — W, .

Then
D’(A¢ —mod) ~ D"W(Z;A)

is a Z-graded quasi-equivalence of pre-triangulated A«-categories over C, where X
is a Z-graded, b-times punctured surface of genus g such that the genus, boundary
components, and collection of stops, A C d%, are determined by the r; +, d;, and the

local presentation of the nodes as the quotient by H;.

In the above, D”(A¢ — mod) is the bounded derived category of (left) modules
of a certain sheaf of non-commutative O¢-algebras, first introduced in [BD09],
and DPW(Z;A) is the derived partially wrapped Fukaya category with respect to
the collection of stops A C dX ([Aurl0], [Syl16]). As part of the proof of this
theorem, we show that Tw W(X; A) has a full, strong, exceptional collection, so is

automatically split-closed ([Sei08b, Remark 5.14]).

The category D”(A¢ —mod) (resp. D?W(X; A)) admits a functor to D? Coh(C)
(resp. D™W(X)) which is given by localising at a certain full subcategory. We show
that these categories are identified with each other under the equivalence of Theorem
5. By localising on both sides and also characterising the inclusion of perfC in

D?(A¢ —mod) (resp. D™ F(X) in DPW(Z; A)) we find:
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Theorem 6. [Theorem 5.1.3] Let C and X be as in Theorem 5. Then

perfC ~ D* F (%)

D’ CohC ~ D™W(Z),

are quasi-equivalences of Z-graded pre-triangulated A-categories over C in the
case of a ring of curves. In the case of a chain of curves, there are quasi-equivalences

of Z-graded pre-triangulated A-categories over C

perf,C o~ D™ F (% (ry )%, (0)°7H= (1, 1) ™)

D’ Coh(C) = D™W(Z; (1 - )™, (0)P == (1, 4 )),

)

where perf,.C is the full subcategory of perfC consisting of objects with proper

support.

In the above, D* F(X; (ry )4, (0)°~4=dn (1, )%) is the (derived) infinitesi-
mally wrapped Fukaya category (INZ06], cf. [GPS18]). To reiterate, the motivation
for studying the curves appearing in Theorems 5 and 6 is that this class of curves
includes the B—models of invertible polynomials in two variables. It is then a
consequence of these theorems which establishes the remaining cases of Theorem 4

not covered in Chapter 4.

As a corollary of our main theorems, we establish derived equivalences between

certain curves appearing in the B-model of Conjecture 3.

Corollary 1. [Corollary 5.1.5] For eachn > 1 and q > 2, let Wipop = x”(q*1)+1y+
yix and Wepgin = X"y 4+ 14, each with the maximal symmetry group. We then have

quasi-equivalences
Db Coh (Zwloop) = Db COh(ZWchain>

of Z-graded pre-triangulated A-categories over C.
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Similarly, for eachn>1and p>2, orn>p=2, let W, . = xPy +yp=1),
wgp = x¥ +y"P, each with the maximal symmetry group. We then have quasi-
equivalences

D’ Coh(Z,y )~ DPCoh(Zy,,)

chain

of Z-graded pre-triangulated A-categories over C.

This corollary was previously proven in [FK19, Corollary 5.15] using purely
algebro-geometric means. Our proof is obtained by first showing that the Milnor
fibres corresponding to the relevant Berglund—Hiibsch transposes are graded symplec-
tomorphic, implying that their Fukaya categories are quasi-equivalent. By Theorem

4, this proves that the derived categories of sheaves of their mirrors are too.

1.3 Conventions

We work over C throughout. For a two dimensional Liouville manifold ¥ with
stops on the boundary A C dX, we refer to the split-closed derived Fukaya, wrapped
Fukaya, and partially wrapped Fukaya categories as D* F(X) and D*™W(X), and
D™W(X;A), respectively. We refer to the derived Fukaya —Seidel category of
w: C" — C as D’ FS(w). For a Deligne-Mumford (DM) stack X’ we write x € X
to mean x : SpecC — X, and let | X'| be its underlying topological space. We denote
the bounded derived category of coherent sheaves, its full subcategory of perfect
complexes, considered as pretriangulated dg-categories, as D’ Coh(X') and perf X,
respectively. We refer to a DM stack with trivial generic stabiliser as an orbifold. For
a sheaf of algebras .4, we denote the bounded derived category of finitely generated
left modules, considered as a pretriangulated dg-category, as D?(A — mod). By Z,
we mean Z/nZ, and by Z,) we mean the local ring of rational numbers with odd
denominator. All (co)homology groups are assumed to have coefficients in Z unless

otherwise specified.



Chapter 2

Preliminaries

In this chapter, we briefly review the relevant material on the various flavours of
Fukaya categories which will need, as well as the background material on invertible
polynomials. Everything in this chapter is well-known — comprehensive references
for the symplectic geometry are [CE12], [SeiO8b], [ASO07], [Aurl0], and [Syl16],
and references for invertible polynomials include [Kral0], [LU18], and [T*10].

In this thesis, all of the Fukaya categories we consider will not have orbifold
structures, and so we do not review the background of the various orbifold Fukaya(—
Seidel) categories. The interested reader can find a definition of an orbifold Fukaya
category in [Seil 1] for the case of curves, and the definition of the wrapped Fukaya
category of an orbifold is given in [CCJ20, Definition 4.7]. Building on this, the
authors of [CCJ20] give a definition of an orbifold Fukaya—Seidel category ([CCJ20,
Theorem 4.14 and Definition 4.15]), and conjecture ([CCJ20, Conjecture 5.6]) that it
agrees with the standard definition of the Fukaya—Seidel category which is outlined

here in the case that the quotient group is trivial.

2.1 Symplectic preliminaries

We begin this section by introducing the categories arising in symplectic geometry
which will be of most interest in this thesis. We first introduce the various Fukaya

categories which are associated to Liouville manifolds before reviewing some Picard—
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Lefschetz theory and the Fukaya—Seidel category.

2.1.1 Fukaya categories of exact symplectic manifolds

Throughout this thesis, the symplectic manifolds of interest will be examples of
Liouville manifolds, which are, in particular, exact. We therefore restrict ourselves
to this case in our exposition of Fukaya categories and do not discuss some of
the subtleties which are relevant in the non-exact setting. Moreover, we will not
discuss technical issues in detail which arise in Floer theory such as, for example,
transversality and compactness issues, relative gradings, or the orientations of moduli
spaces. For a complete and detailed construction of Floer theory, as well as a
comprehensive account of the relevant homological algebra, we refer to the book
[Sei08b]. A very nice and accessible introduction to the subject can be found at

[Aurl4].

2.1.1.1 Liouville manifolds

As already mentioned, all of the manifolds which will be considered in this thesis
are examples of Liouville manifolds. The topology and geometry of these manifolds
is of great interest in all areas of symplectic topology, and we refer to [CE12] for a
detailed account. To begin with, we define a Liouville domain to be a pair, (M, 1),

such that
1. M is a compact 2n-dimensional manifold with contact boundary,

2. A is a one-form such that dA = @ is a symplectic form for M and A|,3; = & is
a contact form on dM, where the orientation defined by ot Ador*~! agrees with
the orientation as the boundary of M. The one-form A is called the Liouville

form.

To each Liouville domain there is a vector field X defined as the @w-dual to A, meaning

the vector field X such that

lx(l):)t.
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Moreover, this vector field intersects dM transversally and points outwards. We
define a Liouville manifold as the completion of the Liouville domain by attaching

cylindrical ends, i.e.
M =M Uy (M x [1,00)),

and extend the Liouville form A to the attached ends by defining it to be " (4| ,3;),
where r is the coordinate on [1,00). The two notions of Liouville domain and

manifold are intimately linked, and we will frequently pass between the two.

A compact exact Lagrangian submanifold of a Liouville manifold L C M is a
Lagrangian submanifold such that the Liouville form has a primitive when restricted
to L, i.e. A|p =df for some f € C*(L). In this thesis, we will never consider
Lagrangians which are not exact. As explained in, for example, [Aurl4, Remark
1.7], exactness will allow us to avoid the necessity of working over a Novikov field
when constructing Floer complexes and work directly over the complex numbers

instead.

A key piece of additional data on a symplectic manifold is a grading [Sei00],
[Sei08b, Section 11j]. The important point is that a symplectic manifold (M, @) is
gradable if and only if 2¢; (M) = 0, and a grading is a choice of trivialisation of
K]?fz. Choosing a grading defines a lift of the Lagrangian Grassmannian bundle
over M, LGr(TM), to its fibrewise universal cover LGr(TM). Given a grading on

M, we say that a Lagrangian is graded if the natural map

L — LGr(TM)

x+— 1L

lifts to I_/,E}/r(TM ). Given a (transverse) intersection point p € L; rh Ly, one can then
define deg p as the winding number of a path in LGr(7,M) connecting 7,L; to T,L,

determined by the lifts of the respective tangent spaces to LAG/r( T,M). We discuss
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the issue of grading in more detail in Section 3.3.7 and 4.3.1, focusing on the case at
hand of symplectic surfaces. The take-home message is that grading Lagrangians

will allow one to give the Floer complex a Z-grading.

Remark 2.1.1. It should be emphasised that computing the degree of a point p €
Ly M L, is not the same as computing the degree of the same point, considered as
an intersection Ly M Ly. Indeed, if p € L1 L, has degree i, then p € Ly M Ly has

degree n—i for n = dimg L.

2.1.1.2 Fukaya categories of compact Lagrangians

Given a graded Liouville manifold, one of the central objects of study is the Floer
complex, which is a differential graded algebra associated to the intersection of two
graded, exact, Lagrangians L; equipped additionally with spin structures and flat
complex line bundles £; — L; with unitary holonomy (i.e. rank one unitary local
systems). We call such a tuple of data a Lagrangian brane. The inclusion of a local
system as part of the data is not always necessary, depending on the applications one
has in mind; however, this enriched version will be necessary when one considers
mirror symmetry. Assuming transversality of intersections, we define a Z-graded

vector space as

CF(Li,Lr) = @ hom™ %2(L[,,Ls],),
pELMLy
and take CF*(L;, L) to be the direct sum of these graded pieces. One of the features
of Floer theory is that it is invariant under Hamiltonian isotopy, meaning isotopies
induced from the flow of a Hamiltonian vector field. This provides us with a method
of circumventing transversality issues in the case where L M L, is not transverse.
Namely, one can Hamiltonian isotope L; by considering the image under the time
one flow of H, denoted by (p},, such that it intersects L, transversally. We then define

the Floer complex as being the sum over the intersection points of QD}I (Ly) M Ly.

It is a remarkable property of Floer theory that the Floer cochain complexes
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come with maps>

JU P CF.(Ln_l,Ln) ® CF* (Ln—ZaLn—l) R ®CF.(L0,L1) — CF.(LQ,Ln)[Z — l’l],
2.1)

which satisfy the A.-equations [Sei08b, Equation 1.2]. This was initially proven
by Fukaya in [Fuk93], resulting in the A..-category whose objects are Lagrangian

branes and morphisms are Floer cochain complexes bearing his name.

To define these maps, equip M with an @-compatible* almost complex struc-
ture J, let D, 1 be the disc with the n+ 1 cyclically ordered points &, ..., &,
removed, and suppose p; € L; ythL; fori=1,...,n and g € Ly h L,. Roughly
speaking, parallel transport along the boundary of the disc, together with the el-
ements hom(L;_1|,,, Li|p;) corresponding to L;_; rh L;, determines an element in
hom(Lol|y, Ln]4) Whose coefficient in p,(p1,...,ps) is the signed count of rigid
J-holomorphic® discs such that the puncture at & for 1 < i < n is mapped to p;, the
puncture at &y is mapped to g, and the boundary between &; and &; ;| is mapped to L;.
The brane structure determines the sign of this count. Of course, there are numerous
transversality and compactness issues which need to be addressed, although we defer
to [Sei08b, Chapter 12] for the details when local systems are not included; the case
where local systems are included follows by the same arguments by keeping track of

twisting by the contributions from the line bundles.

Of particular note is that the first A.-equation states that y; is a degree one

map such that gy oy =0, i.e. is a differential. With this, one can define the Floer

3Composition is done right-to-left.

“Recall w-compatible means that @(-,J-) is a Riemannian metric, such an almost complex
structure always exists, and that the space of w-compatible almost complex structures is non-empty
and contractible [MS98, Section 4.1].

A disc u : D, 11 — M is J-holomorphic if it satisfies Floer’s equation (for example, [Sei08b,
Equation 8.9]).
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cohomology groups
HF*(Ly,Ly) = H*(CF* (L1, L2), 11 ).
Related to Remark 2.1.1, there is a natural Poincaré duality isomorphism
HF'(Ly,L,) ~ HF"(L,,L)", (2.2)
induced by the non-degenerate pairing
HF"(L,,L;) @ HF(L,,L,) — HF"(L;,L;) ~ H"(L;;C) ~ C.

We are now in a position to define the Fukaya category. For (M,A) a Liouville
manifold, the Fukaya category of compact Lagrangian branes, denoted by F (M) is

as follows:

* The objects of F (M) are compact Lagrangian branes.

* The morphisms are defined as

homf(M) (L,‘,Lj) = CF.(Li,Lj).

This is an A..-category with structure maps given by (2.1).

The main invariant we will be interested in will be the derived Fukaya category,

which we define to be the pretriangulated® A..-category over C
D*F(M) :=Tw" F(M).

Here Tw” F(M) is the split-closure’ of the category of twisted complexes of F (M)

([Se108b, Chapter 31]), which is its split-closed pretriangulated envelope.

®Recall that a category is pretriangulated if its homotopy category is canonically triangulated.

"Recall that a category is split-closed if it contains all images of idempotent endomorphisms. The
split closure is a formal enlargement to include such objects, and always exists for an A.-category
[Sei08b, Lemma 4.7].
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Remark 2.1.2. » We should reiterate that all derived categories considered
in this thesis will be the appropriate A- or, equivalently, dg-enhancements.
Some authors (for example, in [Kon95] and [PZ98]) define the derived Fukaya
category as HO(Tw™ F(M)), yielding a triangulated category in the classical
sense; however, it is more common in modern approaches to homological
mirror symmetry to work with pretriangulated, rather than triangulated, cate-
gories. Such categories are also referred to as ‘triangulated A«-categories’
(for example, in [SeiO8b] and [Shel5]). Either way, the point is that the A-
structure of the category is crucial information, and this is not remembered

when passing to the homotopy category.

» There are certain circumstances where the category of twisted complexes of
a Fukaya category is already split-closed, such as when the category has a
full exceptional collection ([SeiO8b, Remark 5.14]). For an Aw-category </
such that Tw <7 is already split closed, taking the split closure does nothing.
Therefore, there is no harm in defining the D™ (</') as Tw” <7 and including the
cases when Tw 7 is already split-closed in this definition. We will, however,
write D? (/) = Tw o/ when we work with a specific category which is known

to be split closed (for example, when Tw f has a full exceptional collection).

2.1.1.3 Wrapped Fukaya categories

The second flavour of Fukaya category we will be interested in is the wrapped
Fukaya category, as introduced in [ASO7], which is denoted by W(M). It contains
F (M) as a full subcategory, as well as non-compact admissible Lagrangian branes,

which we define below.

We call a non-compact, orientated, exact Lagrangian L C M admissible if L
coincides with (1,e0) x dL on the non-compact ends of M for dL C dM a Legen-
drian submanifold. A brane structure on an admissible Lagrangian is the additional
data of a grading and spin structure. There is a generalisation due to Abouzaid

([Abo10]) which equips non-compact Lagrangian branes with local systems. Strictly
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speaking, this is the version of the wrapped Fukaya category which we make use of;
however, since all non-compact Lagrangians which we consider in this thesis will be
simply connected, any local system on it must be trivial, and wrapped Floer theory
reduces to the case of [AS07]. We will therefore not notate the local systems on the
non-compact Lagrangians, although note that they are present in the computation of
the Floer cochain complexes associated to intersection points contained entirely in

the interior of M.

As already noted, one is free to do Floer theory up to Hamiltonian isotopy. In
the case of wrapped Floer cochain complexes, the Hamiltonian vector fields whose
flow yields the desired isotopy must be of a specific form in order to obtain the
required a-priori bounds on J-holomorphic curves required for Floer theory. Namely,

outside of a compact set, the Hamiltonian must be of the form
H= r2,

where r is again the coordinate on [1,00) of the cylindrical end of the Liouville

manifold. In particular, the corresponding Hamiltonian vector field must be
XH — 2rRa .

where, as before, & = A4 | ;3; is the contact form on dM and R, is its Reeb vector field.

Let L;, L, be non-compact Lagrangian branes and X(L;,L;) the set of time
one Hamiltonian flow lines of H which start on L; and end on L,. Analogously
to the case of grading geometric intersection points, grading the Lagrangians L,
and L, determines a degree for each x € X(L;,L,). The set X(L;,L;) is equivalent
to the number of geometric intersection points of (p}, (Lo) N Ly, where ¢111 is the
time one flow associated to Xy. Rephrasing, this is the number of (perturbed by
H) intersection points of Ly and L; which are contained in M, together with Reeb

chords of arbitrary length between dLg and dL; in dM. It is this latter perspective
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which we will find most useful — in practice, we will compute morphisms between
non-compact Lagrangians in a Liouville manifold by counting the number of Reeb
chords® of arbitrary length between their respective boundaries in the boundary of

the Liouville domain, as well as any geometric intersection points in the interior.

As a vector space, the wrapped Floer cochain complex for L, L, non-compact

admissible Lagrangians is defined as

CW'(Li,L)= € C-x

XE.%(Ll ,Lz)
degx=i

The construction of the A., structure maps in the wrapped case is heuristically
analogous to the structure maps for compact Lagrangians. Namely, they are defined
by counts of rigid J-holomorphic discs with prescribed boundary conditions; how-
ever, we refer to [ASO7] for the details of the construction. The case of morphisms
between a compact and non-compact Lagrangian is computed entirely within M, as

in the case of the intersection of two compact Lagrangians.

The wrapped Fukaya category W(M) is defined as
* The objects are

— The compact Lagrangian branes as in the Fukaya category of compact

objects, and

— The non-compact admissible Lagrangian branes

* The morphisms are

CW?*(L,,L,) if both L; are non-compact, and
hOl’IlW(M) (Ll,Lz) =
CF*(L;,L,) itatleast one L; is compact.

8We assume that Reeb chords between dLy and JL; are non-degenerate, otherwise one must
perturb the Hamiltonian H to achieve this. This is analogous to perturbing intersections by a
Hamiltonian to achieve transversality in the Floer theory of compact Lagrangians.
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As in the case of the Fukaya category of compact objects, our primary interest will

be in the derived wrapped Fukaya category, where we define

D*W(M) :=Tw" W(M).

2.1.1.4 Partially wrapped Fukaya categories

The final flavour of Fukaya category which will be important to us is the partially
wrapped Fukaya category. This category was originally introduced by Auroux
[Aurl0], and studied in generality by [Syl16]. We restrict ourselves to the case of
surfaces with boundary here, which not only simplifies the exposition, but it is also

the only case which will be relevant to us in this thesis.

Let (X,A) be a two dimensional Liouville domain, i.e. a compact surface with
boundary such that each boundary component is diffeomorphic to S!. Let A C 9% be
a collection of stops on the boundary, which is simply a collection of points in this

case. Then, the partially wrapped Fukaya category, W(L;A) is defined as follows:
* ObW(X;A) =0b W(Y)

* The morphisms homyy(s:x) (L1,L,) are the same as in the wrapped Fukaya
category, but where Reeb chords from dL; to dL, which pass through a stop

are disallowed.

It is the fact that Reeb chords which pass through stops in the boundary are
disallowed which leads to the name ‘partially’ wrapped Fukaya category (and also
the name ‘stop’); indeed, one can recover the wrapped Fukaya category as the
partially wrapped Fukaya category with A = (. Moreover, by including enough
stops, all morphism spaces must be cohomologically finite, meaning, by definition,

that the category is proper.
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We define the derived partially wrapped Fukaya category as
D™W(Z;A) :=Tw" W(L;A).

This is an extremely useful intermediate category between the Fukaya category of
compact Lagrangians and the wrapped Fukaya category. In particular, the former
category is proper, but does not contain enough objects to be homologically smooth®.
The latter category, on the other hand, is homologically smooth ([Gan12]), but not

proper.

Given a collection of stops A’ C A, there is a stop-removal functor
D™W(Z;A) — D"W(L;A)

which is given by localising at Lagrangians supported near the stops ([Syl16, Theo-
rem 4.21] in generality, and [HKK14, Proposition 3.6] for the case of surfaces). In

particular, this gives a functor to the (derived) wrapped Fukaya category of X.

A powerful theorem due to Haiden, Kontsevich, and Katzarkov ([HKK14]) is
that, for a surface, one can always choose a collection of stops A such that there

exists a generator @, L; of D*WW(Z; A) whose endomorphism algebra
A= end(@ L;)
i

is formal, meaning that all A..-structure maps are zero except for y, (which is the
product on the algebra). Moreover, it is shown in [HKK 14, Corollary 3.1] that the
resulting category D?(A°P) ~ DPW(Z;A) is smooth and proper. This reduces the
study of derived partially wrapped Fukaya categories to categories of modules over
an algebra. Moreover, it means that the derived partially wrapped Fukaya category

is a categorical resolution of the derived Fukaya category of compact Lagrangians,

9Recall a category is homologically smooth if it is perfect as a bimodule over itself.
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where the functor
D" F(L) — D"W(Z;A) ~ DP(A%P)
is induced from the inclusion on objects.

Combining localisation with the fact that one can find a collection of stops and

generating collection such that D?(A°) ~ D*W(X; A) gives a functor
D’ (A°P) — D"W(Z),

which can be used to understand the more complicated derived wrapped Fukaya

category.

We end this subsection with the comment that, although our discussion of par-
tially wrapped Fukaya categories was restricted to case of surfaces for convenience,
and because this is the relevant case for us, the theorem of Haiden, Katzarkov, and
Kontsevich is specific to this dimension. An analogous theorem in higher dimensions

would be an extremely useful tool.

2.1.2 Background on Picard-Lefschetz theory

We begin this subsection by studying some topological properties of polynomial
maps f : C" — C by first introducing the notion of the Milnor fibre of a singularity.
This is closely related to the notion of a Lefschetz fibration, which is the central
object of study in Picard—Lefschetz theory. Roughly speaking, the Milnor fibre
records how a singularity degenerates, and Picard—Lefschetz theory can be viewed as
a complex analogue of Morse theory. Our main references for the classical treatment
of Picard—Lefschetz theory are [AIGT98] and [Mil68]. As in the case of Fukaya
categories of Liouville manifolds, a detailed treatment of Picard—Lefschetz theory

can be found in [SeiO8b].

Definition 2.1.3 ([AIG98, Chapter 1.4]). Let [f] € C[[x1,...,x,]] be the germ at
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the origin of a non-constant polynomial f : C" — C such that df |y = 0. We define

the Jacobian of [ f] as
Jac(y) = Cllxt, ..., xn)] /(O fr -1 O, 1),

and the Milnor number as

,u([f]) := dim¢ Jacm .

We say that f has an isolated hypersurface singularity at the origin if 1L([f]) < oe.

Remark 2.1.4. i) The above definition of Jacobian and Milnor number is inde-
pendent of the representative of germ ([AIGT 98, Chapter 1.4]). Moreover, in
the case when the only critical point of f : C" — C is at the origin, it is not
necessary to complete the Jacobian algebra before computing its dimension, so
we write W(f) for its Milnor number. By an abuse of notation, we will refer to
the polynomial f as having an isolated hypersurface singularity, rather than the

equivalence class of germ at the origin which it defines.

ii) The above definition can be extended to general holomorphic functions

([AIGT 98, Chapter 1]); however, the case of polynomials will suffice for us.

Theorem 2.1.5 ([Mil68, Theorem 4.8]). Let f : C" — C have an isolated hypersur-

face singularity at the origin. Then, there exists & > 0 such that
Se(0) h f~(0)

for any € < &, where S¢(0) is the sphere of radius € centred at the origin, and that

there is a smooth fibration

@ :Se(0)\ f'(0) > '
f(x)
f()]

X+

Moreover, the smooth fibre of this mapping is independent of € and €.
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The smooth fibre of this fibration, denoted by Vy, is known as the Milnor fibre
of the singularity. It captures information about the topology of a fibre close to the
singularity, as well as how this fibre degenerates. Moreover, it is a Liouville domain
as defined in Section 2.1.1.1, where the Liouville form is given by the restriction of
the standard Liouville form

V_id
Acn = i Xi:ZidZi —zdz;
on C". The way in which the Milnor fibre captures the behaviour of a function as it

degenerates into a singularity is elucidated by the following theorem of Milnor:

Theorem 2.1.6 ([Mil68, Theorem 5.11]). Let f have an isolated hypersurface sin-
gularity at the origin, and &y,€ > 0 as in Theorem 2.1.5. Then, for ¢ > O sufficiently

small, the manifold
f71(e)NBe(0)

is diffeomorphic to Vy = ¢~ (arg(c)), where B¢ (0) is the ball of radius € centred at

the origin.

Smoothly, the Milnor fibre V is independent of all choices. It is a remarkable
result of Milnor [Mil68, Theorem 6.5] that the Milnor number entirely controls the
topology of the Milnor fibre. In particular, he showed that there is a homotopy

equivalence

u(f)

Vi \/ S
i=1

On the other hand, this is far from the end of the story when one considers Milnor

fibres in the symplectic category.

Our main interest will be in the completed Milnor fibre, considered as a sym-
plectic manifold. This is the Liouville manifold constructed from the Liouville

domain defined by the Milnor fibre. By an abuse of notation, we also denote the
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completed Milnor fibre by V. The resulting completed Milnor fibre is a Liouville
manifold, and is independent of all choices (including holomorphic representative of
the equivalence class of germ), up to exact symplectomorphism (cf., for example,
[Keal5, Lemmas 2.6 and 2.7]). We will therefore refer to the Milnor fibre of a

singularity.

The second notion which we study will be that of a Lefschetz fibration, which is
the central tool in Picard-Lefschetz theory. For a classical treatment of the subject,
we refer to [AIGT98, Chapter 2]. Floer theory in the context of Lefschetz fibrations
was introduced and systematically studied by Seidel, where a comprehensive account
is provided in [SeiO8b]. In particular, we refer to [SeiO8b, Section 15d] for the
general definition of a Lefschetz fibration. We will take the working definition to be

a proper holomorphic map
f:X—>VCC,

where X is a complex manifold and V is open, having only Morse critical points'?.

Our main interest will be even more elementary. In particular, consider f :
C" — C a polynomial map with an isolated hypersurface singularity at the origin

and no other critical points, and assume that it is tame in the sense of [Bro88]. Then,
f:C"—C,
where £ is any Morsification of f, is a Lefschetz fibration, and
erit(f)] = u(f).

This will be the only case of interest to us, and so we work directly with Lefschetz

fibrations whose domain and codomain are C" and C, respectively, from now on.

10Recall that Morse critical points are those such that the Hessian is non-degenerate.
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Remark 2.1.7. The number of non-degenerate critical points of any Morsification of

an isolated hypersurface singularity is an equivalent definition of the Milnor number.

For a Lefschetz fibration f : C* — C, there is a well-defined notion of vanishing
path, vanishing cycle, and Lefschetz thimble. For p € crit(f) C C", we define a

vanishing path as
y:[0,1] = C

such that y(1) = f(p) and y(¢) ¢ critv(f) C C for all t € [0, 1). The corresponding

Lefschetz thimble, Ay, is the unique embedded Lagrangian n—ball such that

* f(Ay) = 7([0,1]),

* f(dAy) =7(0), and

* Ayly1(f(p)) = P-

We define the corresponding vanishing cycle as Vy = dA,. Equivalently, the van-
ishing cycle Vy is the unique Lagrangian n—sphere in f~!((0)) which collapses
to p under symplectic parallel transport along y. There is no reason to assume that
there is at most one critical point in each fibre, although doing so simplifies the
situation. We will therefore assume from now on that this is the case in order to ease

the exposition.

Supposing we have a Lefschetz fibration, choose a distinguished point * €
V \ critv(f). We define a distinguished basis'' of vanishing paths {y,...,w} for

N = |crit(f)| as any collection of vanishing paths such that
» Foreachie€ {l,...,N}, %(0) = xand %(1) = p; € critv(f).

* The paths only intersect at the distinguished point x*.

"Here, the word ‘distinguished” does not refer to any sort of canonical choice of basis, but rather,
that the vanishing paths only intersect at the distinguished point *.
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* The tangent directions 7(0) at the distinguished point are all distinct in 7,C

and carry a clockwise ordering according to their argument.

All choices made will lead to equivalent categories at the derived level.

Of course, Lefschetz thimbles must be decorated with a brane structure in order
to do Floer theory. Namely, one must equip the Lefschetz thimbles with a grading
and spin structure. Moreover, the brane structure on a vanishing cycle V; = dA;
must be induced by restricting the brane structure of the Lefschetz thimble to its
boundary!?. This is explained in detail in [Sei08b, Section 18e], and we refer there

for a complete construction. What will be most relevant to us is the following:

* The grading of the Lefschetz thimbles is with respect to the canonical (and
unique up to homotopy) grading of C”" given by the trivialising section (dy, A
A 8xn)®2 € Kgn_z. Correspondingly, the grading of the vanishing cycles is

induced by restricting the grading of the thimbles to the smooth fibre.

* Inlow dimensions, which is the case of interest to us, framings of the vanishing
cycles (i.e. fixing a diffeomorphism S" =5 V;) do not play a role by [Sei08b,
Remark 16.2]

* In the case of n = 2, which will be the case we focus on in this thesis, spin
structures of vanishing cycles correspond to double covers of S!, of which there
are two — one trivial and one non-trivial. The spin structure on the vanishing
cycle must bound a spin structure on the corresponding Lefschetz thimble,
which can have no spin structure which restricts trivially on the boundary.
Therefore, the spin structures on the vanishing cycles in this case must be the

non-trivial ones.

After choosing a distinguished bases, one can associate to a Lefschetz fibration the

Fukaya—Seidel category, which is denoted by FS(f). Roughly speaking, this is a

12Strictly speaking, a Lefschetz thimble also has a rank one local system; however, the contractabil-
ity of the thimble necessitates its triviality, and so we do not notate it. Since the local system on a
vanishing cycle is induced by restriction, it must also be trivial.
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category which is built from the Lefschetz thimbles with brane structures. As usual,

the derived category
D’FS(f) =TwFS(f)

will be of most interest to us. Up to equivalence, this is independent of all choices
made in the construction, and so is an invariant of the fibration. We refer to [SeiO8b,
Section 18] for a precise definition and detailed discussion. Instead of constructing
this category from first principles, we utilise a theorem of Seidel which significantly
simplifies its computation. An important step in the reformulation of the Fukaya—
Seidel category is [Sei08b, Theorem 18.14], which, amongst other things, shows that
the Lefschetz thimbles associated to a distinguished collection of vanishing paths
forms an exceptional collection, allowing the category to be computed as modules
over an A-algebra (an also implying that it is automatically split-closed). Moreover,
by considering the vanishing cycles as exact Lagrangian branes in the distinguished
fibre, where the brane structure is induced by restricting the brane structure on a
thimble to its boundary, the morphisms between thimbles can be computed from the
Floer theory of the vanishing cycles. To remember the order of the distinguished

basis of vanishing paths, one imposes a directedness on these objects.

Following Seidel, we define a directed A..-category A such that

1. The objects of A are the vanishing cycles V; with the induced brane structure.
A total ordering on the vanishing cycles is imposed by stipulating a starting
point of the cyclic ordering of the corresponding 7(0) (there is no preferred

starting point).
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2. The morphisms in the category are:

/

0 ifi>j

homy, (Vi,Vj)) = ¢ C-id ifi=j

CF'(V,-,VJ-) ifi < j.
\
Here, the Floer cochain complex is calculated in the smooth fibre.

Seidel famously showed ([Sei08b, Theorem 18.24]) that there is a quasi-equivalence

of pretriangulated A..-categories over C
TwAy ~ D?FS(f).

In practice, we will use this as our definition of the Fukaya—Seidel category.

In this thesis, our only source of Lefschetz fibrations will come from the
Morsification of a tame isolated hypersurface singularity which has no other singular
points. To such a Morsification, one can associate its Fukaya—Seidel category as
above, and this is independent of the choice of Morsification. Therefore, we can
speak of the Fukaya—Seidel category of an isolated hypersurface singularity. This
will be one of the categories of central interest in this thesis, and is studied in the

case of invertible polynomials in two variables in Section 3.

2.2 Preliminaries on invertible polynomials

Recall the definition of invertible polynomials from Chapter 1.1. The weights

(do,dy,...,dy;hy) can be constructed canonically by considering the unique solution
to

w1 1

wyo 1

Al T =det)| |, 2.3)

Wy, 1
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det(A)

and then defining d; := % and hy = 7 where
dyw = ged(wy, ..., wysdet(A)). (2.4)
Note that det(A) =[], pi — (—1)" in the loop case, and det(A) =[], p; in the

chain and Brieskorn—Pham chases. In particular, we have:

Lemma 2.2.1. Let w be an invertible polynomial associated to a matrix A. Then, we

have

n n—1

Z k_l H pivj Jforloop polynomials,
=1 =k
i

ne
kil H pit+j for chain polynomials, and
j=k

n_1
wi = H pi+j for Brieskorn—-Pham polynomials,
=1

where we interpret the empty product as 1 and count the subscripts of i + j modulo

n.

Proof. Tt is straightforward to verify that the vector (w; w, ... w,)! satisfies

(2.3) in each case. [
Similarly, the Milnor numbers of invertible polynomials admit simple descrip-

tions:

Lemma 2.2.2. Let w be an invertible polynomial of loop, chain, or Brieskorn—Pham

type. Then

Wloop H Pi,

n+1

Wchaln Z H j lpja

i=1j>i
n

u(wep) =[J(pi—1).

i=1

Moreover, w is tame in the sense of [Bro88].
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Proof. By the assumption that each p; > 2, any invertible polynomial has exactly
one critical point, and so the calculation of the Milnor numbers is a dimension count
of C[xy,...,x,]/Jacy in each case. It is straightforward to check that the Milnor
number of wW¥ = w+vix; + - -- + v,ux, for all v € C" sufficiently small matches that

of w, and so the tameness of w follows from [Bro88, Proposition 3.1]. O]

Remark 2.2.3. It should be emphasised that the Milnor numbers given in Lemma
2.2.2 are for the polynomials w. In the case of loop and Brieskorn—Pham polynomials,
the Milnor number of w and W will be the same, although this is not in general the

case for chain polynomials.

In general, a Morsification of W, given by
we: C"— C,

restricts to a Lefschetz fibration for suitable open subsets of the domain and
codomain; however, combining the fact that our assumption that all p; > 2 im-
plies that each w (and therefore also W) has only one isolated critical point with the
fact that invertible polynomials are tame, we can take these open subsets to be the
entire domain and codomain. In this case, we can define the (completion of) the

Milnor fibre as
Vi=wl(c) (2.5)

for any ¢ € C*. Similarly, the generic fibre of W is exact symplectomorphic to V
(cf., for example, [Keal5, Lemma 2.18] for a closely related result). In what follows,

we take ¢ = 1.

Recall the definition of the maximal symmetry group (1.2), and define the

corresponding group of characters as

Lvi=2Zx& - @Zgurr {an s +anka- - +@indn— Xnt1 Yic(1,.m}>  (2.6)
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where

2.7
(1o stng1) = iy

and set X, 1 = Xw- With this definition, we can view I'y, as the group of transforma-
tions of A" which keeps w semi-invariant with respect to }y. Moreover, since #, 4|
is determined by the other #;, we consider I'y to be a subgroup of (C*)"; in general,

it is a finite extension of C*.

Since w is quasi-homogeneous, there is an injective map

0:C"—Ty
(2.8)
te (N ),
. . . . 21y/=1 .
The group im ¢ Nker yy is cyclic of order Ay, and is generated by @ (e~ 7 ) = jy,
which we call the grading element. This fits into a short exact sequence
0—C* 2 Ty — ker g/ (w) — 0. (2.9)

There is a bijection between subgroups I' C I'y, of finite index containing ¢(C*)
and subgroups I C ker yw which contain the grading element. We call ker ¥y the

maximal group of diagonal symmetries.

Definition 2.2.4. Let w be an invertible polynomial and Ker ) its maximal group of

diagonal symmetries. We call a subgroup T C ker ) admissible if {jy) C T.

Remark 2.2.5. i) It should be noted that this definition of admissible differs
slightly from that given in [FJR13, Definition 2.3.2]; however, [KralO, Proposi-
tion 3.4] shows that Definition 2.2.4 implies admissible in the sense of [FJR13].

ii) Since admissible subgroups of Ker Xw are in bijection with subgroups of I'y
containing the image of @ in (2.9), we will also refer to such subgroups as

admissible.
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The definition of j and ker }y are completely analogous. Given an admissible

subgroup I" C I'y,, we define
X = Xwlr- (2.10)

In order to extend the action of any admissible I" to ATl = Spec Clxg, X1, . .., X,], as

in Conjecture 3, we define the weight of I on the x variable to be

Xo=xX—Y X (2.11)
i=1

This is done precisely so thatxj Ax] A--- Ax, ~ x as -modules, generalising the

fact that a degree n+ 1 hypersurface in P" is Calabi—Yau.

Lemma 2.2.6. Let w be an invertible polynomial. Then

kerxwloop = ‘LLP1P2~~~Pn_(_1)n

kerchhain = nuplpz---Pn

ker Xwgp > [ [ -
i1

Proof. In each case, observe that ker }w can be identified with the cokernel of the
map Z" A, 7" In the loop and chain cases, the result follows from computing
the Smith normal form of the matrix, and in the Brieskorn—Pham case the claimed

identification is immediate. ]
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To provide an explicit description of the action of ker yw on A", consider

(Pl(l) ‘P1(2) q)l(n)
1 2 n
. (Pz() (Pz() (02()
A = : : . : :<P1 p2 ... Pn)
o) ol o\
P1
|2
P

where p; and Py are the columns and rows of this matrix, respectively. In [Kral0], it

is shown that the group ker ¥ is generated by the p;, where

k
pr-xi = exp(2my/— 1o )x;.
To see this, note that g = (g1,...,gx)! is a diagonal symmetry of w if and only if

81
Al | ez

8n
Therefore, g is a linear combination of the columns of A1 ie. the pi. Moreover, it

is immediate that
Jw = Hpi-
i=1
Dual to the action of p; on A", we have that ker y is generated by the gy, where
Pr - X; = exp(2mv —1(P;Ei))fi-

(Note the transpose of the indices of (pi(k) in this action with respect to the action of
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px!) For any admissible subgroup I" C ker ., we then define the dual group as

r= {11

j=

N r
[1+7 € (Ch-...x)) } 2.12)
j=1
By [ET12, Proposition 3], there is an isomorphism
Hom (ker yw /T, C*) ~ T C ker yy- (2.13)

Some immediate consequences are:
Lemma 2.2.7. Let I C ker yw be an admissible subgroup. Then
i) T C SL,(C) Nker xw, and
ii) The action of T is free away from the divisor {¥1...%, = 0}.
iii) In the case of T C ker }w N SL,(C), we have {j) CT.
iv) For "' =Ty, the dual group is trivial.

Proof. To prove part i), observe that, by definition, § = p{'...p;" € I"if and only if

xp'.xpre (Clx1,...,x,])T. In turn, this is true if and only if
Z?:l riw; A
det(A)

Y orw;
¥ 2my/—15=
and so det(g) = e " det(d) =1,

Part ii) follows from the definition of I" C ker x. In particular, ker yy is gener-
ated by elements (71,...,7,) € (C*)" such that W(7,Xy,...,f,X,) = w(Xy,...,%,), and
so the only element which fixes any point in (C*)" = C"\ {X...%,} is ; = 1 for

eachi=1,...,n.

The fact that (jy) C Ty in the case that I” C SL,,(C) follows from the fact that

X1 ...X, is T-invariant for any such gamma. Therefore jy = IT.,pi € I
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The proof of statement iv) follows directly from the presentation of I"in (2.13).

]

Before moving on, we briefly note here that there are interesting classes of
singularities which fall into the framework of invertible polynomials. For example,
all ADE singularities are invertible, although not necessarily atomic, polynomials.
In fact, Arnol’d’s strange duality can be understood in the context of invertible
polynomials, and demonstrates one of the earliest manifestations of what we now
view as mirror symmetry. In particular, the Hodge-theoretic statement of mirror
symmetry for Arnol’d’s list of 14 exceptional unimodal singularities was established
in [KralO, Corollary 1.3]. More recently, invertible polynomials have appeared in
the context of compound Du Val (cDV) singularities in [EL21]. Here, the authors
observed that there are families of such singularities which are invertible, allowing
techniques available in this setting to be exploited. This provides motivation and
evidence for a conjecture relating the existence of small resolutions of a singularity
with constraints on the symplectic cohomology of its Milnor fibre.

These applications demonstrate what one hopes is a general phenomenon of invertible
polynomials: they can be used to suggest and provide evidence for more general
patterns and conjectures. Indeed, Chapter 5 can also be viewed in this context, in the
sense that the procedure for gluing the Milnor fibres of invertible curve singularities
in Chapter 4 suggests a more general story of which the Milnor fibres are a special

case, leading to Theorems 4, 5, and 6 .



Chapter 3

Homological Berglund—-Hiibsch
mirror symmetry for curve

singularities

3.1 Introduction

In this chapter, which presents the results of [HS20], completed in joint work with
Jack Smith, we study Conjecture 1 for the case of invertible polynomials in two

variables with maximal symmetry group, as defined in (1.2). Our main result is:

Theorem 3.1.1. Let w be an invertible polynomial in two variables and Ty its

maximal group of symmetries of w. Then, there is a quasi-equivalence
mf(AZ, Ty, w) ~ D’ FS(wW)

of pre-triangulated A categories over C.
As a by-product of our proof, we also show:
Theorem 3.1.2. For every two variable invertible polynomial, the category

mf(A?, Ty, W) has a tilting object.

3.1.1 Proof outline

In what follows, we restrict attention to n = 2, and use variables x and y rather than

x;, and p and g in place of p;. By the classification of atomic invertible polynomials
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in Section 1.1, we need to deal with the following cases:
* Brieskorn—Pham: w = x? +y4, w = X/ + ¥
e chain: w = x"y+y?, w = X" + Xy
e loop: w=xPy+xy?, w = xPy 4 Xy1.

We treat all three families in a uniform way, and obtain new proofs of the results
of Futaki—Ueda for the two-variable Brieskorn—Pham and type D (chain, g = 2)
singularities. As in Chapter 1 shall always assume that p and g are at least 2. In the
Brieskorn—Pham and chain cases these inequalities are necessary in order for the
origin to be a critical point of both w and w, whilst if p or ¢ is 1 in the loop case then
w and W can be reduced to x* +y? and ¥* 4+ y* by a change of variables.

The general strategy of proof is familiar: we match up explicit collections of
generators on the two sides. Concretely, on the A-side, we compute the directed
Ac-category A associated to a basis of vanishing cycles in the Milnor fibre of W, as
outlined in Section 2.1.2. In the cases at hand, the Milnor numbers given in Lemma

2.2.2 are
(p—1(g—1)

in the Brieskorn—Pham case,

pg—p+1=(p-1)(g—1)+(q—1)+1

in the chain case, and

pg=p-1(@-1)+(p-1)+(q-1)+1

in the loop case. The reasons for expressing them in this way will fall out of our
computations.
Meanwhile, on the B-side, we identify a collection of objects in mf(A?, 'y, w)

whose corresponding full subcategory B is quasi-equivalent to 4. Since the matrix
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factorisation category is already pretriangulated we obtain a functor
TwB — mf(Az,Fw,W),

and by a generation result (see Lemma 3.2.17 and Remark 3.2.18) this becomes
a quasi-equivalence after taking the idempotent completion. Our calculations will
actually show that the objects in B form a full exceptional collection so by [Sei08b,
Remark 5.14] the categories are in fact already idempotent complete. Putting every-

thing together we obtain a sequence of quasi-equivalences
D’ FS(W) ~ Tw A~ TwB ~ mf(A%, Ty, w),

proving Theorem 3.1.1. The sum of the objects in B gives the tilting object of
Theorem 3.1.2.

The choice of generators on the B-side is fairly natural; the main difficulty in
proving Theorem 3.1.1 is to construct a Morsification and basis of vanishing paths
for w such that the category .4 built from the corresponding vanishing cycles matches
up with . In order to do this systematically, we make a preliminary perturbation
of W by subtracting €xy for small positive real €. This has Morse critical points
but not, in general, distinct critical values—following a suggestion of Yank1 Lekili,
we call this a resonant Morsification. The central fibre is nodal and upon passing
to a nearby regular fibre the nodes are smoothed to thin necks, each supporting a
vanishing cycle as the waist curve. These cycles naturally pair up with the B-side
generators supported along components of w™! (0).

Understanding the remaining vanishing cycles, which are mirror to sheaves
supported at the origin in w~!(0), requires most of the work. There is an obvious
‘real’ vanishing cycle, and by acting by roots of unity on the X- and y-coordinates
we obtain curves which are almost the other vanishing cycles. The problem is that
they live in different regular fibres, and carrying them to the same fibre requires
explicit analysis of the parallel transport equation on the thin neck regions. The

resulting vanishing paths overlap each other, so we carefully perturb them to reduce
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to a small set of transverse intersections, and then eliminate these intersections by
large deformations of the paths which do not affect the vanishing cycles. Finally we
modify the vanishing cycles by Hamiltonian perturbations to resolve the remaining

ambiguities in their intersection pattern.

3.1.2 Structure of the chapter

We first consider the case of loop polynomials in detail, describing the B-model in
Section 3.2 and the A-model in Section 3.3, culminating in proofs of Theorems 3.1.2
and 3.1.1 (in the loop case) respectively. In Sections 3.4 and 3.5 we describe the
minor modifications needed to deal with chain polynomials, and finally in Section 3.6
we summarise the further modifications needed for Brieskorn—Pham polynomials.
We emphasise that these modifications are essentially just simplifications of the
argument — the general approach is identical and all of the ingredients are contained

in the loop case.

3.2 B-model for loop polynomials

3.2.1 Graded matrix factorisations

Our goal in this section is to understand the category mf(A?, 'y, w = x”y + xy?) of
equivariant matrix factorisations for the loop polynomial. Recall that here p and g
are assumed to be at least 2. We begin by briefly reviewing the definition, following
[FU13]. As mentioned in Section 1.1, we encode equivariance as respect for the
grading by the abelian group L. In two variables, this is the group freely generated

by elements X, ¥ and ¢ modulo the relations

pX+y=X+qy=¢,
given in (1.3). Equivalently, L is the quotient of Z? by the subgroup generated by
(p—1,1—gq): the elements X, y and ¢ correspond to (1,0), (0,1) and (p,1) = (1,q)
respectively. Note that the quotient L/Zc is isomorphic to Z,,_1, generated by X or

equivalently by y = —pX.
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Let S denote the L-graded algebra Clx,y| in which x has degree X and y has
degree y. The polynomial w = x”y + xy? is a homogeneous element of degree ¢, and
we write R for the quotient S/(w). Given an L-graded R- or S-module M, and an
element [ of L, we write M () for the module obtained from M by shifting the degree
of each element downwards by /. We shall use subscripts to denote L-graded pieces,
so that M(1); = M;,; and Sz = C - x, for example. Note that our notation for R and

S is consistent with Futaki—Ueda [FU13], but opposite to that of Dyckerhoff [Dyc11].

By an L-graded matrix factorisation of w, we mean a sequence

K — (”'_>Kik_'>Ki+l ﬂ)Ki+2_>“.)

of L-graded free S-modules of finite rank such that K*[2] is identified with K*(¢) —
i.e. Ki*2 with K/(¢) and k"2 with k() for all i — and such that under these identifica-
tions the composition of any two consecutive maps in the sequence is multiplication
by w. A finitely generated L-graded R-module M gives rise to a matrix factorisation
by taking a free resolution, which eventually stabilises (becomes 2-periodic to the
left, up to shifting the L-grading by ¢ every two terms), then extending this 2-periodic
part indefinitely to the right, and replacing the free R-modules by the corresponding

free S-modules; see [Dycl1, Sections 2.1 and 2.2]. This is the stabilisation of M.

The set of L-graded matrix factorisations forms a Z-graded dg-category
mf(A%, Ty, w) as follows: hom!(K®,H*) comprises sequences (f* : K* — H*[i])

satisfying f*[2] = f*(¢), the differential
d:hom'(K®,H®*) — hom' ! (K*,H*®)
is given by [Dycl1, Definition 2.1], namely

df =ho f—(=1)fok,
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and composition is component-wise. We shall write Hom' for the degree i cohomol-
ogy of hom®.

Finitely generated L-graded R-modules correspond to coherent sheaves on the
stack [w~1(0)/T'y], and this gives a natural equivalence between Dé’ing([w‘1 (0)/Tw])
and the derived category of singularities of graded R-modules

D{ny(grR) = D"(grR) / perf(grR),
where perf now refers to complexes of projective modules (D”(grR) is the usual
derived category of finitely-generated L-graded R-modules). The equivalence (1.4)
then becomes an equivalence
HMF(A? Ty, w) — D}, (grR). (3.1)
Stabilisation of a module gives an inverse to this equivalence, and we will fre-

quently switch between talking about matrix factorisations, modules, and sheaves on
[w=1(0)/T'w].
3.2.2 The basic objects

The stack [w~!(0) /T'y] has three components: the lines x = 0 and y = 0 and the curve
xP~1 4-y4=1 = 0. Note that the third component is reducible if gcd(p — 1,4 — 1) >
1. For brevity we will denote x*~! +y9~! by w, so that w = xyw. The matrix

factorisations corresponding to the structure sheaves of these components are

K*=(-—8-0) 580585,

K*=(-—=8-0) sy Bs—-),
and
K, =(-—8-08) S S(—e+x+) Bs—-)

respectively, obtained by applying the stabilisation procedure of Section 3.2.1 to the
L-graded R-modules R/(x), R/(y) and R/(w). In each case, the third of the three
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terms written lies in degree 0 within the sequence. We will be particularly interested
in the shifts
Ky =K((i+1—p)x) fori=1,...,p—1

and

Ky =K((j+1-¢q)y) forj=1,....,q—1

of the K, and K, objects.
The unique singular point of the stack is the origin, and the other main objects
we will be interested in are L-grading shifts of the structure sheaf of its fatten-

ings. Specifically, fori=1,...,p—land j=1,...,g— 1 let “/K;* be the matrix

factorisation
> SX+(j+ 1)y %SH—x—l—y
S(—é+ (i+ DR+ (j+ 1y AN (i+1Dx+7) —>S i+ 1D+ (j+1)y)

corresponding to the R-module R((i41)x4 (j+1)y)/(x',y/). This stabilisation

can be computed by starting with the obvious first steps of an R-free resolution

i yi
RGE+ (j+ D7) @R+ DT +3) 22 R((i+ )i+ (j+ 1)7)
and extending by hand. Shifts of the object R/(x,y) appear in the work of Dyckerhoff
[Dycl1, Section 4.1], who calls it k5@ (k is the ground field), and Seidel [Seill,
Section 11]; here the resolution is described abstractly as a Koszul complex. A

concrete example close to our setting is given by Futaki—Ueda [FU13, Section 4].

Remark 3.2.1. The motivation for considering these objects is Orlov’s result [Orl09,
Theorem 40(ii)], extended to the present setting in [HO1S8, Theorem B.2], which

gives a semi-orthogonal decomposition

Dgng(grR) = (C,D"(Y)),

sing

where Y is the projectivised stack [(w~1(0)\ (0))/Tyw] and C is the full subcategory



68 Chapter 3. Homological B-H mirror symmetry for curve singularities

generated by a certain collection of grading shifts of the structure sheaf of the origin.
In our case Y is the zero locus of w inside the weighted projective line Proj S, and it
consists of three points: one is smooth and its structure sheaf corresponds to a muta-
tion of K,, (although we do not explicitly compute which, since this decomposition is
purely motivational); the other two are stacky and their structure sheaves, twisted by
characters of their isotropy groups, are given by the 'K, and / K. We replace C by

the related category (" Ky) to give the correct pattern of morphisms.

Let B be the full A..-subcategory of mf(AZ, Ty, w) generated by the pg objects
{i’jK()ainB]ajKyBLKw[3]}i:1,...7p—1; j=1,...,g—1-

The reason for the shifts is so that all morphisms turn out to have degree 0. In
Sections 3.2.3 to 3.2.7, we compute the morphisms between these objects in the
homotopy category HMF(A2, T'y,, w). The reader willing to take these calculations
on trust may skip immediately to Section 3.2.8, where we assemble the results and
deduce that B is quasi-equivalent to a specific quiver algebra with relations and
formal A-structure. Then, in Section 3.2.9, we address the issue of generation, and
show that Tw B — mf(A2 Ty, w) is a quasi-equivalence. We conclude that the sum
of the objects in /3 is a tilting object for mf(A2, 'y, w), proving Theorem 3.1.2 for

loop polynomials.

3.2.3 Morphisms between K,’s, between K,’s, and from K, to

itself

We wish to compute morphisms in the homotopy category HMF(A?, Ty, w), and a
priori this involves taking the cohomology of the morphism complexes described
in Section 3.2.1. Thinking of matrix factorisations as stabilisations of R-modules,
this corresponds to computing module Ext’s by (projectively) resolving both the
domain and codomain. One might expect the latter to be unnecessary, and Buchweitz

[Buc86, Section 1.3, Remark (a)] showed that this is indeed the case: given L-graded
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R-modules M and M’ with stabilisations K and K’, we have

Homgp e a2 1y w) (K K') ~ H* (Homgg(K @sR,M")).

The Hom on the right-hand side is taken component-wise on the complex K ®g R.

For any [ in L we therefore have
Hom® (K, K(1)) = H* (- = (R/ () 5 (R () 1z 2 (R ()1 = +++).

where the first of the three written terms now lives in degree 0 (we have taken

L-graded module homomorphisms from K,* ®gR into R(I)/(x)). This gives
Hom™" (K, Kx(1)) = (R/ (x,yW) )1

for any integer m, whilst Hom*" (K, K, (1)) = 0.
One can easily compute a basis of Hom>” by hand in this situation, but, since
we will repeatedly make similar arguments, we record the following general facts

relating gradings and divisibility:

Lemma 3.2.2. Suppose that a and b are integers satisfyinga < p—1and b < g—1,
and that s is an element of S (or R) which is homogeneous modulo ¢, of degree

aX+ by mod ¢. Then:
(i) The element s lies in the ideal (x*,y9~1+b) 0 (xP~1+a yP),
(ii) Ifa < p—2, then s also lies in (x,y?+?).

(iii) If b < q—2, then s also lies in (xP¢,yP).

Proof. Assume a < p—1and b < g—1, and let x*y” be a monomial in s, so that
(u—a)Xx+ (v—>b)y =0 mod ¢. (3.2)

We claim first that u > a or v > g — 1 + b, so suppose for contradiction that neither
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holds. Then
—(p—1)<u—a<-1 and —(¢g—1)<v—->b<g-2,

so (u—a) — p(v— D) is non-zero (by reducing modulo p) and lies strictly between
+(pg — 1). Substituting y = —px mod ¢ into (3.2) tells us that (u —a) — p(v—>b) =
0 mod (pg — 1), which gives the desired contradiction, and we deduce that u > a
or v > g — 1+ b, and hence that s lies in (x“,yq_1+b ). The other arguments are

analogous. [

Lemma 3.2.3. Suppose s is an element of degree O mod ¢. Then the non-constant

terms in s lie in the ideal (xP4~1 xPy, xy?,yP4~ 1),

Proof. Let x"y" be a non-constant monomial in s. If u =0 (or v = 0) then one
easily obtains v > pg — 1 (respectively u > pg — 1), so suppose now that u and v
are both positive. We have u — pv =0 mod (pg — 1), so if u < p then we must have

u—pv<—(pg—1)and hence v > gq. O

From these we conclude:

Lemma 3.2.4. In HMF(A? Ty, W) the objects 'Ky,...,P~'K, are exceptional (the
endomorphisms of each are just the scalar multiples of the identity) and pairwise

orthogonal.

Proof. By the above computation, the morphisms from ‘K, to /K, are given by the
elements of R/(x,yw) of degree (I —i)X mod ¢. If I —i > 0 then Lemma 3.2.2(ii)
tells us that all such elements lie in (x,y?) = (x,yw), and hence vanish in the quotient.
If I —i <0, then the same argument applies but using Lemma 3.2.2(i) instead, after
rewriting the degree as (p+ 1 —i)X+ Y mod ¢. Finally, if I = i then Lemma 3.2.3

tells us that only constants survive in the quotient. U

Likewise. we have:

Lemma 3.2.5. The objects le, . .q’le are exceptional and pairwise orthogonal.
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Similar calculations give
Homzm(KmKw) = (R/(x% W))mE

and Hom?""!(K,,, K,,) = 0, so by Lemma 3.2.3 we deduce:

Lemma 3.2.6. The object K,, is exceptional.

3.2.4 Morphisms between K.’s, K,’s, and K,

For all [ and m we have

Hom®" ™1 (Ky, Ky (1)) = (R/(X,) )45

whilst Hom?” (K, Ky (1)) = 0. This gives:
Lemma 3.2.7. Each 'K, is orthogonal to each ’ K.

Proof. For morphisms K, to jKy we need to show that there are no (non-zero)
elements in R/(x,y) of degree (1 —i)X+ jy mod ¢, and this follows from Lemma

3.2.2(i). The argument is similar for morphisms in the opposite direction. ]

Analogous computations yield
Hom™" ™! (K.(1), Kw) = (R/ (x,w))mz—1-2
and Hom*" (K, (1), K,,) = 0 for all / and m. Similarly
Hom™" ™! (K, Kx(1)) = (R/ (x,W))(ms 1) 15

whilst Hom>"(K,,, K(I)) = 0.

Likewise

Hom®" "1 (Ky (1), Kyw) = (R/ (5, W)zt

Hom™" ™! (Kyy, Ky(1)) 2 (R/(3,W)) (et 1) 41—

Hom”"(Ky(1), K,,) = Hom*"(K,,, K,(l)) = 0.
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In particular:
Lemma 3.2.8. For each i and j the objects 'K, and K, are orthogonal to K,,.

Proof. For orthogonality of ‘K, and K,, we need to check that elements of degree
(p—i)Xor (i+ 1)¥ modulo ¢ lie in the ideal (x,w) = (x,y?~!). This follows imme-
diately from Lemma 3.2.2(i), except that for (i+ 1)X with i = p — 1 we must first

rewrite the degree as X+ (¢ — 1)¥ mod ¢. The argument for /K, is analogous.  [J

Remark 3.2.9. These results match our expectation from Remark 3.2.1 that the
objects 'K, and jKy correspond to structure sheaves of disjoint points in the pro-
Jective stack Y, twisted by characters of their isotropy groups, and hence should
be exceptional and orthogonal. Moreover, since the object K,, corresponds to a
mutation of the structure sheaf of the smooth point, this should also be orthogonal to

the 'K, and jKy.

3.2.5 Morphisms between K,, and Kj’s

We now fix (i,j) with 1 <i<p—1land 1< j<g—1,and see that
Hom® (Kyy, "/Ko) =~ H®(+++ — (R/(x', /)1 % (R/ (X', 3/ 132-5-7 => R/ (¥, 37)) 132 — ),

where [ = (i4 1)X+ (j+ 1)¥. The terms in odd positions in the complex have
degree iX+ jy mod &, so by Lemma 3.2.2(i) they lie in (x*,y/) and therefore vanish.
The same holds in even positions after rewriting the degree (i + 1)X+ (j+ 1)y mod ¢
as (i+1—p)X+ jy mod ¢.

In the other direction, Hom*(/Kj, K,, ) is the cohomology of the complex

(RI09) -5~ (RIOW) -z (ps1y —— (R/OW))—s5

D

J xyd—J
R/ (W) _iine_iany —— RIW) _(riyry —— RIW))e_ ety

For each m, Hom>"("/Ky, K,,) is therefore given by

a7l X
Ker modulo Im
_xp_ly y./ xp_ly xyq_./
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in (R/(W))(m—1)—7—5 D (R/(W)) ;- Ignoring gradings for a second, this kernel is

spanned by those f, g in R such that there exist 4, k in R with
I falg= (P e and Py yg = (P 4T Dk

Subtracting x’ times the latter from y/ times the former we see that 4 = xA’ and
k = yk' for some polynomials 4’ and ¥, and that f = y/~'#’ — x'~1k’. Plugging this
back in gives g = x?~'h' +y97/k’, so Hom*"("/Ky, K,,) is parametrised by
o=
. . modulo Im ‘ . (and modulo w),
xpfl yqu k/ xpfly xyqu

with /' € R(,y_2)z4(g—j)y and k' € R(y_2)z1(p—ijz- It is clear from this description
that 7’ and &’ only matter modulo (y,w) = (y,x”~!) and (x,w) = (x,y7~1), but &’ and
k' must lie in these ideals by Lemma 3.2.2(i), so we conclude that Hom?*" (*/Ky, K,,)

vanishes.

Similarly, Hom?>”*! ("/ Ky, K) is parametrised by

yqf.j*l xi h/ xyqu xi
. . modulo Im ‘ ' (and w),
__xp_l_l yf k/ _xp_ly y./
with 7' € Ryyz_z_(j+1)y and k" € Ryz_ (i1 1)z—y- Since k' can be eliminated and we’re
left with
yq_j_l

Hom>" (WK, K,,) ~ (R/ (xy, W) (m—1) p—i—1 ]’
—X

and by Lemma 3.2.3 (R/(xy,w))(u—1)z has only constants. The upshot is:

Lemma 3.2.10. In HMF(A2, Ty, w) the only morphisms between K,, and /Ky are
from the latter to the former, spanned by (y4~/ -1 —xp_i_l) in degree 3 in the above

complex.
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3.2.6 Morphisms between K’s and K,’s and Kj’s

For each I we have that Hom® ('K, */Kj) vanishes since again the whole complex is

zero by Lemma 3.2.2(i). Morphisms the other way are computed by the complex

(R)()—2er1e =2 (R/()-crizis —— (R/() -1z
—xPly
e . @ ®

(R/(x)) —zr(—ijz—j5 2, (R/(x)) 4 (1-iyx S (R/(X)) (1-iyz—j5

All differentials vanish except y/, which is injective, so we get

Homzm(iij()?IKX) = (R/(xvyj))(m—Z)Z"—H)?v

Hom?" ™ (WK, K,) ~ (R/(X,yj»(mfl)ﬂ(lfi)’?'

The former is zero by Lemma 3.2.2(i), whilst the latter is zero unless I = i, when it
contains only constants, by the argument used in the proof of Lemma 3.2.4. From

this we get:

Lemma 3.2.11. In HMF(A2, Ty, w) there are no morphisms from 'K, to "/ K. There
are no morphisms in the other direction unless I = i, in which case the morphism
space is spanned by (0, 1) in degree 3 in the above complex. Similarly for morphisms

between ’ K, and LIK.

3.2.7 Morphisms between K|’s

The complex computing Hom® (*/Ky,/Ky) is

R/ ) zvrzisy = RIS Dizrojy ——— RIGY iz
,xp—iy xP~hy
o & . @

J xy?—J
R/ (¥ ) iy — )5 S (R/ (¥ )) =iy o R/ (9" e a—is -y
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By Lemma 3.2.2(i) all of the terms vanish except the bottom term in the even

positions, giving

Hom™"(“/Ko,"'Ko) = (R/(x,y")) 4—ix+ sy

H0m2m+1(i7jK0,I’JK0) — O

If I < i then we can rewrite (I —i)X+ (J — j)¥ as (p+1—i)X+ (J — j+ 1)y modulo
¢ and apply Lemma 3.2.2(i) to see that Hom>” vanishes. Likewise if J < ;.
Now assume that / > i and J > j. By Lemma 3.2.2(1), any element of degree
(I —i)%+ (J — j)¥ mod € s divisible by x’~y/~/ modulo (x,y”). So we can rewrite
Hom?” as
(R/ (', y7))o -1y,

and by Lemma 3.2.3 the only surviving term is C - x' =%y’ =/, We deduce:

Lemma 3.2.12. For all (i, j) and (I,J) we have that

o C-x'=iy/=J fI>i J>jande=0
Hom'("JKo, ’ K()) ~

0 otherwise.

3.2.8 The total endomorphism algebra of the basic objects

Combining the results of Sections 3.2.3 to 3.2.7, we see that, in HMF(AZ,FW, w),
the basic objects ‘K, / K, K,, and iJKy are all exceptional, and that the morphisms

between distinct objects are spanned by:
* (0,1) in degree 3 from each “*/Kj to ‘K,
* (0,1) in degree 3 from each "/K; to /K,
o (y4=/=1, —xP~=1) in degree 3 from each "/K; to K,,
o« x'~iy/=J in degree 0 from /K to '/ Ky whenever I > iand J > j.

We immediately see that morphisms between the /K, compose in the obvious way

so that their total endomorphism algebra is the tensor product A, | ® A, of the
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path algebras of the A, - and A, _;-quivers (this is the path algebra of the obvious
product quiver subject to the relations which say that the squares commute). In fact,

we have:

Theorem 3.2.13. The cohomology-level total endomorphism algebra of the objects
'K [3], Ky[3], Kw[3] and /Ky in B is the path algebra of the quiver-with-relations
described in Figure 3.1, with all arrows living in degree zero. In particular, B is a

Z-graded A-algebra concentrated in degree 0, so is intrinsically formal.

T T T ) T 1T , Relations:

w (i) Squares commute

MKy S © /K0B] (ii) Dashed ie
T 17 1 | T o vanish
e — e — 0 — --*}Oii.
11 I
*o— e —>e0 —> — e ——> e

Figure 3.1: The quiver describing the category 5 for loop polynomials.

Proof. To prove the cohomology statement we just need to check that the morphisms

compose correctly, namely, that for / > i and J > j, the compositions

Hom? (' Ky, K,,) ® Hom® (*/ Ky, "' Ky) — Hom*("/Ky, K,,),
Hom® ("' Ky, 'K,) @ Hom® (*/ Ky, Ky) — Hom? (" Ky, 'K, ),

Hom® ("/Ko, Ky) ® Hom"("/ Ko,/ Ky) — Hom’ ("/ Ko, Ky

send generators to generators. This is immediate from the explicit descriptions of

the morphisms above after noting that the generator

R((i+ DT+ (+ 1)5)/ (W y7) 25 R+ D7+ (T + 1))/ (x5
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of Hom®("/Ky,"/Ky) induces the maps

1 0 : Y :
~ | ineven degree and | in odd degree
0 xIfy/~ 0 X
between the matrix factorisations (the degree 3 matrix is the only one we actually
need).
The final claim, about the A..-structure, follows from the fact that a directed

algebra concentrated in degree zero is formal — there is no room for non-trivial higher

Ao-operations. ]

Remark 3.2.14. This is an example of a collection which was subsequently con-
structed by Kravets ([Kral9]). The extension to three variables is also a direct

computation.

3.2.9 Generation

We have now computed the quasi-isomorphism type of the full A.-subcategory B C
mf(AZ, I'w, W) on the basic objects K., J Ky, K, LiKp. The goal of this subsection is

to prove:

Proposition 3.2.15. The functor
I1(Tw B) — II(mf(A%, Ty, w))

is a quasi-equivalence, where 11 denotes Aw- (or dg-) idempotent completion.

Remark 3.2.16. As mentioned in Section 3.1.1, the I1’s can be removed from this
statement (and this is what we need to prove Theorem 3.1.1) using the fact that the
objects in B form a full exceptional collection in Tw B, so that the category is already

idempotent complete by [SeiO8b, Remark 5.14].

For a triangulated category C and a collection V of objects in C, let (V') denote
the smallest full triangulated subcategory of C which contains the objects in V and

is closed under isomorphism, and let superscript & denote idempotent completion.
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We’ll say that V split-generates C if the functor (V)* — C” induced by the obvious
inclusion of (V) in C is an equivalence.

The content of Proposition 3.2.15 is that the set
V ={'K:,’Ky, Ku," Ko}

split-generates C = HMF(AZ?, Ty, w). The key to establishing this is the following

application of a result of Polishchuk—Vaintrob:

Lemma 3.2.17 ([PV16, Proposition 2.3.1]). The category HMF(AZ?, Ty, w) is split-
generated by the L-grading shifts of the stabilisation of the module R/(x,y).

Remark 3.2.18. The cited result is a simple modification of the non-equivariant case,
previously obtained by several authors including Schoutens [Sch03], Dyckerhoff
[Dycll, Corollary 5.3], Seidel [Seill, Lemma 12.1] (building on work of Orlov
[Orll1]), and Murfet [KMVdBI11, Proposition A.2].

Proof of Proposition 3.2.15. By Lemma 3.2.17 it suffices to show that under the
equivalence (3.1) the category (V') contains all of the L-grading shifts of R/(x,y). In
other words, it is enough to prove that for all / in L the L-graded R-module R(1)/(x,y)

can be built from the objects

R((i+1-p)3)/(x), R(j+1-q)7)/(y), R/(w), and R((i+ )7+ (j+ 1)3) / (x,7)

withl1 <i<p—1land1 < j<g—1, by taking cones and shifts (in the triangulated
category sense, rather than in the L-grading). Since [2] is equivalent to (¢), we
actually only need consider / in a set of representatives of L/Z¢.

Forany 1 <i<p—1land1 < j<g—1 we have a morphism (of L-graded

R-modules)
R(ix+ j¥) /(1 y ™) SR+ 1D)x+ j3) /(' ,y ) (3.3)

whose cone — which is just the cokernel in this case — is the module R((i + 1)X+

j¥)/(x,y/~1). Both objects in (3.3) lie in V unless i or j is 1, in which case the
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offending objects are zero, so we conclude that this cone lies in (V). Similarly

R((i+1)x+(j+1)¥)/(x,y/) isin (V), and hence
R((i+ )%+ (j+1)¥)/(x,y) = Cone (R((i+ 1)F+ j)/ (x,y/ 1) = R((i+ DF+ (j+ 1))/ (x,7))

is also in (V). This gives (p — 1)(g — 1) of the pg — 1 objects we need.

Next consider the extension
0= R((+D)F+5)/() 25 R((i+ DF+ (+ 1))/ (x) = R+ D)F+ (i + 1)F)/(r,37) = 0.

The outer terms are in (V) (the firstis ‘K, [2] and the last is built from R(ax+by) /(x,y)
fora=i+1and b=2,3,...,j+ 1 by taking cones), so the middle term is in (V).

In particular, taking j = g — 1 we see that

R(iX)/(x) = R((i+ 1)X+g¥)[-2]/(x)

lies in (V). If i is at least 2 then R(iX+¥) /(x) = 'K, [2] is also in (V'), and hence
SO 1s

R(iZ+5)/(x,y) ~ Cone (R(i¥)/(x) 2 R(F+5)/(x)).

One can make a similar argument with the roles of x and y interchanged to construct
R(E-+ j5)/(x,) when 2 < j < p—1.

So far we have thus seen that R(axX + by)/(x,y) lies in (V) for I <a < p and
1 < b < g, except for the cases (a,b) = (1,1), (1,4) and (p,1). If we can fill in
these missing three cases (the latter two are in fact equivalent — both correspond to
R(¢)/(x,y)) then we will have constructed shifts of R/(x,y) by representatives of
each class in L/Z¢, and will therefore be done.

To build R(X+¥)/(x,y) note that it is the cokernel of

RE)/(x) ©RG)/ () 225 RE+5)/ ().

The two summands in the domain were constructed above, whilst the codomain is
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K,,[1]. Finally, to get R(c)/(x,y) observe that R/(x,y) is the cokernel of
R(=3)/(x.y"17%) 5 R/ (x,y"7). (3.4)

The domain can be built from R(—by)/(x,y) for b = 1,..., pq — 2 by taking cones,
and these objects are all (up to repeated applications of [+2]) ones that we have

already constructed. The codomain, meanwhile, is given by
S !
Cone (R(—(p—1)8)/(x) L= R/(x)),

and the two terms inside the cone are »~'K,[—2(p — 1)] and 7~ 'K,. This means that
both objects in (3.4) lie in (V), and hence so does the cokernel R/(x,y). Shifting by
[2] gives the object R(¢)/(x,y) that we need. O

Remark 3.2.19. We proved that B generates mf(A?, Ty, w) by showing that it gener-
ates the objects R(1)/(x,y), which split-generate the category, and then invoking the
fact that Tw B is idempotent complete. The R(l)/(x,y) themselves cannot possibly
generate (as opposed to split-generate), for the following reason: mf(A?, Ty, w) has
a full exceptional collection of size pq, so its Grothendieck group is free of rank pq,

whereas the span of the R(1)/(x,y) has rank at most |L/Z¢| = pq — 1.
As a corollary of Proposition 3.2.15, we obtain:

Theorem 3.2.20 (Theorem 3.1.1, loop polynomial case). The object

£ = (JIIG%;}UKO ® (éﬁ(xm) ® (Z@I%ym) @ K,[3]

is a tilting object for mf(A% Ty, w).

Proof. We need to show that End'(£) = 0 for all i # 0 and that hom®(£,X) ~ 0
implies X ~ (. The first statement follows immediately from Theorem 3.2.13, whilst
the second is a consequence of Proposition 3.2.15: if hom®(&,X) ~ O then there are
no non-zero morphisms from (V)” to X in HMF(A2, Ty, w), which forces X to be

quasi-isomorphic to 0. [
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Remark 3.2.21. As mentioned in the introduction, the existence of this tilting object

defines an equivalence
mf(A%, Ty, w) ~ D?(end(E)%).

This forms basis of our strategy for proving homological mirror symmetry. In
particular, the proof follows by showing that the tilting object which is known to exist

on the A—side precisely matches E.

3.3 A-model for loop polynomials

3.3.1 A resonant Morsification

We are now interested in the polynomial W = ¥y 4+ ¥y as a map C> — C. To
construct the category A we should Morsify w by adding a small perturbation, fix
a regular value x, then pick a distinguished basis of vanishing paths (y1,...,Yv) in
the base C, where 7; is a smooth embedded path from x the i critical value. We
require that the y; are pairwise disjoint except for their common initial point %(0) = x,
that the vectors 9;(0) in 7..C are non-zero and distinct, and that the corresponding
directions are in clockwise order as i increases from 1 to N (we are free to choose the
starting direction for this clockwise ordering). We then consider the corresponding
vanishing cycles in the fibre X over * (strictly we should take X to be the Liouville
completion of the Milnor fibre, but this is equivalent in our case), and define A to be
the directed A--category on these cycles whose morphisms and compositions in the
allowed direction are given by those in the compact Fukaya category F(X). Note
that we are free to modify the vanishing cycles by Hamiltonian isotopy in order to
compute A up to quasi-equivalence.

In order to implement this, we first consider the perturbation
We = W— ety =¥ 437 —¢)

of w, where € is a small positive real number; in analogy with Section 3.2 we shall

denote X7~ + 7~ by w. We call this a resonant Morsification, since its critical
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points are Morse but the critical values are not all distinct. In fact, the critical points

fall into four types:
() # 1=¢gy=0
(i) ¥=0,y7"'=¢
(ii)) X=y=0

(V) (@150 = £ (g —1.p—1).

The critical points of the types (i)—(iii) all lie over the critical value zero, whilst for
type (iv) the critical value is —xye(p — 1)(¢—1)/(pg — 1) so is non-zero and lies on
the ray through —Xxy.

We denote the unique positive real critical point of type (iv) by (X!, ¥ . ), with
corresponding critical value cj (this is negative real). Letting { and 1 denote the

roots of unity

£ = 2VT0-) gnd = 2V T/

the full set of type (iv) critical points is then given by

(¢ ™) 0< 1< p—2,0<m<q—2}.

The critical value corresponding to (§'x. . 0™yt ) is {'n™cer, so there are ged(p —
1,4 — 1) critical points in each of these critical fibres.

We now fix our regular fibre X to be W ! (—&), where § is a positive real number
much less than € (in other words, we take * = —&8). The condition 6 < € is to allow
us to understand ¥ as a smoothing of Wz ! (0). For the critical points of types (i)—(iii)
we choose the vanishing path given by the straight line segment from —9 to 0. For

the critical point (¢'¥. ., n™y. ), meanwhile, we define the preliminary vanishing

crit?

path Y, ,, by following the circular arc — 8¢V 19 4 @ increases from 0 to

[
Glm:zzn(—+L)
’ p—1 g-1
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and then following the radial straight line segment from —{'n™8 to &'n™cgir. As
the name suggests, we will later modify these preliminary vanishing paths (they
currently do not form a distinguished basis since they intersect and overlap each
other), but they serve an important intermediate role.

Figure 3.2 shows the critical values of W¢, the vanishing path for the type
(i)—(iii) critical points, and the preliminary vanishing paths for (I,m) = (0,0), (1,0)
and (1,2), all in the case (p,q) = (4,6). We have slightly separated the arcs for

clarity — really they both have radius 8. Note that 6; ,, may be greater than 27, in

Figure 3.2: The critical values of W, (crosses), the vanishing path for critical value 0, and
three of the preliminary vanishing paths, when (p,q) = (4,6).

which case ¥, ,, covers more than a full circle, but these paths are difficult to indicate
on a diagram. Note also that different values of (/,m) may give rise to different

preliminary vanishing paths, even if the critical values are the same.

3.3.2 The zero-fibre and its smoothing X

The fibre of W, over zero has three components: the lines {X =0} and {y = 0}, and
the smooth curve {W = €}. Schematically the picture is as in Figure 3.3. The crosses
denote transverse intersections between the components, and the dotted line where
the planes appear to meet is to indicate that they are actually disjoint in C? except
for the intersection at the origin. In X, each of the nodes is smoothed to a thin neck
whose waist curve is the corresponding vanishing cycle. We denote these vanishing

cycles by lVva, "V and Vg for 1 =0,...,p—2and m =0,...,q — 2, corresponding
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Figure 3.3: The fibre W, ! (0) for loop polynomials.

to critical points ({'e!/(P=1,0), (0,n™e'/(@=1)) and (0,0) respectively.

Remark 3.3.1. We can compute the genus and number of punctures of ¥ as follows.
The punctures correspond to boundary components at infinity, where the defining
equation looks like XPy 4+ Xy1 = 0. The lines {X = 0} and {y = 0} each give rise to a
boundary component, whilst {xP~! +y9=1 = 0} gives gcd(p — 1,q— 1) components.
We deduce

# punctures of X = ged(p—1,g— 1)+ 2.

The pq vanishing cycles form a basis for Hi(X), whose rank is
2g(X) +# punctures — 1,

so we obtain

g(X)=~(pg—ged(p—1,g—1)—1).

| =

If 0 is chosen sufficiently small then the monodromy of parallel transport around
the circle of radius 6 is supported in small neighbourhoods of these p+ ¢ — 1 curves,
and is simply the product of the Dehn twists in them. It is not strictly true that
the monodromy is supported in these neighbourhoods, but as explained in [Sei97,

Section 19] it can be made so by a small deformation of the fibration, which does
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not affect the categories and which we will not explicitly notate. After deleting these
neighbourhoods (and corresponding neighbourhoods in the other fibres) we may
therefore trivialise the fibration W, over the disc of radius &, and identify each fibre
with the curve ¥’ obtained from w; ! (0) by removing neighbourhoods of the critical
points marked in Figure 3.3. Equivalently, we may think of ¥’ as being obtained
from X by removing the neck regions. Concretely, it consists of: a complex line (the
¥-axis) with small balls around the origin and the (p — 1) roots of € removed; a
complex line (the y-axis) with small balls around the origin and the (g — 1) roots of
€ removed; and a (p — 1)(g — 1)-fold cover of the line {u+ v = €} with small balls
about (&,0) and (0, €) removed, with the covering map given by (u,v) = (¥~ 1,y 1).
All of the interesting parallel transport occurs in the neck regions which we have
deleted, and is described by ‘partial Dehn twists’ which we explicitly describe later

in a local model.

3.3.3 The preliminary vanishing cycles

Let! 7’”V(§) " denote the preliminary vanishing cycle in X corresponding to the critical

+
crit?

point ({'¥ nmﬁjﬁt) and the preliminary vanishing path 7 ,,. The goal of this
subsection is to describe these cycles by a combination of symmetry considerations
and parallel transport computations.

Since W, has real coefficients, we can temporarily view it as a function R? — R.
This function has a local minimum at (X}, 7. ), where it attains the value c¢ri¢ < 0.
There are no critical values in the interval (cct,0), so the level sets W; ! (c) for ¢
in this range have a component which is a smooth loop encircling ()Z:rm, )me), and
which shrinks down to this point as ¢ \ c¢rit- As ¢ 0 this loop, which we’ll denote
by A, converges to the boundary of the region in the upper right quadrant of R? that
is bounded on the left by X = 0, below by y = 0, and above and to the right by w = €.
We’ll denote this piecewise smooth limiting loop by Ag.

Now return from this purely real discussion to the full complex picture. Sym-

plectic parallel transport between the fibres of We over a path ¢(¢) is described by
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the ODE

=

¢ dxWe

= 3.5
aweP o)

ayVVVg

<

This obviously preserves the real part of the fibre when ¢ moves along the real axis,
as it did in the previous paragraph, so we see that the loops A, are carried to one
another by parallel transport. In particular, A_g is exactly the preliminary vanishing
cycle “0V}",

Just as we viewed X as a smoothing of W, !(0), we shall understand %V}" =
A_g as a smoothing of Ag. In X’ it comprises: the real line segment joining the
deleted ball about 0 to the deleted ball about €!/(P=1) in the X-axis; the real line
segment joining the deleted ball about O to the deleted ball about e!/(@=1) in the
y-axis; the positive real lift of the line segment joining the deleted balls about (&,0)
and (0,¢€) in {u+ v = €}, under the covering map (X,) — (u,v) described above. It
enters three of the neck regions, namely those corresponding to OVva, OV and Vs
in each of which it is given by the positive real locus in (X, y)-coordinates. This is
indicated in Figure 3.4, where the deleted balls are indicated by the grey blobs and
the three segments of O’OV&J " are respectively the the horizontal dash-dotted line, the

vertical dotted line, and the dotted diagonal arc.

Figure 3.4: Schematic picture of some preliminary vanishing cycles in X’ for loop polyno-
mials.
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To compute the other ””V(f’ ", we decompose the path Y1,m into its radial segment

and its circular arc. The map

fim: (5.3) = (E'E ")
gives a symplectomorphism of C? which W, intertwines with multiplication by £/n™
on C, so the curve f;,,(*OV}") is the vanishing cycle in the fibre over —¢/n™§ that
corresponds to the critical point ({'X]. ,n™y!. ) and the vanishing path given by
the radial segment of ¥,,. This means that ""V}" is obtained from f; ,(*°V}") by
parallel transporting around the circular arc of ¥, ,,.

We can therefore immediately describe the part of V" lying in X', since it
is obtained from the corresponding part of OvOVé’ " by applying S1,m- In full detail, it
comprises: the radial line segment joining the deleted ball about O to the deleted ball
about ¢! e!/(P=1) in the ¥-axis; the real line segment joining the deleted ball about
0 to the deleted ball about n”e!/(4=1) in the y-axis; the lift to ('R, x "R, C C?
of the line segment joining the deleted balls about (&,0) and (0,¢€) in {u+v =€},
under the covering map (X,y) — (u,v). This is shown in Figure 3.4, where 272V(§) "is
drawn in solid black and 071V§ " is drawn dashed (the segment along which it overlaps
with O’OV(? " is shown dash-dotted). The segments lying in the two coordinate axes
should all really be straight, with the grey blobs lying on a circle about the origin,
but we have deformed the picture in order to draw it in two dimensions.

To see what ! ””V(f " looks like in the three neck regions it meets, namely those
corresponding to 'Vjy, Vi and Viy, we simply have to take the ({'R; x ™R )-
locus in each of these necks over —{’n"§ and parallel transport clockwise through
angle 6y, around the circle of radius 0; this is our next task. Near the critical
point (0,0), where X and y are both small, we may approximate Wg by —&xy. This
corresponds to the Viy-neck region in X, and in this approximation the parallel

transport equation (3.5) simplifies to

=<

—C

- - 3.6
e(FE P -0

= =

<
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We may also approximate the ({'R+ x ™Ry )-locus in the Viy-neck over —{/n™§

by the hyperbola
(£,5) = V/8/e({'e’,n"e™)

parametrised by a small real variable s. We want to parallel transport over the path

c(t) = =8¢V~ as t decreases from 60;m to 0, and we postulate a solution of the

form (¥,5) = /8 /&(e V10 ¢=5+V=1(-9)) where ¢ is a real function of s and .
Plugging this into (3.6) we obtain

px ) X
(1—g¢)y) RP+DP

=< =<

so after imposing the initial condition ¢(s,6;,,) =27l/(p —1) we get the unique

solution

2wl e (t—6p,)

0=t 3.7)

In particular, the value of ¢ at the end of the parallel transport (¢ = 0), which we

denote by ¢ ,,,, is given by

2s —2s
Pm(s) = 9(s5,0) = -7 (“ ¢ ’"). (3.8)

eZs_I_est p—l q—l

This is supposed to describe the argument of the ¥-component of vmvop " (or minus
the argument of the y-component) on the Viy-neck region of X, and note that it is
consistent with the description we already have on X: when s becomes large this
neck joins the ¥-axis, where we know that the ¥-component of / ’ng " has argument
2wl/(p — 1); when s becomes small the neck joins the y-axis, where we know that
y-component of /V}" has argument 27m/ (g — 1).

We can run analogous arguments on the other two necks that l?’”Vé’ " passes
through. To combine this information into a visualisable format, note that we can
coordinatise the union of the ¥-axis part of ¥’ and the V- and lVva-necks by X.

The x-projection of this region consists of the complex plane with a puncture at 0,

+

> and small balls about all other { J)Z;“rit removed. Small balls

a puncture at {’x
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around the two punctures represent the two necks. Strictly speaking, the punctures
are extremely tiny deleted balls, but we will not make this distinction.

Away from the two neck regions in this picture, we are simply on the X-axis
part of ¥, so lv’"V(f’ " is given by the radial segment connecting them. On the Vig-
neck, near the puncture at 0, the computation above shows that as we approach the
puncture the argument of X interpolates from 2zl/(p — 1) to —2zm/(q—1). We

can do the same on the ! Vi neck, near the puncture at li;it, but now the local

coordinate is ¥ where ¥ = lfé;it

— X, and this time it is the argument of X which
interpolates from 27l/(p — 1) to —27wm /(g — 1) as we approach the puncture. The
cases (I,m) = (1,0) and (/,m) = (1,1) with (p,q) = (4,3) are shown in Figure 3.5.
We have drawn separate diagrams for the two choices of (I,m) since the cycles
overlap along their central segment and so would be difficult to distinguish if drawn

on top of each other. The dashed circles represent the boundaries of the deleted

Figure 3.5: The ¥-projection of the preliminary vanishing cycles 'OV}" (left) and "'V}
(right) in the ¥-axis part of ¥’ and the Viz- and 'Vjy;-necks, with (p,q) = (4,3).

balls, the dotted circles represent the boundaries of the neck regions, and the blobs
represent the punctures. The feint solid circles are the waist curves Vy; and ! V.
There is a corresponding picture for the y-projection of the y-axis part of ¥’
and the Viy- and "Vyy- necks. The picture on {Ww = €} part of ¥’ is essentially
uninteresting since the ! ’mV(f " are pairwise disjoint there. This is because, on that part,
the different l?’"Vé) " are different lifts of the same segment in {u+v = £}. Combining

the pictures on these three parts of ¥ gives a complete description of all of the
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preliminary vanishing cycles.

Remark 3.3.2. There are some obvious points to note here, which are clear parallels
of the structure of the generating set on the B-side. First, the vanishing cycles Vyy,
! Viw and " Vi, are all pairwise disjoint. Second, each ! ”"Vop " intersects Viy exactly
once, transversely. Third, l»mvg’ " and LVva intersect once, transversely, if | = L and
are disjoint otherwise (similarly for MVyy). And finally, if | # L and m # M then
! ””Vé) " and M Vg) " are disjoint except on the Vig-neck region, where (3.8) tells us that
they intersect once, transversely, if | > L and m > M or vice versa, and are disjoint
otherwise (as |X| increases, the difference in their X-arguments varies monotonically

from2x(m—M)/(g—1) to2x(L—1)/(p—1)).

3.3.4 Modifying the vanishing paths
As already noted, the preliminary vanishing paths (plus the vanishing paths connect-
ing —d to zero) do not form a distinguished basis of vanishing paths because they
intersect and overlap each other. In this subsection, we describe how to remedy this,
which also involves perturbing w to separate the critical values in such a way that
the vanishing cycles are basically unaffected.

By plotting modulus and argument+7z, we may view the preliminary paths
Yi,m as right-angled paths in R? from (8,0) to (8, O1.m) t0 (—Cerit; O1,m). We define

modified paths 9/, using this picture to be the piecewise linear paths as follows:

* From (5,0) to (6 +6',6;,,) to (—cerit, 01,») for some small positive &', if

el,m < 2T.

* From (8,0) to (6 +6',2w+ A(6;,,, —47)) to (6 +28', 2w+ A (6, — 47)) to
(6+30",6,,,—0")) to (—cerit, 61 — 0”) for some small positive A and 6’, if

917,,1 > 2m.

In the second case, we have moved the end-point of the path so we correspondingly

+

m V+ . o, .
| ycrit) has its critical value

perturb the fibration so that the critical point ({’%
EIM™ it rotated by e~V 18", The paths are illustrated in the case (p,q) = (4,6) in

Figure 3.6. The feint lines are the preliminary paths 7 ,, and the dashed line is at
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Figure 3.6: The paths 7/, in modulus-(argument-+7) space, when (p,q) = (4,6).

height 2.

This construction has the following key properties:

* The clockwise ordering of the tangent directions ¥/, (0) is by decreasing value

of 917,”.

o [f 917m = OL,M’ then %,m = %‘,M'

 If 6,, # O m, then 7, and 7, ,, are disjoint unless 6;,, > 67 + 27 (or
vice versa), in which case they intersect once, transversely, close to —{in™§

(respectively —&/n™§).

The control on the position of the intersection point in the third property is the reason
for the curious kink in the paths yl'm for 6;,, > 27. If we had instead taken these
paths to be (8,0) to (6 +6',6;,, — 6') to (—cgit, 61,» — 0”) then the intersection
between ﬁm and yi u when 6, ,, > 6y + 27 would have occurred on the sloping
regions of both paths, and therefore been awkward to locate.

Our next task is to explain how to modify those ﬁ}m for which 6;,, > 27 in

order to remove the transverse intersections just described. The key observation is:

Lemma 3.3.3. Suppose 0, ,, > 6Ly + 27, and let 7 denote the intersection point of

Y, and Yy . Inside the fibre ¥, = ng (z) there are vanishing cycles corresponding
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to the critical points (§'xt. . n™yt. ) and (§Ext . nMyt.) and the truncations of the

vanishing paths 7y, . and y; ;. Denoting these by Vi and V, respectively, we have
Vinv, =0.

Proof. First note that if [ < L then 6;,, — 0 » is at most 2m(q —2)/(¢ — 1), so
we must have / > L and similarly m > M. By applying f; 1},1 we may then assume
without loss of generality that L =M = 0 and /,m > 0. The former means that z
is approximately —&, and that V, C . is approximately “OV}" C X. The curve V1,
meanwhile, is constructed in approximately the same way as l”"Vg’ " but with the
parallel transport around the circle of radius 6 done from 6, ,,, to 27, rather than to 0.
For the rest of the argument, we take these approximations to be exact. Since the
cycles V| and V, are compact, once we show that they are disjoint after our small
approximation we automatically deduce that they were disjoint before (compact and
disjoint implies separated by a positive distance).

Since / and m are both positive we see that V; and V, = %0V

are disjoint on
Y/ C ¥, and that the only neck region that they both pass through is that corresponding
to Vyp. This means that the only possible intersections occur in this neck, which we
can coordinatise by projection to X. In this projection we know that O’OV(? "and V; are

parametrised by

¥=+/8/ee’ and i¥=./8/ee V1

respectively, where @ is given by setting t = 27 in (3.7). It therefore suffices to show
that this function ¢ never hits 27Z. To prove this, simply note that the function
is monotonically increasing from 27 —27wm/(q — 1), which is strictly positive, to

2nl/(p— 1), which is strictly less than 27. O

Now, let 7/, denote the path obtained from 7, by introducing a long thin finger
which loops around the radial segment of ’)/L > for each (L, M) with O1m > Oy +27.
Figure 3.7 illustrates 7, 4 in the case (p,q) = (4,6). The feint lines show the paths

)/L 1, Which we have had to loop around. In principle, each time we go around one
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Figure 3.7: The path %/, when (p,q) = (4,6).

of the fingers the ‘intermediate vanishing cycle’ V; is changed by the monodromy
around &N c.;, which is precisely the Dehn twist in V; (or, more accurately, the
product of the Dehn twists in all cycles constructed in the same way as V; as (L, M)
ranges over all pairs with the same value of 6y 57), but by Lemma 3.3.3 this has no
effect. We conclude that the vanishing cycles for the new paths yl"m coincide with
those of the previous paths yl'm which in turn are small perturbations of those of the
preliminary paths 7 ,,. Note also that we can construct the new paths so as not to
introduce any new intersections between them (for example, we can make sure the
fingers for 7, 3 go outside the fingers for 7', shown in Figure 3.7).

The upshot is that we now have vanishing paths l,lm’ plus the vanishing paths
connecting — & to 0, which form a distinguished basis except for the fact that some
of the paths coincide with each other. This is straightforwardly fixed by making a
small perturbation of the fibration to separate the critical values, and corresponding
small perturbations of the paths. The precise way in which this is done will affect
the ordering of the paths, and hence the ordering of the vanishing cycles in A, but
this is irrelevant since the ambiguity is always between cycles which are disjoint and
therefore orthogonal in the category.

‘We conclude:

Proposition 3.3.4. There exists a Morsification of W and a distinguished basis of

vanishing paths such that the corresponding vanishing cycles are arbitrarily small
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perturbations of the Lyt 1 Viw, "Viw and Viy as constructed above. The ! ’mV(f’ " are
ordered by decreasing value of 0) ,,, and by choosing the starting direction for our
clockwise ordering to be eV =19, for @ a small positive angle, they occur before all

of the other vanishing cycles.

3.3.5 Isotoping the vanishing cycles and computing the

morphisms

Let us refer to the small perturbations of the preliminary vanishing cycles "V that
appear in Proposition 3.3.4 as temporary vanishing cycles. In order to compute the
category .A we need to understand the intersection pattern of these temporary cycles.
Some pairs of these cycles were already transverse before perturbing, as described in
Remark 3.3.2 — in fact, all pairs except those of the form "V}, LMV with [ = L
or m = M — so their intersections are unaffected by the small perturbations. For the
non-transverse pairs of preliminary cycles, however, which actually overlap along
segments, we cannot pin down the intersections of the corresponding temporary
cycles without keeping more careful track of the perturbations, which is impractical.

In order to overcome this, we shall modify these problematic temporary cycles,
which are small perturbations of the /”*V", by Hamiltonian isotopies to obtain final
vanishing cycles /""V, which we will use to compute .A. This does not affect the
quasi-equivalence type of the category. These isotopies will be small in the absolute
sense, and in particular will only affect intersections between pairs of cycles which
were non-transverse before perturbing from preliminary to temporary, but will not
be small compared with these perturbations. Indeed, their very point is to undo any

uncertainty in the intersection pattern which these perturbations introduced.

Remark 3.3.5. Since each waist curve ! Viw, "Viw, and Viy was already transverse
to all other cycles, the corresponding perturbed curve in Proposition 3.3.4 has the
same intersection pattern. We therefore do not notationally distinguish between the

waist curves and their perturbations.

We only need to describe the isotopies on the regions where the preliminary

. T
cycles were non-transverse. This means that, for each Lyt e may focus on
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neighbourhoods of its segments lying in the ¥-axis and y-axis regions of ¥’. So fix
an (I,m) and consider the part of ! 7’”V£ " (strictly the temporary cycle obtained from
this) lying in the X-axis part of ¥’ and the Vyy- and ! Vyw-necks. We view this in the
X-projection, as in Figure 3.5.

We first isotope the X-axis segment, between the two necks, anticlockwise about
X = 0 by an amount proportional to m. This of course requires corresponding small
modifications at the boundaries of the neck regions to keep the curve continuous. To
make the isotopy Hamiltonian, we then push the curve slightly clockwise just inside
the Viy-neck. The result is shown schematically in Figure 3.8 for the (I,m) = (1,0)

and (1,1) cycles with (p,q) = (4,3). We then do a similar thing on the y-axis part

Figure 3.8: The X-projection of the final vanishing cycles '°Vy and "'V, in the ¥-axis part
of ¥’ and the Viy- and !Vj-necks, with (p,q) = (4,3).

of ¥’ and the Viy- and /Vjy;-necks.

The result is that the final cycles "V} are all pairwise disjoint, except on the
Vip-neck. Inside this neck, the intersections between Lmyy and LMV, remain as
described in Remark 3.3.2 when [ # L and m # M. When [ = L and (without loss
of generality) m > M the effect is as follows. Before perturbing and isotoping, the
X-arguments of the curves on the Vi-neck are described by (3.8) and illustrated in
the left-hand part of Figure 3.9. In particular, the curves converge as |X| becomes
large. The isotoped curves are shown schematically in the right-hand part of the
same diagram, and we see that now they intersect once, transversely, where ! "V, has

been pushed further anticlockwise than MV},
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argx

27l/(p—1) /
CoaM/(g—1) log || log|¥|
—21m/(qg—1)

Figure 3.9: The Viy-neck regions of the curves Lmy, and “MV, before (left) and after (right)
perturbing and isotoping.

Combining this with Remark 3.3.2 and Proposition 3.3.4 (with the Lmy, now
being used in place of the l’ng) ") we obtain a model for A with precisely the

following basis of morphisms:
* An identity morphism for each object.

* A morphism from “"V, to “MV;y whenever (I,m) # (L,M) but both [ > L and
m>M.

* A morphism from each Lmy, to each of Vg, ! Viw and " V.

This is a chain-level description, but for any pair of objects the morphism complexes
are either one- or zero-dimensional, so all differentials trivially vanish. Additively
the cohomology algebra therefore matches exactly with the quiver description of B

in Figure 3.1, under the identification

Wi 'Ky[3)] i+l=p—1
. with 3.9)
"V < 'Ky [3] j+m=q—1.
Vf)j A Kw[3]

To complete the proof of Theorem 3.1.1 in the loop case, we just need to check that
the compositions agree, and that the vanishing cycles can be graded so as to place all

morphisms in degree 0. These are the subjects of the next two subsections.
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Remark 3.3.6. The identification (3.9) is between the objects of A C F(X) and
B C mf(A%,Ty,w). In the ultimate equivalence D’ FS(W) ~ mf(A% Ty, w) the
vanishing cycles in (3.9) should be replaced by their images under the equivalence

Tw A — D FS(W), which are the corresponding Lefschetz thimbles.

3.3.6 Composition

Suppose Ly, L; and L, are three (final) vanishing cycles such that Ly < L; < L, with
respect to the ordering on the category A (we are calling them L rather than V to
avoid conflict with our earlier notation for specific cycles). We need to compute the
composition

HF.(Ll,Lz) ®HF.(L0,L1) — HF.(L(),LQ), (310)

which is defined by counting pseudo-holomorphic triangles, and Seidel [Sei08b,
Section (13b)] shows that this can be done combinatorially by simply counting
triangular regions bounded by the L;. The crucial point is that one can do without
Hamiltonian perturbations or perturbations of the complex structure because the
directedness of the category automatically rules out contributions from constant
discs. (It also rules out discs in which the ordering of the Lagrangians around the
boundary does not match their ordering in the category.)

In order for this composition to have a chance of being non-zero (i.e. in order
for all three HF® groups to be non-zero) we must have Ly = """V and L; = LMV
for some distinct (I,m) and (L,M) with [ > L and m > M. We then have four
cases, depending on whether L, is Vy, LVva, My.s, or of the form "V, for some
(r,s) # (L,M) with r < L and s < M. We restrict our attention to these four cases
from now on.

In each case, there is a single obvious holomorphic triangle contributing to
the product. In the first and fourth cases the triangle lies in the Vyy-neck region, as
illustrated in Theorem 3.10, whilst in the second (respectively third) case it stretches
between the V- and ! Vyw- (respectively "Vyy;-) neck regions in the X- (respectively
¥-) axis part of ¥/ as shown in Figure 3.11. We claim that there are no other triangles,

whence (3.10) is the non-degenerate multiplication ej, ® eg; — tegp, where ¢;; is
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arg¥ Ll Ll
L T, Lo

log|¥|
L

Figure 3.10: The obvious triangles in the Viy-neck contributing to the product in the first
(left) and fourth (right) cases.

Figure 3.11: The ¥-projection of the obvious triangle between 'Vp, 'V, and 'Vy;;, when
(p,q) = (4,3).

the generator of HF®(L;,L;) corresponding to the unique intersection point of L;
and L;. In fact, there are two natural generators, differing by sign, and the =+ in the
multiplication depends on the specific generators chosen, as well as the orientation
on the moduli space of holomorphic triangles, but we shall argue shortly that all
signs can be arranged to be positive.

To prove the claim, suppose u is a non-constant holomorphic triangle with
boundary on L, defined to be the union of the L;. By the open mapping theorem,
after deleting L, the image of u consists of a union of components of X\ L whose
closures in X are compact. Such components naturally correspond to generators
of Hyo(X/Ly) ~ Hy(E,Ly), which the long exact sequence of the pair tells us is
isomorphic to the kernel of the inclusion pushforward H; (L) — H;(X). In all of
our cases, the space L, is homeomorphic to three circles that touch pairwise, so its

H, has rank four. Its image in H; (¥) meanwhile, contains the classes of Ly, L; and
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Ly, which are linearly independent since the vanishing cycles form a basis for H; (¥).
We conclude that Hy (X, L)) has rank at most one, so there is at most one component
of £\ Ly that u can enter. We have already seen that there is at least one component,
and counted the obvious triangle that it contributes, so we conclude that there are no
other triangles.

To compute the signs, we should equip each L; with an orientation and the non-
trivial spin structure (this is the one that is induced by viewing L; as the boundary of
a Lefschetz thimble in the total space of our Morsified fibration), and then calculate
the induced orientation on the moduli space of holomorphic triangles. As mentioned
above, however, we can choose the generators of the morphism spaces so that all
of the signs turn out to be positive. We make these choices by induction on the
length of the morphism, defined to be the maximal length of a chain of non-identity
morphisms whose composition is the given morphism (so, for example, the length of
a generator of HF®*("""Vy,LMVy) is [ — L+m — M).

First, choose arbitrary signs for the generators of length 1. Now modify these
as follows. Start at the bottom left-hand square in the quiver picture Figure 3.1 —

explicitly this corresponds to the square

p=la=2y, ___ p=24-2y,

| |

p=la=ly, __ p=24-1ly,

If this commutes then do nothing, otherwise reverse the sign of the morphism along
the top edge. Then consider the next square to the right and do the same, and continue
all the way along to the bottom right-hand square. Now run the same procedure on
the next row of squares up, and then the next, all the way to the top. In this way
we obtain sign choices for all generators of length 1 such that the small squares
commute.

For each morphism space of length £ > 1, we choose its generator by expressing
the space as a composition of k morphism spaces of length 1 and taking the positive

generator of each factor. There may be several different ways of decomposing the
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space into length 1 factors, but any two can be joined by a chain of moves where one
commutes across a small square. We have arranged it so that these moves have no
effect, so there is no ambiguity in the overall procedure. This proves that all signs
can be taken to be +.

We conclude:

Proposition 3.3.7. There is a model for A which, under the identification (3.9), is

described by the quiver in Figure 3.1 up to yet-to-be-determined gradings.

3.3.7 Gradings and completing the proof

Recall from [Sei00, SeiO8b] that to equip the Fukaya category of a symplectic
manifold X with a Z-grading one must choose a homotopy class of trivialisation of
the square K 2 of the anticanonical bundle of X; this is possible if and only if 2¢; (X)
vanishes in H2(X ), and in this case the set of choices forms a torsor for H!(X). We
are interested in the Fukaya-Seidel category FS(W) and the subcategory A of the
compact Fukaya category of the smooth fibre, for which the relevant choices of X
are C? and X respectively. The former has a unique grading, defined by the section
o = (Jx N\ 95)? of K(Ezz, which induces a grading of the latter, and it is with respect
to this induced grading that the quasi-equivalence Tw . A — FS(W) is graded.
Trivialisations of Ky 2 correspond naturally to line fields £ on X, i.e. sections
of the real projectivisation Pr7Y of the tangent bundle, and given a choice of ¢ the
Lagrangian L represented by an embedded curve y: S' — X is gradable if and only if
the sections y*¢ and y*T L of y*PrTX are homotopic. In this case a grading of L is a
homotopy class of homotopy between them. At each point of L we can measure the
anticlockwise angle from ¢ to T L, and we denote this by wo, where o is an element
of R/Z. The gradings of L are then in bijection with lifts a* of this element to R.
Given two graded Lagrangians Ly and L1, which intersect transversely at a point x,
let their corresponding lifts at x be Otg)qe and Oc}t’E respectively. By [Sei08b, Example
11.20], the grading of x as a generator of the Floer complex CF®(Lg, L) is then given
by
Lo —off ] +1. (3.11)
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From now on we will use ¢ to denote the specific (homotopy class of) line field
corresponding to the grading on X induced by the grading on C2.

To compute ¢, note that each Lefschetz thimble A is gradable with respect to o
(A is contractible so the grading obstruction trivially vanishes), and each choice of
grading induces a grading of the corresponding vanishing cycle V C X with respect
to /. In particular, all of the vanishing cycles V are gradable with respect to ¢, and
since they form a basis for H; (X) this property determines ¢ uniquely (cf. Section

4.3.1).

Remark 3.3.8. Recall that the ordering on A is determined by a choice of starting
direction in the base C, and, strictly speaking, this choice enters into the construction
of the bijection between gradings of a thimble A and of the corresponding vanishing
cycle V. This is unimportant for our present purposes, but we will see a manifestation
of it in Section 3.6.2, where a change in this direction leads to a change in the grading

of a vanishing cycle.

Using this characterisation, one can draw ¢ as shown in Figure 3.12: the left-
hand diagram depicts a foliation of the line {u +v = €} with the points (&,0) and
(0, €) deleted, and we lift its tangent distribution to give the line field on the branched
cover comprising the {W = €} part of X’ and the attached neck regions; the right-hand
diagram depicts a foliation whose tangent distribution gives the line field on the
X-axis part of ¥’ and the attached neck regions in the case g = 4 — it is clear how this
generalises to other values of ¢ and that a similar picture can be drawn for the y-axis

part.

Figure 3.12: Foliations defining the line field £ used to grade X.
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As usual, the dotted circles represent the boundaries of the neck regions. Note
that on each neck region the line field is longitudinal, so the different pictures glue
together.

Each !V} is approximately tangent to ¢ along its approximately straight seg-
ments in the three components of X', and we choose to grade it so that the homotopy
from TL to ¢ is approximately constant on these regions. This is consistent, in the
sense that these homotopies patch together across the neck regions. On each neck
region, the lift a* is valued approximately between 0 and 1/2, and where two of
these cycles intersect the one with the greater value of 6y ,, is ‘steeper’ and hence has
greater o, We conclude that for distinct ({,m) and (L,M) with [ > L and m > M
the generator of HF*® (’ Vo, LMV) lies in degree O (in the notation of (3.11) we have
1/2> of > aof > 0).

Each of the other vanishing cycles is a waist curve on a neck region and as such
is orthogonal to the line field. We grade it so that the lift o* is —1/2. This puts the

generators of
HF* (""Vo, Vi), HE®* (""Vo, ™ Vi), and HF® (""Vp, Vig)

all in degree 0. This means that the identification (3.9) matches up gradings, and we

deduce:

Theorem 3.3.9 (Theorem 3.1.1, loop polynomial case). Under (3.9), the Z-graded
A-category A is described by the quiver with relations in Figure 3.1 and is formal.
In particular, by Theorem 3.2.13 it is quasi-equivalent to BB, and hence there is an

induced quasi-equivalence
mf(A2, Ty, w) ~ D? FS(W).

Proof. The cohomology-level version of the first statement follows from Proposition
3.3.7 plus the above grading computations. Formality then follows immediately
from directedness and the fact that the morphisms are concentrated in degree O as

in Theorem 3.2.13. This shows that .4 and B are quasi-equivalent, and the final
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statement then follows from the argument outlined in Section 3.1.1. ]

3.4 B-model for chain polynomials

3.4.1 The basic objects

We now deal with the case of the chain polynomial w = x”y + y?. This time the
maximal grading group L is the abelian group freely generated by X, y and ¢ modulo
the relations

—

pX+y=gqy==.

In contrast to the loop case, we have L/Zc ~ Z,,, generated by X but not by y = — px.
In keeping with our earlier notation, let S be the L-graded algebra, C|x,y|, with x and
y in degrees ¥ and ¥ respectively, and let R = S/(w). Let w now denote x” 4+ y?~! so
that w = yw.

The stack [w~!(0)/T'y] has two components, whose structure sheaves corre-

spond to the matrix factorisations
K = (- = 8(=8) 5 S(=5) 5 S — ),

and

K =(-—8-8)58(—c+%) 55— -).

We will need the shifts
IKy = Ky((j+1—¢q)y) forj=1,....,q—1.

Note that K,,[1] ~ K,(¥).
The unique singular point of the stack is still the origin, and the objects we need

that are supported at this point are the /K defined by

. - yi=i o
S+ 1)) — s SE@ )

ea)><ea

q—J )
S(—E+ix+(j+1)y) ———— S(ix+¥) ——— S(i¥+(j+1)7)
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fori=1,...,p—1 and j=1,...,¢ — 1, obtained by stabilising R(iX + (j +
Dy)/(x,37).

3.4.2 Morphisms between the K,’s and K,

For all / in L, and all integers m, we have Hom*" (K, Ky (1)) =~ (R/(y,w)) a4 and
Hom?"~1(K,, K,(I)) = 0. The analogue of Lemma 3.2.2 and Lemma 3.2.3, proved

by similar arguments, is now:

Lemma 3.4.1. Suppose a and b are integers, with a < p — 1, and s is an element of

S (or R) which is homogeneous modulo ¢, of degree ax+ by mod ¢. Then:
(i) The element s is divisible by x“.
(ii) Ifalso b < g — 1, then s lies in the ideal (x°y”,xP*4).
(iii) If a = b =0, then the non-constant terms of s lie in (x4, xPy, y?).
Applying this to the above computation we obtain:
Lemma 3.4.2. The objects le, . _le are exceptional and pairwise orthogonal.
Using the fact that K,,[1] ~ K,(¥), we also get:

Lemma 3.4.3. The object K,, is exceptional and is orthogonal to the / K.

3.4.3 Morphisms between K,’s and K,, and Kj’s

For all / and all (i, j), Hom® (K,(l),"/Ky) is given by the cohomology of the complex
= (RIC Y iy (gt 2 RV i ()5t — (R i (jt)g—t = -+ -
By Lemma 3.4.1(1) we see that for all J

Hom*(’Ky,"/Ky) = Hom"® (K, /Ky) = 0.

Morphisms in the other directions are computed by the complex
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(RIO)) 511 —2 RO 501 —— R/0))-5i

J q—J
R/O)) i (jinger —— R/D)) iyt = R/O))e—iz—(j+ 1741

The only non-vanishing differentials are x’, so we get

H0m2m(i7jK0,JKy) ~ (R/(xi,y))(m_2)5+1§7
Hom?2"+! (’V/'KO,JKy) ~ (R/(x",y))(mfl)ﬂ(H)Y’
Hom™ (Ko, K) = (R/(¥',3)) (n-1)2—

Hom®"*+! (iJK()? KW) = (R/(xiay))(m—l)57

and hence:
Lemma 3.4.4. In HMF(A2 Ty, w) there are no morphisms from 'K, or K,, to "/ K.
The morphism spaces in the other direction are spanned by

(1,0) € Hom® (*/Kp,/Ky)
and

(0,1) € Hom®*("/Ky, K,,)
in the above complexes.

Proof. The even degree morphisms all vanish by Lemma 3.4.1(ii), and if j # J
then the same holds for Hom?>"*+!(%/K,’ Ky) (if J < j then rewrite the grading as
(g+J —j)y mod ¢). Lemma 3.4.1(iii) tells us that the only surviving odd morphisms

are the constants. ]

3.4.4 Morphisms between the Kj’s

The complex computing Hom® (*/ Ky, Kj) is
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(R) (5" -crreray = BRI iy —— RIS ey

Y

S d D L Q)

RGN ey~ RIG e T RIG e e mps

—xP~ly xP

The top row vanishes by Lemma 3.4.1(i), and the same is true of the bottom row if
I < i (after adding pX+ ¥ mod ¢ to the gradings), so assume that / > i. The complex

becomes

= R/ ) -z -y .(R/(XIJ’)) gy P R )en I-i)F+ ()5 =

and the odd position terms vanish by Lemma 3.4.1(ii), so Hom*"*! ("/Ky, 1/ Ko) = 0,

and

Hom™" (Ko, Ko) = (R/ (<" .y"))mee (1241 5

If J < j then this is zero by Lemma 3.4.1(ii) (after adding gy mod ¢ to the grading),
so assume J > j. Lemma 3.4.1(ii) tells us that any element is divisible by x’~/y/~/
modulo (x/,y’), and then Lemma 3.4.1(iii) tells us that only constant multiples

survive. We conclude:

Lemma 3.4.5. For all (i, j) and (I,J) we have that

o C-xI=iy/=J fI>i,J>jande=0
Hom* ("’ Ky, ’JKO) ~

0 otherwise.

3.4.5 The total endomorphism algebra of the basic objects

It is easy to compute the compositions between the morphisms and obtain the
following description of the full subcategory B of mf(A?,I'y,w) on the objects
TKy[3], Kw[3], " Ko:

Theorem 3.4.6. The homotopy category H°(B) is the path algebra of the quiver-

with-relations described in Figure 3.13. Any Z-graded A«-structure on this algebra
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— and hence in particular that induced from the dg-structure on mf(A% Ty, w) — is

formal.
* Ky [3]
e —e—e — "'ﬁ“iﬁ' Relations:
T T T T . (i) Squares commute
i’jK() . . . Lt . . ]K [3] () Dashed .
T T T T ’ ' ti(?lis f\:/anishCOmpOSl
O—)O—)OH-"*).iio
1 1 I
*o—e—He— - —e——e

Figure 3.13: The quiver describing the category I3 for chain polynomials.

3.4.6 Generation

The final thing we need to check is:
Lemma 3.4.7. The objects in B split-generate HMF(A2, Ty, w).

Proof. Let V = {/Ky,K,,"/Ko}. As in the loop case, it suffices to prove that the
category (V) contains all of the L/Zc-grading shifts of R/(x,y). Again following the
loop case, we easily have that R(ix+ (j+ 1)¥)/(x,y) liesin (V) forany 1 <i<p—1
and1 < j<¢g-—1.

By combining K,, ~ K, (¥)[—1], the /K, and all of their [-]-shifts, we see that
(V) contains R(/)/(y) for all / in Zy+ Z¢ (the Zc is redundant here but we include it
for clarity). Consequently, for each integer j we have that (V) contains the cokernel

of

R((+1)5=8)/0) = R/ ),
which is R(jy)/(x”,y). Peeling off one-dimensional pieces R(ixX+ j¥)/(x,y) for
i=—1,...,—(p—1) by taking cones, we’re left with R(j¥)/(x,y). If j lies in
1,...,q— 1 then (after applying the trivial operation (px + y)[—2]) each of these
pieces is in (V) by the previous paragraph. The conclusion is that R(jy)/(x,y) lies
in (V) for all such ;.
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We have therefore constructed R(ax+ by)/(x,y) for0<a<p—1land0<b <
q — 1 except for (a,b) = (0,0) and (a,b) = (1,1),...,(1,p— 1). To obtain the latter,

consider the extension
0—R/(w) x—l> R(iX)/(w) — R(i)_c’)/(xi,yq_l) —0

fori=1,...,p— 1. The outer terms lie in (V) (they are K,, and "¢~ Ky[—2]), so we
deduce that R(iX)/(w) also lies in (V). Again using the fact that K,, ~ K, (¥)[—1],
we get that R(iX+Y)/(y) isin (V) for i =0,...,p— 1 (the i = 0 case comes from

K, [1] itself, not from the preceding argument). From these we see that

R(iX+7¥)/(x,y) ~ Cone (R((i— 1)¥+y)/(y) = R(iX+5)/())

liesin (V) fori=1,...,p— 1.
All that is left to show now is that we have R/(x,y) in (V), and this closely

follows the loop case: we can realise this module as the cokernel of

R(=3)/(x""1y) = R/ (x4, y),

and the domain can be built of the shifts of R/(x,y) that we already have. The

codomain, meanwhile, is given by
. Pq
Cone (R(—(q—1)8)/(y) == R/(y)). O

Remark 3.4.8. The R(1)/(x,y) still only split-generate the category (which we saw
for loop polynomials in Remark 3.2.19), since the above proof shows that they are

annihilated by the homomorphism
Ko(mf(A% Ty, w)) = Z,

which sends the basis elements "/ Ky to 0 but / K, and K,, to 1.

As in the loop case, we deduce:
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Theorem 3.4.9 (Theorem 3.1.2, chain polynomial case). The object
P qil .
&= ( @ ”JK()) S (EBJKy[?)]) ® K, [3]
j=1

l,....,p—1
j=1,....q—1

is a tilting object for mf(AZ, Ty, w).

This was proved by Futaki-Ueda [FU13, Section 4] in the case g = 2.

3.5 A-model for chain polynomials

3.5.1 The setup

Just as for the B-model, our basic strategy for understanding the A-model will
closely follow the loop polynomial case. This time the Berglund—Hiibsch transpose
is w = XP + Xy4, and our starting point is once more the resonant Morsification
We = W — &xy for small positive real €. We denote ¥”~! +37 by w. The critical

points now fall into three types:
() x=0,y7"1=¢
(i) X=y=0

sy yg—1 & yp—1 (g—1)ey
(i) ¥ R T

The first two types have critical value zero, whilst the third type has critical value

—xye(p—1)(g—1)/pg,

on the ray through —xy. These critical points are indeed all Morse.
There is a unique positive real solution to (iii) which we denote by ()Z:m, }frit),
and again we call the corresponding (negative real) critical value c.i. Still letting {

and n denote the roots of unity

£ =T/ and o= 21D,
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but now also letting 4 = 21/ (p=Dla=1) | the type (iii) critical points are

{(C' ey ) 1 0<1<p=2,0<m<q-2},

crit?

with critical values (@~ Dipme

Taking regular fibre £ = wg ! (—8) with 0 < § < &, we again choose the straight
line segment from —§ to 0 as the vanishing path for the critical points over zero,
and denote the corresponding vanishing cycles by "V and Viy. We also choose the

same preliminary vanishing paths ¥, ,, as before, but with 6; ,, now given by

9l,m:2”<pi1+(p—1p)’?q—1)>7

and write /"V}" for the preliminary vanishing cycles.

3.5.2 The vanishing cycles

The central fibre W !(0), shown in Figure 3.14, now has only two components,
namely the line {¥ = 0} and the smooth curve {W = €y}. The ¢ nodes are smoothed
to thin necks in X, whose complement we again refer to as X', and we trivialise the

fibration W, on this complement over the disc of radius 6. This time we compute

Figure 3.14: The fibre W, ! (0) for chain polynomials.



3.5. A-model for chain polynomials 111

# punctures of £ = ged(p—1,9) + 1

ADI%@wm+P%w@—L®)

. .. 0,0y,Pr
Just as in the loop case, the preliminary cycle ™"V,

is given by the loop in the
positive quadrant of the real part of £. On ¥/, the other preliminary cycles are given
by the action of ({’u™,n™). In particular, they are pairwise disjoint on the {W = &y}
part of X’ (since X and ¥ are both nowhere-zero here). The only intersections on the
{X = 0} part occur when the m-values coincide, and in this case the cycles overlap

(at least in the limit 6 N\, 0) exactly as before.

On the Vi-neck region, the argument of the y-component of ! ”"Vé’ " interpolates

_27[( l N m > o 2nm
p—1 (p—1)(g—-1) g—1

as |y| increases, whilst on the "Vyy-neck the argument of y — nm)vzjrit interpolates

from

back the other way as its argument decreases. This is completely analogous to the
picture in Figure 3.5.
We modify the preliminary paths, and correspondingly perturb the fibration,

exactly as in Section 3.3.4. The chain polynomial version of Lemma 3.3.3 is:

Lemma 3.5.1. Suppose 6;,, > Opp + 27, and let z =7, Ny 4. Inside X, =
ng(z) we have vanishing cycles Vi and V> corresponding to the critical points
(Clumxt nmyt) and (SEuMxt. Myt and the truncations of v, and Vm

These cycles are disjoint.

Proof. We must have [ > L and m > M, so we can apply f[},, to get (L,M) = (0,0)
with m > 0. The latter ensures that V; and V; are disjoint on ¥’ C X ~ ¥, and that
their only possible intersection is in the Vyj-neck region. On this region the argument

of ¥ is approximately O for V5, and interpolates between

271:(1— ! — " ) and 27r_m
p—1 (p—1)(g—-1) q—1

for V1, so they are disjoint there too. O]
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This allows us to introduce fingers to the vanishing paths ¥/, , as before, without

7m’
affecting the vanishing cycles. We then make Hamiltonian isotopies as in Section
3.3.5 (but now only in the y-axis part of ¥’ and the Viy- and "Vip-necks) to obtain
the final vanishing cycles. This gives a model for A with the following basis of

morphisms:

* An identity morphism for each object.

* A morphism from ""Vj to LMV, whenever (1,m) # (L,M) but both [ > L and

m>M.

* A morphism from each Lmys to Viy and to "V,

As in the loop case, the differentials on morphism complexes trivially vanish so we

are left to check compositions and gradings.

3.5.3 Composition and gradings

Once more we have one obvious triangle contributing to each non-trivial product,
and by the same homology computation as for loop polynomials there can be no
others. We can also run the same inductive argument to ensure that all of the signs in
the compositions are positive.

To grade the category we must again take the unique homotopy class of line field
¢ on ¥ whose winding number along each vanishing cycle V' is zero, and then pick a
homotopy from ¢|y to TV. By homotoping ¢ we may assume it points longitudinally
in each neck region, orthogonal to the waist curves, and then up to homotopy it must
look like the right-hand diagram in Figure 3.12 in the union of the neck regions and
the y-axis part of ¥’. We can then define the gradings in the same way as in the loop
case, and see that all morphisms then lie in degree 0.

The conclusion is:

Theorem 3.5.2 (Theorem 3.1.1, chain polynomial case). Under the correspondence

l,mvo RN i,jKO
, i+l=p—1
jtm=qg—1

Vﬁ,HKWB]
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the Z-graded A«-category A is described by the quiver with relations in Figure 3.13

and is formal, so there is a quasi-equivalence
mf(A2, Ty, w) ~ D? FS(W).

This was also proved by Futaki—Ueda for g = 2, as a special case of [FU13,
Theorem 1.2]. They state the result at the level of derived categories, i.e. after passing
to cohomology, but, as we have seen, it is trivial to upgrade from this to the full A

result.

3.6 Brieskorn—-Pham polynomials

3.6.1 B-model

Now w is given by x” + y?, and the maximal grading group L is generated by X, y
and ¢ modulo

— —

pX=gqy=_2,

so is simply Z, ® Zg, generated by ¥ = (1,0) and y = (0, 1). Let S = Clx, y], graded
by L in the obvious way, and let R = S/(w).

The stack [w~!(0)/T'y] has only one component this time, and the objects that
we need are the matrix factorisations “/K; given by

yl . yq—j 5
S : > S(jY) — S(?)

q—J J
S(—E+ %+ j§) ——— S(i¥) ——— S(iX+ j¥)
fori=1,...,p—1land j=1,...,q— 1, stabilising R(ixX+ j¥)/(x',y/).
For any (i, j) and (1,J) the morphism space Hom*(""/Ky,’'Kj) is computed by

the complex
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L R e R A )

J q—J
R/ N aiwro—iy — RISy — RIS eraiwru—is

By considering gradings modulo X and modulo y, one sees that the top row and
the odd position terms in the bottom row vanish, and the remaining terms vanish
if I <iorJ < j. We therefore assume that / > i and J > j, and read off that

Hom?" ! (Ko, I/ Ky) = 0 and
Hom"(“/Ky,""Ko) ~ (R/(x ayj))(l—i))?+(J— )y

Arguing as in the loop and chain cases, this is spanned by x/~/y/~/.
The full A.-subcategory of mf(Az,Fw,w) generated by the objects /Ky is
therefore described by the quiver with relations in Figure 3.15, and is formal as

before. This is the tensor product of the A, | and A, 1 quivers, which describe the

THTHTH e

i,j . . . . .
Ko (1) Squares commute

[ 1 1

e ——>e—>e0— -

1 1

e —>e—>e0— -

Relations:

|

o —e—5 ... —

|

Figure 3.15: The quiver describing the category 5 for Brieskorn—Pham polynomials.

one-variable graded matrix factorisations of x” and y? respectively.

To prove these objects generate, we just need to check that we can build all
L/7Z.¢-shifts of R/(x,y) from them. One easily constructs R(axX+ by)/(x,y) fora =
I,....p—1,b=1,...,q— 1 by taking cones on these generators as in the previous
cases. To construct the remaining shifts, note that the modules R(iX+ j¥)/(x,y/)
and R(¢)/(xP~!,y47/) are isomorphic in the singularity category, as they give rise

to equivalent matrix factorisations. Takingi=p—1land j=¢qg—1,9—2,...,11n
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turn, we can inductively build the a = 0 shifts from R(c)/(x?~%,q9~/). Reversing the
roles of x and y gives the remaining shifts. In contrast to Remark 3.2.19 and Remark
3.4.8, the R(1)/(x,y) now generate the category, rather than just split-generate.

We conclude the following well-known result, which goes back to at least

[FUQ9, Theorem 6], [FU11, Theorem 1.2]:

Theorem 3.6.1 (Theorem 3.1.2, Brieskorn—Pham polynomial case). The object

E = @ l’JK()
i=1,...p—1
j=1,....g—1

is a tilting object for mf(A% Ty, w).

3.6.2 A-model

We consider the resonant Morsification W, := X7 + ¥4 — €xy of the Berglund-Hiibsch

transpose W = X’ + 9. The critical points are:
(i) x=y=0

5y w1 — & w1 _ X
(1) x oY E

These are Morse, with critical values 0 and —Xye(pg — p — q)/ pq respectively. The

equations (ii) reduce to

. . .. . v+ s .
so there is a unique positive real solution (X_ ., V.. ) whose critical value we denote

) roots

by cerit as before. All other critical points differ by the action of (pg—p —g¢
of unity with weights (¢ — 1, 1), or equivalently (1, p — 1), on (X,y). We parametrise

these critical points, and the associated vanishing paths and cycles, by

(Lm) € (0, p =2} x{0,...,g =2)\{(p = 2,9 - 2)}

as

—1)l % ) —Dmx
(‘u(q )+mx:m7li+(p )my(j—rit)v
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where i = e27V=1/(pa—p=4),

The fibre W ! (0) is shown in Figure 3.16. This time it is irreducible. At infinity

Figure 3.16: The fibre W, !(0) for Brieskorn-Pham polynomials.

the defining equation looks like ¥” + 3 = 0 so the smooth fibre £ = w;!(—3)

satisfies

# punctures of £ = gcd(p, q)

gX)=5((p—1)(g—1)—ged(p,q) +1).

Y

We divide X into X’ and a single neck region, and trivialise the fibration on X’
over a small disc. We define preliminary vanishing paths and cycles Vi and ! 7’”V5’ '

as usual, taking

2m(gl + pm)
Im= " -
pqg—pP—4q
Note that by our bounds on / and m this lies in [0,47). The cycle Vyy is the waist
curve on the neck, whilst O’OVé’ " lives in the positive quadrant of the real part of X.
The other l»mvg " are obtained from O’OVé’ " by the action of roots of unity on ¥’ and
by a local parallel transport computation on the neck. In particular, all intersections
between the vanishing cycles occur on the neck. We modify the vanishing paths
(and correspondingly perturb the fibration), introducing fingers to remove their
intersections, in the familiar way.

There is now no need to isotope the cycles further, since they are already all

transverse. In particular, on the Vig-neck the argument of X along ! 7’"V(§) " interpolates

from

l -1 — 1)/
Ep=Dm (g Didm
pqg—p—(q pqg—p—4q

-2
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as its modulus increases. The intersection pattern is thus described by the morphisms
in the quiver Figure 3.17, in the sense that the number of intersections between two
curves is the dimension of the corresponding morphism space; the / and m indices

decrease from bottom left to top right. This is not quite the pattern we want, but this

° ng
e—e—e0— - — e
T T T ) T Relations:
Lmy, : : T ) (i) Squares commute

l
:
l
|

—
—
e —> @ —> -

|
|
|

Figure 3.17: The quiver describing the intersection pattern.

can be rectified as follows. Recall that the ordering of the cycles is determined by
the clockwise ordering of the directions of their vanishing paths as they emanate
from the reference base point —3. We have so far been starting the ordering from
the direction ¢V~ for 0 < @ < 21, but we now change this to ¢~V=10_ This has
the effect of moving Vi from last to first in the ordering, and hence modifying the

quiver from Figure 3.17 to Figure 3.15.

Remark 3.6.2. Alternatively, one can leave the starting direction as eV 19 and

instead replace the indexing set
({0, p =2} x{0,...,¢ =2})\{(p =2, =2)},
over which (I,m) ranges, by
({0,...,p—2} x{0,...,g—2})\ {(0,0)}.

This moves the top right vertex inside the rectangle in Figure 3.17 to the bottom left.

Now 6y, lies in (0,47], rather than [0,47), so the prescription given at the start of
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Section 3.3.4 has to be modified so that ], is described in modulus-(argument+m)

space by the piecewise linear path:

* From (8,0) to (6 +6',6;,,) to (—Cerit, O1.m) for some small positive &', if
917,,1 <2m.

» From (8,0) 10 (§+6',2n8+A6,,,) 10 (6+208",2n4+16;,,) to (6+38',6,,, —

0')) to (—cerit, O1.m — 0') for some small positive A and 0, if 0, ,, > 2.

Note that the inequalities < 21 and > 27 have become < 21 and > 27, whilst the
A (6 —47) terms have become A6, so that the short horizontal segments in

Figure 3.6 are pushed slightly above the dashed 2T line.

Compositions are non-degenerate by the standard argument, and we can arrange
all signs to be positive. To fix gradings, we take the unique homotopy class of line
field £ on ¥ with respect to which all vanishing cycles are gradable. We may assume
¢ is longitudinal on the neck, and equip the /”"V; with the standard gradings (we
choose the lift o* to be approximately between 0 and 1/2). We previously gave Vg
the grading with o = —1/2, but now that we have changed the ordering we should
choose a* = 1/2 to put all morphisms in degree 0.

We arrive at the following result Futaki—-Ueda [FUO9, Theorem 5], [FU11,
Theorem 1.3]:

Theorem 3.6.3 (Theorem 3.1.1, Brieskorn—Pham polynomial case). Under the cor-

respondence
bmyy < MKy i+l=p—1
with
Viy ¢ Ko jAm=q-1
the Z-graded A«-category A is described by Figure 3.15 and is formal, so there is a

quasi-equivalence

mf(A2, Ty, w) ~ DP FS(W).



Chapter 4

Homological mirror symmetry for
Milnor fibres of invertible curve

singularities

4.1 Introduction

In this chapter, we study homological mirror symmetry where the A—models are
Milnor fibres of invertible polynomials in two variables, and where we take the

grading group on the B—side to be maximal. Our main theorem in this chapter is:

Theorem 4.1.1. Let w be an invertible polynomial in two variables with maximal

symmetry group Uy, and W its transpose. Then there is a quasi-equivalence
D" F (V) ~perfZy

of Z-graded pretriangulated A.-categories over C, where Zy 1, is as in (1.6), and

v

V :=w~(1) is the Milnor fibre of W.

4.1.1 Strategy of proof

Our strategy follows that of [LU18], where one reduces the proof of Theorem 4.1.1
to a deformation theory argument. We give an overview of the general strategy here,
although extrapolate on arguments as required in the case of curves in the subsequent

sections. For the case at hand, this approach is predicated on the proof of Theorem
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3.1.1 given in Chapter 3.

On the A-side of the correspondence, we have that there is a restriction functor

D’ FS(W) — D*F(V)
4.1)
ST+ dST =8,
where we equip the vanishing cycle S~ with the induced (non-trivial) spin structure
and (trivial) local system!? and the trivial local system. Suppose that (Sf)l“: pisa
collection of thimbles which generates D” FS(W), where fi = u(W) is the Milnor
number of W, and that S~ is the corresponding full subcategory of D” FS (W) whose
objects are (Sf)fl: 1- Denote its Ac.-endomorphism algebra by
fi
A7 := Phoms-(S;7,S;7), (4.2)
ij
and its cohomology algebra A~ := H®(.A™). Correspondingly, let S be the collection
(Si)?zl of vanishing cycles equipped with the non-trivial spin structure, considered
as a full subcategory of the compact Fukaya category of the Milnor fibre, and A

its A.-endomorphism algebra. Poincaré duality, (2.2), tells us that we can identify

H*(A) with
A:=A" (A7)l —n] (4.3)

as a vector space. In our case, we will deduce in Section 4.5 that the algebra structure
on A is induced purely from the A~ —bimodule structure of (A~)"[1 — n]. Namely,

we have

(a,f)- (b,g) = (ab,ag + fb). (4.4)

This is known as a trivial extension algebra of degree n — 1. By the argument of

13We use the notation S~ here for vanishing cycles to distinguish from the specific vanishing
cycles V studied in the previous chapter.
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[Sei03, Lemma 5.4], when the weight dy # 0, S split generates the compact Fukaya

category of the Milnor fibre, meaning
Tw" A~ D"F(V).

Therefore, in order to characterise this category, it is sufficient to identify the
Ac-structure on A which is given by A, up to gauge transformation (a.k.a. formal

diffeomorphism).

On the algebro-geometric side of the correspondence, again consider an admis-
sible I' C I'y (we will later restrict ourselves to the maximally graded case). One

can consider the Jacobi algebra,
Jacy = Clxy,...,x,)/ (01w, ...,d,W). 4.5)

Since the singularity is isolated, this algebra has dimension y < oo, the Milnor
number of w. Let Jy, be the set of exponents for a basis of this algebra (not to be
confused with the grading element, which we are denoting by j), and consider the

semi-universal unfoldings of w,
Wi=w+ Z uix]' ...xjr. (4.6)
j€lw

Such unfoldings are universal in the sense that every other unfolding of w is induced
from w by a change of coordinates; however, this change of coordinates is not
necessarily unique. These semi-universal unfoldings are parametrised by t complex

parameters, and we set

U :=SpecCluy,...,uyl. 4.7
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We can therefore consider w as a map
wiA"xU — A, (4.8)
and define
Wy 1= W g fuy- 4.9)

To such a polynomial w,, we associate a stack V,,, defined in the case of two
variables in (4.16). In the case where the weight dy > 0, we want to compactify V,,
to a Calabi—Yau hypersurface in a quotient of weighted projective space by a finite
group, although this is not possible for every u € U. We extend the action of I" on
A" to A" ag in (2.11), and define U;. C U to be the subspace such that w, can be
quasi-homogenised to W, € C[xg,x1,...,x,] with respect to this action. Following

[LU18], one then defines
Z,:= (W, (0)\ (0))/T] (4.10)

for each u € U,. It goes back to the work of Pinkham ([Pin74]), that the fact that
W is quasi-homogeneous forces there to be a C*-action on U,.. We therefore have
that Z, ~ Z, if and only if v =t - u for some r € C*. We then have that Z, is a

compactification of V,,, and its dualising sheaf is, by construction, trivial.

For each u € U, and fixed admissible group I, there is a functor
mf(A",T',w) — D”Coh(Z,) (4.11)

which is to be expounded upon in Section 4.2 for the case of curves. In any case
where mf(A”, T, w) has a tilting object, £, denote by S, the image of € by (4.11). It
is then a theorem of Lekili and Ueda ([LU18, Theorem 4.1]) that S, split-generates
perfZ,. Let A, be the minimal A..-endomorphism algebra of S,,. Then, by the work
of Ueda in [Ued14], we have that A, := H*(.A,) is also given by the degree n — 1
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trivial extension algebra of the endomorphism algebra of £, and is, in particular,

independent of u.

In the maximally graded case (I' =I'y), if Conjecture 1 is solved by exactly
matching generators, as in Chapter 3, we have that, at the level of cohomology, the
endomorphism algebra of the generators on both the A—, and B—sides are given
by the same algebra, which we denote by A. In light of this, establishing the
equivalence (1.7) boils down to identifying the A-structure given by the chain
level endomorphism algebra on the B—side which matches with that of the A—side.
With this perspective, homological mirror symmetry for Milnor fibres of invertible

polynomials turns into a deformation theory problem.

Recall that for a graded algebra, A, the Hochschild cochain complex has a
bigrading. Namely, we consider CC""*(A,A); to be the space of maps A®" — Als].
In general, if L, is a minimal'* A..-structure on A, then deformations which keep
yy for 1 < k < m fixed are controlled by @;~,, > HH2(A)_,- (see, for example,
[Sei03, Section 3a]). In particular, the deformations of A to a minimal A.-model
with prescribed y, are controlled by HH?(A) .o = @, HH?(A)_;. It is natural to
consider the functor which takes an algebra to the set of gauge equivalence classes
of A.-structures on that algebra, and a theorem of Polishchuk ([Pol17, Corollary
3.2.5]) shows that if HH!(A)_o = 0, then this functor is represented by an affine
scheme, Us(A). Moreover, if dimHHz(A)<0 < oo, then [Poll17, Corollary 3.2.6]
shows that this scheme is of finite type. This functor was first studied in the context
of homological mirror symmetry in [LP17a]. There is a natural C*-action on U(A)
given by sending {p}7_, to {t* 21y} ,, and this is denoted by A — t* A. Note
that the formal A.-structure is the fixed point of this action. For each # £ 0, we have
that A and #*.A are quasi-isomorphic, although not through a gauge transformation

([Sei03, Section 3]).

14Recall that an A..-structure is minimal if p; = 0.
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Now, for each u € U, we have that A, defines a minimal A.-structure on A

with p, given as in (4.4). Therefore, it defines a point in U (A), and so we get a map
Us — Ux(A). (4.12)

If we can show that (4.12) is an isomorphism, then we know that every Ao.-structure
on A is realised as the A.-endomorphism algebra of S, for a unique u € U,.. In the
case that the pair (w,I") is untwisted (see Definition 4.4.2), we have by a theorem
of Lekili and Ueda ([LU18, Theorem 1.6], cf. Theorem 4.6.1) that there is a C*-
equivariant isomorphism of affine varieties U, — U..(A) which sends the origin to
the formal A..-structure. By removing the fixed point of the action on both sides, we

have that this isomorphism descends to an isomorphism

~

(Us\(0))/C" = (U(A)\ (0)) /C* =: Mu(A). (4.13)

Therefore, in the maximally graded case where w is untwisted, we have that, up to

scaling, there is a unique u € U, for which (1.7) holds.

We end this section by briefly remarking that the moduli of A-structures
argument employed in this chapter fits into a broader framework which has proven
to be a fruitful approach to HMS, and whose scope is more wide-reaching than
that of invertible polynomials. In [LP11b] and [LP11a], the authors establish HMS
for the once punctured torus by studying the moduli space of A.-structures on the
degree one trivial extension algebra of the A, quiver. Interestingly, it was proven that
Meo(A) =~ Mj 1, the moduli space of elliptic curves. Further connection was made
to the moduli theory of curves in [LP17c], where the authors show the moduli space
of A.-structures on a particular algebra coincides with the modular compactification
of genus 1 curves with n marked points, as constructed in [Smy11]. This then leads

them to prove homological mirror symmetry for the n-punctured torus in [LP17a].
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4.1.2 Structure of the chapter

In Section 4.2, we recall some basic facts about unfoldings invertible polynomials in
two variables, as well as compute U in the relevant cases. In Section 4.3.1, we study
the symplectic topology of the Milnor fibre. In Section 4.4, we compute the relevant
Hochschild cohomology for invertible polynomials in two variables. In Section 4.5,
we recall some facts about generators and formality for Fukaya categories and the
proper algebraic stacks under consideration. Section 4.6 is then a proof of Theorem

4.1.1.

4.2 Unfoldings of invertible polynomials in two

variables

As in Chapter 3, we restrict ourselves to the case of invertible polynomials in two
variables, and consider the variables x,y, z rather than x1, xo, and x¢, respectively.
The purpose of this section is to extrapolate on some of the technical details of
Section 4.1.1, and then to calculate the spaces of semi-universal unfoldings of the

invertible polynomials under consideration.

As in Section 1.1 and Chapter 2, let w be an invertible polynomial in two
variables, I' C I'y, an admissible subgroup of the maximal group of symmetries,
and I the corresponding group of characters. The Jacobi algebra of w with Milnor
number U is given in (4.5). Let Jy be as in Section 4.1.1, and semi-universal
unfoldings of w be as in (4.6). Let U and w,, be are as in (4.7) and (4.9), respectively.
As already noted, Pinkham ([Pin74]) observed that w being quasi-homogeneous
means that the space U comes with a natural C*-action on it. Namely, the action
on u;; is given by t - u;; = t"~=%Jy;; where di and d; are the weights of x and y,
respectively, and u;; is the coefficient of x’y/ in the semi-universal unfolding. For
a fixed u € U, define R, := C|x,y]/(W,), and observe that by scaling x,y, one can

identify R, ~ R;., for t € C*. The origin is the only fixed point of this action.

For a fixed I' C I'y, we would like to quasi-homogenise w,, by extending the
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action of I" to A3 according to (2.11). Therefore, the action on the z variable is given

by setting
X()(l‘l ,l‘z) = x(ﬁ ,tz)tfltgl. (4.14)

With this weight, we want to restrict ourselves to the subspace U, C U for which w,,
is quasi-homogenisable. We define U to be the subset of u;; in U for which there

exists a positive integer w;; such that
X =wijXo+ix1+Jjx2,

which is equivalent to

wij—i wij—]

it =" (4.15)

We then define W,, to be the quasi-homogenisation of w, for each u € U, and let
J C Jy be the subset corresponding to the u;; satisfying this condition. Unravelling
the definition, this means that (i, j) € J (equivalently, u;; € U, ) if and only if there

exists an integer w;; > 0 such that the monomial
Uu; jxiyj ZWU

has weight x.

For a fixed u € Uy, we set R, := Clx,y,z]/(W,). By an abuse of notation, we
will also denote the pullback of w to A3 by w. We have that Z,, is defined as in (4.10),

each Z, is the compactification of

Vi :=[(SpecR,\ (0)) /ker xo], (4.16)

and the divisor at infinity X, = Z, \ V, is isomorphic to X = [(SpecRo \ (0)) /T| for

each u € U,.. The condition dy > 0 ensures that each Z, is a proper stack.
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These W, fit together to form a family

Wo=wixy)+ Y wy/2% AP x Uy — A
(i,j)el+

such that W, := W |3, (u}- Following [LU18], we can then define
2= (W20 (0x U, ) /1],
and this gives us a family
wz:Y—=Uyg

of stacks over U, such that 73" (u) = Z, for each u € U.. Note that since each fibre
is the compactification of V, by X, and V,, ~ V,.,, for t € C*, we have that the fibres
above points in the same C*-orbit of U, are isomorphic. Furthermore, the relative
dualising sheaf of this family is I'-equivariantly trivial, by construction, and since

do > 0, this trivialisation is unique up to scaling.
The map R, — R, /(z) =~ Ry induces a pushforward functor
mf(A%,T,w) — mf(A>, T, W,) (4.17)

obtained by considering the 2-periodic free resolution of an Ry—module, and replac-

ing each free Ry module with the R,—free resolution
0— R,(~%) = R, — Ro — 0.

This is explained in detail, and in far greater generality, in [Ued14, Section 3].

For the quotient stack Z,, since the dualising sheaf of Z, is trivial for each
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u € Uy, we have the Orlov equivalence
mf(A3, T, W,) ~ D’ Coh(Z,). (4.18)

The composition of (4.17) and Orlov equivalence gives the functor (4.11).

Unless explicitly stated, we will only consider maximally graded case on the

B—side for the rest of this section.

4.2.1 Unfoldings of loop polynomials

In the case of a two variable loop polynomial w = x”y 4 y?x, we have i = pg, and

(61—1 p—l’pq—l)
d ' d’ d 7

(di,da;h) = (4.19)

where d := ged(p — 1,4 — 1). Without loss of generality, we can assume that p > q.

One has that
Jacy = span{1,x,....x" Y @span{l,y,...,y?" '}, (4.20)

and

Tw={(t,n) € (C*)?| ' =tln} = C x py
“.21)

p—1 g—1

() = ({5, 1),

where m,n is a fixed solution to
m(p—1)+n(qg—1)=d. (4.22)
The image of the injective homomorphism

0 :C"—Ty

q—1 p—1

t—(td td)
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is an index d subgroup of I'y; however, we will only be interested in the maximal

symmetry group, i.e. I'=1Iy. A semi-universal unfolding is given by

w(x,y) =xPy+yix+ Z ujx'y’. (4.23)
0<i<p—1
0<j<q-1

By definition, Uy is the subspace of U containing elements such that there exists a

positive integer w;; such that

P, \wii—1 _  Wij—i Wij—]
()" ="

There are three possibilities for U, and in each case follows by direct computation:

Case I. For g > 2 the only solution to this is i = j = w;; = 1, and so

U; = SpecClup 1] = Al.

CaseIl: p>g=2,wehavei=j=w;j=1,aswellas j=0,i=1,and w;; =2,

and so Uy = Spec Cluj g,u; 1] = A2,

Case III: When p =¢g =2, we have i = j=w;; =1, j=0, i=1,
wij=2,j=11i=0, wjj=2,aswell asi=j=0, wjj=3, and so U; =

4
SpecClug o, u1,0,u0,1,u1,1] = A",

4.2.2 Unfoldings of chain polynomials

In the case of a two variable chain polynomial w = x”y+y9, we have u = pg—q+1,

and

9—1 p pq
gy =(1—- 2.2 424
(d17d25h) ( d ,d’ d), ( )
where d := ged(p,g—1).

Remark 4.2.1. It should be stressed that this is the Milnor number on the B—side.

In the loop and Brieskorn—Pham cases the matrices defining the polynomials are
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symmetric, and the Milnor numbers of both sides will be the same, but this is not the

case for chain polynomials.

One has that
Jacy = span{1,x,...,.x’ 2} @span{l,y,...,y? '} @span{x’ '}, (4.25)

and

Ty = {(11,02) € (C)?| 1y =8} 5 C* x
(4.26)

p o_q-1
(t1,02) = (1131t © ),

where m,n is a fixed solution to
mp+n(g—1)=d. (4.27)
The image of the injective homomorphism

0:C"—Ty

is an index d subgroup of I'y,, but again we will only be interested in the maximal

symmetry group. A semi-universal unfolding is given by

w(x,y) =xPy+y7+ Z u,-jxiyj + up,Loxp_l. (4.28)
0<i<p-2
0<j<g-1

By definition, U, is the subspace of U containing elements such that there exists a

positive integer w;; such that
1w wij— ]
(') it =1

For chain polynomials, there are five different cases of U, to consider:
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Case I. When p,q > 2, the only solution is i = j = w;; = 1, and so
U; = SpecClup 1] = Al.

Case II: In the case where p =2, g > 2 the only solutionis i =0, j =1, w;; = 2,
and so U; = SpecClug ] = Al.

Case III: In the case where ¢ =2,p > 3, we have i = j = w;; = 1, as well as

j=0,i=2,and w;; =2, and so Uy = Spec Cluy 1,uz0] = A%

Case IV: When p=3,g=2,wehavei=j=w;;=1, j=0,i=2, w;; =2,
3

and i = ] = O,W,'j = 3, SO U+ = Spec(C[uo,o,ul,l,uz,o] =A°.
Case V: In the case when p =g =2, wehave j=0,i=1,w;; =3,as wellasi=

j=0,w;j=4,andi=0, j=1,and w;; = 2, and so U, = Spec Clug 9,11 0,u0,1] =

A3,

4.2.3 Unfoldings of Brieskorn—Pham polynomials

In the case of a two variable Brieskorn—Pham polynomial w = x” 4+ y4, we have

n=(p—-1)(g—1) and

(drdo:h) = (3, 5: 50, (4.29)
where d := gcd(p,q). One has that
Jacy = span{1,x,....x’ 2} @span{l,y,...,y? 2}, (4.30)
and
Tw={(t1,0) € (C*)?|f =t]} = C* x py @i

P _ 4
(t1,02) = (t1y' 11, ),
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where m,n is a fixed solution to
mp+ng=d. (4.32)
The image of the injective homomorphism

0:C"—Ty
tr—>(t%,t§)

is an index d subgroup of I'y, but as in the loop and chain cases, we are only

interested in the maximal symmetry group. A semi-universal unfolding is given by

w(x,y) =x" 4+y?+ Z u;jx'y! . (4.33)
0<i<p-2
0<j<qg—2

By definition, Uy is the subspace of U containing elements such that there exists a

positive integer w;; such that

p wii—1 _ W,‘j*l' W,’j*j
()" =" Y

For Brieskorn—Pham polynomials, we have the following five cases:

Case I: In the case p > g > 3, the only solution is i = j = w;; = 1, and so

U+ = Spec(C[uLI] = Al.

Case II: In the case where p=3 and g =2, wehave i =1, j =0 and w;; = 4,

aswell as i = j =0 and w;; = 6, so U = Spec Cluq 9, u1 0] = AZ,

Case III: In the case when p = g = 3, we have i = j = w;; = 1, as well as

i =j=0,w;;=3,and so Uy = SpecClugo,u11] = A%
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Case IV: In the case where p =4, g =2, we have j =0,i=2, w;; =2, and

i=j=0,w;; =4. Therefore U, = SPCCC[MO,O,Mz,o] — A2,

Case V: In the case where p >4 and g =2, we have i =w;; =2 and j =0, so

U; = SpecClup ] = Al.

4.3 Symplectic topology of the Milnor fibre

Let ¥ be a smooth, compact, orientated surface of genus g > 0 with b > 0 connected
boundary components d¥ = uf;la,-z. The surface to have in mind is the Milnor
fibre of an invertible polynomial, V. Note that by an abuse of notation, we will not
distinguish between the Milnor fibre and its completion, since what we mean will be

clear from context.

4.3.1 Graded symplectomorphisms

In this subsection, we expand on the discussion of graded symplectic surfaces in
Section 3.3.7 with the goal of providing a self-contained summary of Lemma 4.3.3.
This provides criteria to ascertain when two graded symplectic surfaces are graded
symplectomorphic, in particular allowing us to identify when two Milnor fibres are
graded symplectomorphic. We will use this analysis to identify how the relevant

Milnor fibres can be glued from cylinders, and, later, also to establish Corollary 1.

As discussed in Section 3.3.7, for a 2n-dimensional symplectic manifold, (X, ),
there is a natural Lagrangian Grassmannian bundle LGr(7X) — X, whose fibre at
x € X is the Grassmannian of Lagrangian n—planes in 7,X. We say (X, ®) is Z-
gradable if it admits a lift to IE(TX ), the fibrewise universal cover of the Lagrangian
Grassmannian bundle. This is possible if and only if 2¢; (X) = 0 in H?(X), and this
implies that K3, ~2, the square of the anticanonical bundle, is trivial. If X is gradable,

then a grading is given by a choice of homotopy class of trivialisation of K)‘? ~2. For
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a trivialising section ® € I'(X, K% ~2), one has a map

ay : LGr(TX) — !

L, —arg(Q|L,).

Given a compact, exact Lagrangian submanifold, L, this defines a section of
LGr(TX) by considering the tangent space to L at each point. We say that L is
gradable with respect to a grading on X if there exists a function (x;? : L — R such
that exp(27iotg (x)) = ax (T, L). This is possible if and only if the Maslov class of
L vanishes, where the Maslov class is defined by the homotopy class of the map

L — LGr(TX) 2% st

As explained in [SeiO8b, Section 13(c)], on a (real) 2-dimensional surface,
Y, gradings correspond to trivialisations of the real projectivised tangent bundle,
Pr(TX) ~ LGr(TX). Recall that a line field is a section of Pg(7'X). Supposing that
a grading of X is chosen such that a5 is as above, then one can define a line field on
the surface given by = &y ' (1). Conversely, a nowhere vanishing line field gives
rise to a map oy by recording the anticlockwise angle between the line field and
any other line in the tangent plane. In this way, line fields correspond naturally to

gradings on a surface, X.

Given a line field, 17, which grades X, and a Lagrangian, L, represented by an
embedded curve y: S' — X, the map which corresponds to the Maslov class is given
by recording the anticlockwise angle from 7y to 7,L at each point x € L. The Maslov
class vanishes, and hence L is gradable with respect to 7, if and only if the sections
Y*n and y*TL are homotopic in Y*Pr(TX). A grading of L is a choice of homotopy

between them.

We denote the space of line fields by G(X) := my(I'(X,Pr(TX))), and this has

the natural structure of a torsor over the group of homotopy classes of maps £ — S',
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which we identify with H' (X). With this in mind, consider the trivial circle fibration
s' L Pr(TE) S 3, (4.34)

which induces the exact sequence
0 H'(Z) 25 H (PR(TE)) S HI(S1) — 0. (4.35)

Note that the orientation of ¥ induces an orientation on each tangent fibre, and
so the map 1 is unique up to homotopy. For each line field, we can associate
an element [n] € H'(Pg(TX)) by considering the Poincaré—Lefschetz dual of
N(X)] € Ho(Pr(TX),dPr(TX)). These are precisely the elements such that
1*([n])([S']) = 1, and this is the content of [LP20, Lemma 1.1.2].

As already mentioned, for an embedded curve y: S I 5 ¥ thereis a correspond-
ing section of the Lagrangian Grassmannian, ¥: S' — Pg(TX). This is given by

(7,[Tv]), where [Ty] is the projectivisation of the tangent space to the curve 7.

Definition 4.3.1. Given a line field, 1, on ¥, and an immersed curve y : S L 5% we

define the winding number of y with respect to 1 as

w () == {[n], [71), (4.36)

where (-,-) : HY(Pr(TX)) x H{ (Pr(TX)) — Z is the natural pairing.

This pairing only depends on the homotopy class of 1, as well as the regular
homotopy class of y. Recall that, for the case of surfaces, the Maslov number of
a Lagrangian is precisely its winding number with respect to the line field used to
grade the surface. Therefore, a Lagrangian is gradable with respect to a line field
if and only if its winding number with respect to this line field vanishes. Since we
will be considering the Milnor fibre of a Lefschetz fibration, we must again consider
the grading on the Milnor fibre which is induced by the restriction of the unique

grading of C? to X. This is crucial so that the functor (4.1) is graded, and therefore
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that (4.3) holds. As in Section 3.3.7, we have that the grading on the Milnor fibre is
given by a line field ¢ such that wy(V;) = 0 for each vanishing cycle V;. Since the
vanishing cycles form a basis of H;(X), the fact that the winding number around

each Lagrangian is zero implies that the homotopy class of ¢ is unique.

For any symplectomorphism ¢ : X; — X, and 1, € G(X;), one can consider the

line field on X given by

0" (M) (x) == [(Tvp) "' (Mo @(x))] forallxeX. (4.37)

If one has (X1;1;) and (X5; 1), where 1 and 1, are line fields used to grade the
surfaces ¥| and X,, respectively, we say that a symplectomorphism ¢ : £; — X5 is
graded if ¢* 1, is homotopic to 1. If one takes | = X, then we define Symp(X; dX)
to be the space of symplectomorphisms of £ which fix dX pointwise. One can then

define the pure symplectic mapping class group of ¥ as
M(Z;0Y) := m(Symp(X; X)), (4.38)

and observe that this group acts on G(X) as in (4.37). The decomposition of G(X)
into M (X;dX)-orbits is given in [LP20, Theorem 1.2.4], and this allows one to
deduce [LP20, Corollary 1.2.6], which appears as Lemma 4.3.3, below. In what
follows, we briefly recall the relevant invariants, as well as techniques for their

computation, in order to be able to state, and later utilise, Lemma 4.3.3.

For a given line field 17, consider
wn (9X), forie{l,...,b},

the winding numbers around the boundary components. For two line fields to be ho-
motopic, it is necessary for the winding numbers around each boundary component

to agree, although this is definitely not sufficient. In particular, one can have two line
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fields which agree on the boundary, but which differ along interior non-separating

Curves.

Recall that for a closed, orientated Riemann surface, ¥, a theorem of Atiyah
in [Ati71] proves the existence of a quadratic form ¢ : S(X) — Z,, where S(X) is
the space of spin structures on X, ¢ does not depend on the complex structure of X,
and the associated bilinear form on H' (X, Z,) is the cup product. Note that S(¥) is
a torsor over H!'(X,Z,), and ¢ being a quadratic form on S(X) means that it is a
quadratic form on H! (X,7Z,) for any choice of basepoint. Moreover, the associated
bilinear form doesn’t depend on the basepoint. He also proves that there are precisely
two orbits of the mapping class group of £ on S(X), and these are distinguished
by the invariant ¢, which is known as the Atiyah invariant. In [Joh80], Johnson
gives a topological interpretation of the Atiyah invariant by proving that it is the Arf

invariant of the corresponding quadratic form on H;(X,Zy).

The Arf invariant is well studied in topology, and we briefly recount some basic

facts about it, as well as some computation techniques. Let (V,(—-—)) be a vector
space over Z, with a non-degenerate bilinear form, and g : V — Z, a quadratic form

satisfying
gla+b)=q(a)+q(b)+(a-b). (4.39)
It is well-known that the Gaul} sum
GS(@) = Y (-1)7W =427, (4.40)
and the sign is the Arfinvariant of the quadratic form. L.e.
dimV

GS(g) = (—1)AT@275 (4.41)

Arf(Q) € 7.
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To compute the Arf invariant, one can just compute the Gaull sum, although, ex-
cept in particularly nice circumstances, this can become computationally intractable
quite quickly. One can also find a base change to a symplectic basis where the for-
mula simplifies, although we will not do this. Instead, consider the basis {ej,...,e2,}

of V, and the matrix defined by

2 if qe;)=1
= (ei)

0 if gle)=0

’

1 if ei-ejzl
fij=

0 if ei-ej=0

where i # j. Such a matrix defines an even quadratic form on a Z) module, V,
whose mod 2 reduction gives the bilinear pairing on V. The precise module structure
of V is not important, since det f is well defined mod 8, and this value only depends

on g. One then has

0 if detf==+1mod 8
Arf(q) =

1 if detf = +3 mod 8.

The standard reference for proof and further discussion of these facts is [HMO6,

Chapter 9].

Returning to the case at hand, recall that a non-vanishing vector field induces
a spin structure on any compact Riemann surface with boundary. If the winding
number around each boundary component with respect to this vector field is 2 mod 4,
then this spin structure extends to the closed Riemann surface obtained by capping
off the boundary components with discs, X. Any vector field also yields a line field
by considering the projectivisation, and each embedded curve has an even winding

number with respect to this line field. Conversely, it is shown in [LP20, Lemma
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1.1.4] that if each embedded curve has even winding number with respect to a line
field, then this line field arises as the projectivisation of a vector field. In light
of this, in the case when two line fields have matching winding numbers around
boundary components, arise from the projectivisation of vector fields, and where
these vector fields define spin structures which extend to X, one must check that the

corresponding Atiyah invariants of these spin structures agree.

A useful fact is that, by the Poincaré—Hopf index theorem, (see, for example,

[Hop83, Chapter 3]) for any compact S C X, we have

b
Y wn(i(S)) =2x(S), (4.42)

i

where x(S) is the Euler characteristic. It is therefore clear that the winding number
does not descend to a homomorphism from H;(X). What is true, however, is that
one can consider for each line field 1 the following homomorphism, given by the

mod 2 reduction of the winding number:
Wyl HY(Z,2Z0) — Zs.

From this, we can define the following invariant.

Definition 4.3.2. We define the Z;-valued invariant

0:G(X)—Z
0 if[wy]@ =0

n
1 otherwise.

In the case when o(n) = 0, and so 7 is the projectivisation of a vector field,
v, we need to check when the spin structure on X defined by v extends to a spin

structure on X, and if it does, calculate the corresponding Atiyah invariant.

For a line field (not necessarily coming from the projectivisation of a vector
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field), n, the existence of a quadratic form
qn : HI(Z,Z4> — Z4

defined by

m

an (Y 05) =Y wy(04)+2m € Zy,
i=1 i=1

where ; are simple closed curves, and whose associated bilinear form is twice the
intersection pairing on H; (X,Z,4) is established in [LP20, Proposition 1.2.2]. It is
proven in [LP20, Lemma 1.2.3] that for g(X) > 2, two line fields, 1, 6, lie in the
same M (X; dX)-orbit if the winding numbers agree on each boundary component,
and gn = gg. In the case when 1 and 6 come from the projectivisation of vector
fields, but the corresponding spin structures do not extend to ¥, or when the two line
fields do not arise as the projectivisation of vector fields, it is enough to show that
c(n) = o(0), and that the winding numbers on the boundary components agree. In

the case where 1 and 6 are line fields such that (1) = 6(6) =0, and
wn(9i(X)) =we(di(X)) € 24+4Z foreachic {l,...,b}, (4.43)

we must compare the corresponding Atiyah invariants.

Recall that the inclusion 0% — ¥ induces a map
L1 Z5 ~ Hy (0%, 2y) — Hi(Z,Z) = 258707 (4.44)

The kernel of the intersection pairing on H (X,Z,) is spanned by the image of i,, and
the cokernel is naturally identified with H; (X, Z,), where X is as above. The intersec-

tion form on H; (£, Z;) descends to a non-degenerate intersection form on H; (£, 7).
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By the fact that 6(n) = 6(0) = 0, we have that the function
q/2 . H1 (Z,Zz) — Zz (4.45)

is well defined, where ¢ is either gy or gg. By (4.43), we have that ¢/2(d;X) = 0 mod
2 foreachi € {1,...,b}. Since the kernel of the intersection pairing on H (X, Z;) is

spanned by the boundary curves, ¢/2 descends to a non-singular quadratic form
q: Hl(i,Zz) )
such that

q(a+p) =q(a) +q(B) + (a-B), (4.46)

and Arf(q) gives the last invariant required to ascertain whether two line fields are in
the same M (X; dX)—orbit in the case where g(X) > 2. In the case when g = 1, we
define

A(n) = ged{wn(a),wn(B),wn(hE)+2,...,wn(dE) +2}, (4.47)

where o and B are non-separating curves which project to a basis of

Hi(Z,Z,) /im(iy.).

Putting this all together, [LP20, Theorem 1.2.4] gives criteria for two line fields
to be in the same mapping class group orbit. Using this, the authors give criteria for

there to exist a graded symplectomorphism between two different surfaces.

Lemma 4.3.3 ([LP20, Corollary 1.2.6]). Let (X1;11) and (X;1M2) be two graded
surfaces, each of genus g with b boundary components. There exists a symplecto-

morphism @ : X1 — X, such that ¢*(n,) is homotopic to 1 if and only if

w, (9iZ1) = wn, (diZ2),
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foreachie€{1,...,b}, and

* Ifg=1, then A(m1) = A(m2);

* If g > 2, then o(n) = 6(N2) and, if the Arf invariant is defined, then
Arf(gy, ) = Arf(gp,).

4.3.2 Gluing cylinders

In this subsection, we describe a general construction of graded surfaces by gluing
cylinders. This allows us to reduce the computation of topological invariants of
these surfaces to the combinatorics of how they are glued. We then provide explicit
descriptions of the Milnor fibres of invertible polynomials in two variables, as well

as the corresponding computations of the topological invariants.

Let A(¢,r;d) denote d disjoint cylinders placed in a column, each with r marked
points (stops) on the right boundary component, and ¢ marked points on the left.
Considering each cylinder as a rectangle with top and bottom identified, for each
k€ {0,...,d— 1}, counting top-to-bottom in the column, we label the marked points
on the right (resp. left) boundary component of the k™ cylinder as p:%, ceey p:r( k1)1
(resp. py---s p;(k N 1)71). The reasoning for the labelling is that we would like to
keep track of where the marked points are on each individual cylinder, as well as
where each marked point is on the right (resp. left) side of the column of cylinders

with respect to the total ordering py ..., p;iri_l (t€Sp. Py s+ -3 Pgy_1)-

In this thesis, we will consider both circular and linear gluing. In the case of

circular gluing, a surface is determined by a collection of cylinders,
A(Elyrl;dl)aA(£27 r2;d2)7 cee 7A(€n7 rn;dn)y

such that r;d; = ;1 1d;+1, where i is counted mod 7, and corresponding permutations
0; € 84, Foreachie {1,...n} and j € {0,...,dir; — 1}, we glue a small segment

~in A(liy1,riv15diy1) (counting

of the boundary component p;r inA(4;,risd;) to p 0)
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i mod n) by attaching a strip. See Figure 4.1 for an example. The case of linear
gluing is completely analogous, although we no longer count i modulo 7, and so do
not glue A(¢y,,ry;d,) to A(¢1,r1;dy). We no longer require r,d, = ¢1d in this case,
and refer to the left boundary components of A(¢1,r;d;) and the right boundary

components of A(¢,,r,;dy) as the distinguished boundary components.

—

_ _

Figure 4.1: A genus 5 surface with 4 boundary components constructed by gluing A(2,4;2)
to A(4,2;2) via the permutations oy = (§ 13213 ¢7) and 0o = (94 33).

Foreachi € {1,...,n}, the number of boundary components arising from gluing

the i™ and (i + 1)% columns can be computed as follows. Consider the permutations

Ty = (O,I’i—l,...,l)(}’i,2ri—1,...,1’,’-{-1)...
((di—Driydiri—1,...,(di— D)ri+1)
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and
7= (0,1, i1 — 1) (Cigry o, 2000 = 1) o ((digr — Dl digi i — 1),

The number of boundary components between the i" and (i + 1)* columns will
then be given by the number of cycles in the decomposition of Gl._] T4, 0iTr; € Gy

Note that if d; = d; 1, then we simply get the commutator.

To compute the homology groups of ¥, one can construct a ribbon graph
L(ly,.... 071, psdyy. . ydy; 01y, 0y) C X, (4.48)

onto which the surface deformation retracts. To do this, let there be a topological
disc D? for each of the cylinders. For each disc, attach a strip which has one end on
the top, and the other end on the bottom. Then, attach a strip which connects two
discs if there is a strip which connects the corresponding cylinders. These strips
must be attached in such a way as to respect the cyclic ordering given by the gluing
permutation. One can then deformation retract this onto a ribbon graph whose cyclic
ordering at the nodes is induced from the ordering of the strips on each cylinder. If

there is no ambiguity, we will refer to this graph as I'(X).

Since the embedding of I'(X) into X induces an isomorphism on homology, the
homology groups of X can be easily computed. Namely, since the graph is connected,
we have Hy(X) = Z. Since x(X) =V — E = rkHy(X) — rkH; (X), which, in the case
of circular gluing, yields y (X) = — Y7, r;d;, we have H; (X) = Z(1~%)_ The case of
linear gluing is analogous. A basis for the first homology of the graph is given by an
integral cycle basis, and so the basis of the first homology for X is given by loops

which retract onto these cycles.

Although there is no natural choice of grading on a surface glued in this way, in

what follows we will only consider the case where the line field used to grade the
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surface is horizontal on each cylinder and parallel to the boundary components on

attaching strips.

4.3.2.1 Loop Polynomials
In the case of loop polynomials w = X’y + y9X, we have that n = 3 in the above

construction, and we glue the cylinders
A(p— 1a l;q_ 1)7A(q_ lvp_ 1; 1)7A(17q_ l;p_ 1)7

where 07 and o, are the identity elements in &, 1 and &, respectively, and

O3 € 6(p—1)(q—1) is given by
(g— Vks+ir (p—1)((—i) mod g—1) + (p—2—k3), (4.49)

where in this case i € {0,...,¢q —2} and k3 € {0,...,p —2}. Call the resulting
surface Zioop(P,q)-

For the basis of homology, we begin by considering the compact curves in each
cylinder, ;. Together with these curves, we construct the basis for the first homology
of the surface as follows. On each of the cylinders in the left and right columns, we
take the curves to be approximately horizontal. We must therefore only describe
the behaviour of the curves in the middle cylinder. Consider the curve which goes
from the ((p — 1)k; + j)™ position on the left hand boundary to the ((g — 1)kz + i)™

position on the right hand boundary. In accordance with the construction of Chapter

—k; mod g—1

3.3, this curve must wind 2%(}7]‘%1 + -

) degrees in the cylinder. This
winding goes in the downwards direction, since we are thinking of the argument
of the X coordinate increasing in this direction. These curves form a basis of the
first homology, since they retract onto a basis for the graph, I'(Zjo0p(p,¢)). The line
field, ¢, used to grade the surface is approximately horizontal on each cylinder, and
approximately parallel to the boundary on the connecting strips. By construction, we

have o (¢) = 0. See Figure 4.2 for the case of W = X*y 4 Xy7°.

There is only one boundary component between the first and second columns,
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|
J

— )

J

Figure 4.2: Milnor fibre for w = ¥*y + ¥3°. Top and bottom of each cylinder are identified.

Comparing with the basis of Lagrangians in Section 3.3, the red curve corresponds to Viy,
the purple ones to 'Vyy, the blue ones to 'Vjy;, and the green ones to Ly,

as well as the second and third. With the line field ¢ given above, these components
have winding numbers —2(¢g — 1) and —2(p — 1), respectively. To calculate the
number of boundary components arising from gluing the third and first columns,

note that in this case 7,, can be written as

(g—Dks+ir (g— Dks+ ((i—1) mod (g —1)), (4.50)
and 7;, can be written as

(p—Dki+j— (p—Dki+ ((j+1) mod (p—1)). (4.51)
With this description, one can see that 05 I’L'gl 03Tr; € S(p_1)(g—1) 18 glven by

(g— Dks+i— (g—1)(ks—1) mod p— 1)+ ((i—1) mod g—1).  (4.52)
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As such, the length of a cycle is the least common multiple of (p —1) and (¢ — 1),
(p—1)(g=1)
ged(p—Lg—1)°
nents coming from gluing the third column to the first, each of winding number

(p—1)(g—1) v
_ZW' We can then compute the genus from (4.42), which yields

which is There are therefore ged(p — 1,4 — 1) boundary compo-

—2(p—1)=2(q=2)=2(p—1)(g—1) =2(2 —2g100p — gcd(p — 1, — 1) = 2),

and so the genus is

1
8loop = E(pq_ 1 _ng(p_ l,g— 1))7

which is in agreement with the calculation in Section 3.3.2.

By construction, the surface Xiop(p,q) is graded symplectomorphic to the
Milnor fibre of the polynomial w = X”y +xy9. To see this, consider the ribbon graph
which corresponds to the orientable surface V. To construct this graph, first consider
a disc D? for each of the neck regions of the construction of the Milnor fibre in
Section 3.3.1. Then, attach a thin strip which connects two discs if there is at least
one vanishing cycle which goes between them. The cyclic ordering of the strips at
each disc is determined by the ordering of the vanishing cycles passing through a
corresponding neck region. This graph can then be embedded into V in such a way
that all intersections occur on the interior of the discs, and away from the discs, the
vanishing cycles are on the interior of the attaching strips. One can deformation
retract this onto a graph with the induced cyclic ordering at the vertices. Call this
graph T'(V), and observe that it is on-the-nose the same as I'(Zjo0p (P, ¢)), and so the
corresponding surfaces with boundary are symplectomorphic. See Figure 4.3 for an
example of p =4, g = 3.

To see that the two surfaces are graded symplectomorphic, consider the corre-
sponding fat graphs in both cases. In this situation one can see that the description of
the line field used to grade Xjo0p(p,q) agrees with the description of the line field

used to grade V, as in Section 3.3.7, and this shows that the surfaces are graded
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Figure 4.3: Ribbon graph for ['(V) = ['(Zje0p (4, 3)), where the cyclic ordering of the half-
edges at the nodes is in the anticlockwise direction.

symplectomorphic.

4.3.2.2 Chain polynomials

In the case of chain polynomials, we have w = X” + Xy4, and we will show that the

Milnor fibre can be constructed by gluing

A(p—1,1:.g—1),A(g—1,(p—1)(g—1):1),
where o is the identity element in S4-1, and 03 € S(,,_1)(4—1) s given by

i (p—1)(—imodg—1)+p—2—| |, (4.53)

qg—1

where in this case i € {0,...,(p —1)(¢— 1) — 1}. Call the resulting surface

2 chain (p7 Q) .

For the basis of homology, we begin by including the compact curves in each
cylinder, 7. Together with these curves, we construct a basis for homology as
follows. On the cylinders in the first column, we take the curves to be approxi-
mately horizontal. In the cylinder in the second column, the curve going from the

((p — 1)ky + j)™ position on the left hand side to the i position on the right hand
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side winds 27 ( ki I;SO} el ( p_l)i(q_1)> degrees, again in the downwards direction.
This is in accordance with the description of the curves as in Section 3.5. Together,
these curves form a basis for the first homology, since they retract onto a basis
of the corresponding ribbon graph, I'(Echain(p,¢q)). As in the loop case, the line
field, ¢, used to grade the surface is approximately horizontal on each cylinder, and

approximately parallel to the boundary on the connecting strips. By construction, we

have 6(¢) = 0.

There is only one boundary component which arises from gluing the first
and second columns, and the winding number around this boundary component is
—2(qg—1). To compute the number of boundary components, and their winding
numbers, arising from gluing the second column to the first, observe that in this
case, Ty, is just the permutation j > j— 1, and 7, is of the same form as (4.51). The

permutation o, 11’41 02T, € S(_1)(4—1) 18 given by

imi—gq. (4.54)

(p—1)(g—1)
ged(p—1,9)

we see that there are gcd(p — 1,¢) boundary components arising from this gluing,

Therefore the length of a cycle in the above permutation is Kk = . From this,

(p—1)(g—1)
2ecdlp-Tq)

are 1+ ged(p — 1,¢) boundary components in total, and we conclude from (4.42)

and each boundary component has winding number — . Therefore there

that

1
chain = E(pq—p+ 1 —ged(p—1,q)),

which is in agreement with the calculation in Section 3.5.2.

As in the loop case, we claim that the surface constructed above is graded
symplectomorphic to V. To see this, we can construct a ribbon graph corresponding
to V as in the case of loop polynomials. This graph also matches I'(Z¢pain(p,q))

on-the-nose, and this establishes that Zcpqin(p,¢) and V are symplectomorphic. To
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see that they are graded symplectomorphic, observe that in the corresponding fat
graphs, the description of the line field above agrees with the description as in Section

3.5.3, and this shows that the surfaces are graded symplectomorphic.

4.3.2.3 Brieskorn—Pham polynomials
In the case of Brieskorn—Pham polynomials, we have w = x” + y9, where (p,q) #
(2,2). Consider the surface obtained by gluing one cylinder to itself with the

permutation 6 € &(,_1y(4—1)—1, Which is given by
i —i(g—1), (4.55)

where in this case i is a point on the right boundary, and is considered as an element

of {0,...,(p—1)(g—1)—2}. Call this surface £gp(p,q).

For the basis of homology, we take a compact curve in the cylinder, 7;, as well
as one curve which is approximately parallel to the boundary along each of the
connecting strips. On the interior of the cylinder, we have that the curve beginning in

the j position on the left hand side and ending at the i position on the right hand

i+(=j) mod [(p—1)(g=1)—1]
(p—1)(g—1)-1

in accordance with the description of the curves in Section 3.6.2. Together, these

side must wind 27r< ) degrees in the downwards direction,
curves form a basis for the first homology of Xp(p,q), since they retract onto a
basis of the corresponding ribbon graph, I'(Xgp(p,q)). As in the previous two cases,
the line field, ¢, used to grade the surface is approximately horizontal on the cylinder,
and approximately parallel to the boundary on the connecting strips. Again, by

construction, we have ¢ (¢) = 0.

Let 7 be the permutation i — i — 1, so the number of boundary components is
given by the number of cycles in the decomposition [0, 7] € &(,_1)(4—1)—1- The

commutator is given by

i—i—p,
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(p—1)(g—1)—1
ged(p.q)

boundary components arising from this gluing, and each has winding number

_Ap=D(g-1)-1
ged(p,q)

and so the length of a cycle is given by -2 . There are therefore ged(p,q)

. Therefore, we have

gop = 5((p—)lg—1)+1-ged(p.q))

in agreement with the genus calculated in Section 3.6.2.

As in the previous cases, we deduce that that Xgp(p,q) is graded symplecto-

morphic to the Milnor fibre.

4.3.3 Symplectic cohomology of the Milnor fibre

In this subsection, we utilise the explicit descriptions of the Milnor fibres of invertible
polynomials given above to calculate the module structure of symplectic cohomology
of these surfaces. By combining this with Theorem 4.3.4 below, we will be able to

deduce the correct mirror curves in the proof of Theorem 4.1.1.

The symplectic cohomology of surfaces admits a particularly simple description
— namely, for any Riemann surface, X, ,, of genus g > 0 with b > 0 boundary

components, we have

SH®(Z, ) ~ H* (%) ® @ (@H‘ )k -wh 82gb)]) (4.56)
k>1

where wy (9;Z, 5) is the winding number of the line field n about the boundary

component d;X, . This was first described in the case of one puncture in [Sei08a,

Example 3.3], and the generalisation to more than one puncture follows by the same

argument. Note that the grading convention in [Sei08a] is shifted by one from ours.

In the case of loop polynomials, w = X’y 4 y9X, we saw in Section 4.3.2.1
that the Milnor fibre is a 2+ ged(p — 1,4 — 1)-times punctured surface of genus
8loop = %(pq —1—gecd(p—1,9—1)). Consider X, ), = V, and let ¢ be the line field
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used to grade the surface as in Section 4.3.2.1. We then have by (4.56) and the

analysis in Section 4.3.2.1, that

SH(V) ~C
SH! (V) ~ C®P4
. ~1
SH21(P=1) (V) = SH2(P=D+1 (V) ~ C for n € Z-g such that 1 n
(V)= (V) =~ > gcd(p——l,q——l)T
SH2"4=1)(V) ~ SH2"4=DF1(V) ~ C for n € Z= such that p-1 tn

ged(p—1,9—1)
SH gcdp lq D(V) ~ SH> n ged(p lq DTV ~ ~ CH2teedlp—1a-1)  for € L.

In the case of chain polynomials, W = X” + Xy4, we have that the Milnor fibre
isa (14+ged(p—1,q))—times punctured surface of genus gchain = %(pq —p+1-
ged(p—1,q)). Let £ be the line field used to grade the surface, as in Section 4.3.2.2.
We then have by (4.56) and the analysis in Section 4.3.2.2 that

SH(V)~C
SH! (V) ~ CcPra—rt!

5 —1
SHzn(q—l)(V) ~ SHZMeDH VY~ C forneZ o such that . n
( ) ~ ng(p _ 17q) ’f
(p—1)(q—1) onP=Dl=1)

SH2" 530 10) (/) = SHY S0 100 +1(17) = OO0 10)  for € 7,

In the case of Brieskorn—Pham polynomials, we have that the Milnor fibre is a
ged(p, q)-times punctured surface of genus ggp = 5 L(p=1)(g—1)+1—gcd(p,q)).
Let 7 be the line field used to grade the surface, as in Section 4.3.2.3. Then, by (4.56)

and the analysis in Section 4.3.2.3, we have

SH(V)~C
SH! (V) ~ c®p~Dla-1)

(p=D(g=D-1 (p=1)(g=1)—1 .
SHY" dipa) (V):SHzn ged(p.q) +1(V):C@ng(p’q) forn € Z~.

As previously mentioned, the comparison of the symplectic cohomology of the
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Milnor fibre and the Hochschild cohomology of the Fukaya category of the Milnor
fibre will be crucial in our mirror symmetry argument. To this end, we have the

following theorem of Lekili and Ueda:

Theorem 4.3.4 ([LU18, Corollary 6.6]). Let W be the transpose of an invertible

polynomial in two variables such that do > 0. Then

SH*(V) ~ HH*(F(V)).

Note that assuming dp > 0 is crucial, as can be seen if one considers W = X2 + 2.

4.3.4 Graded symplectomorphisms between Milnor fibres

It is a natural question to ask which Milnor fibres are graded symplectomorphic, and
in this subsection we utilise Lemma 4.3.3 to determine this. Since the genera, number
of boundary components, and winding numbers around boundary components of the
Milnor fibres were calculated above, it is easy to check when these match. This gives
the potential graded symplectomorphisms, although one must also check that the
corresponding Arf invariants agree whenever they are defined. We use the method

described in Section 4.3.1 to compute the Arf invariant when necessary.

Observe that for each ¢ > 2 and n > 1, we have that Wioo, = gla=Dn+1 v+ ViX,
and Wepgin = X" + ¥4x have the same genus, number of boundary components,
and winding numbers along each boundary component. In the case of ¢ odd, this
is enough to give a graded symplectomorphism by Lemma 4.3.3, since ¢ = 0 in
both cases, and —2(¢ — 1) = 0 mod 4. In the case where ¢ and n are both even,
we again have that the Milnor fibres are graded symplectomorphic. In the case

where ¢ is even and n is odd, it remains to check that the relevant Arf invariants agree.

For a graded symplectomorphism between the Milnor fibres of a chain and
Brieskorn-Pham polynomial, we have that W/, . =X+ 7' P=1x and Wgp = X + 7
for each p > 2 and n > 1 or n > p = 2 have the same genus, number of boundary

components, and winding numbers along each boundary component. In the case
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where n is even and p is odd, we have that —2(n(p — 1) — 1) = 0 mod 4, and so
Lemma 4.3.3 gives us a graded symplectomorphism between the Milnor fibres.
Similarly, for p =2 and n odd, Lemma 4.3.3 yields a graded symplectomorphism

between Milnor fibres. In all other cases, we must check the relevant Arf invariants.

The only possibility for a graded symplectomorphism between the Milnor fibres
of a loop and Brieskorn—Pham polynomial is that both are symplectomorphic to a
Milnor fibre of a chain polynomial. For such a graded symplectomorphism to exist,
we require Wioop = X3 + J9X, Wehain = X971 + 9%, and wgp = ¥4 +! 4 y¢+1. It should
be noted that the potential graded symplectomorphisms discussed above are the only

such possibilities.

4.3.4.1 Graded symplectomorphisms between the Milnor fibres of

loop and chain polynomials

In the case of loop polynomials of the form Wiy, = xla—ntly 4 vz we have

that there are ¢ + 1 boundary components. Recall the basis of vanishing cycles
for the first homology of the Milnor fibre given in Section 3.3. An elementary

, as well as the Lagrangians

calculation shows that if we remove the Lagrangian Vil;vmp

{iV;vaOp} ic{0,....q—2}» then the restriction of the intersection form is non-degenerate.

In the case of chain polynomials of the form Wy, = X1 4 4%, we consider

the basis of Lagrangians for the first homology group of the Milnor fibre as given

chain

in Section 3.5. By removing the Lagrangian & s as well as the Lagrangians

{ivghainy {0,....q—2}» the restriction of the intersection form to the remaining La-

grangians is non-degenerate.

1 ifi>
Let U, be the n x n matrix given by (U,);; = . Then we
0 otherwise

have that fonain = Ug—1 @ Ugn + (Uy—1 ® an)T. On the other hand, fiop is the block
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matrix given by

20d, (1) Idy, 1) = Idy(g-1)
Id,(g-1)
: Uq—l ®Un(q—l)+(U6]—1 ®Un(q_1))T

Id,,(4-1)

In both cases, one can explicitly compute that the determinant is ng + 1, and so,
in particular, we have Arf(Gepyin) = Arf(Gjo0p). Therefore, by Lemma 4.3.3, the
surfaces are graded symplectomorphic, and their respective Fukaya categories are

quasi-equivalent.

4.3.4.2 Graded symplectomorphisms between the Milnor fibres of

chain and Brieskorn—Pham polynomials

In the case of chain polynomials of the form W/, . = X"+ 7(P=1¥, and Brieskorn—

Pham polynomials of the form wgp = X” +y"7, we have that the there are p boundary

components. In the chain case, we remove V;yvhai“, as well as the Lagrangians
{f ;gai“}ie{ow p—3} from the collection of Lagrangians which form a basis of the
first homology of the Milnor fibre, and the restriction of the intersection form to the
remaining Lagrangians is non-degenerate. In the Brieskorn—Pham case, if we remove
the Lagrangians {/"? _ZV(?P} 1€10,...,p—2) from the collection of Lagrangians which
form a basis of the first homology group of the Milnor fibre, as described in Section
3.6.2, then the restriction of the intersection form to the remaining Lagrangians is

likewise non-degenerate.

In the case of chain polynomials, we have that f ./ is given by removing the
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top and left p — 2 rows and columns from

Zldn(pfl)fl Idn(pfl)fl Idn(pfl)fl
Idy(p—1)-1
Up-1® Un(p—l)—l + (Up—l ®Un(p—1)—1)T

Idn(p—l)—l

In the case of Brieskorn—Pham polynomials, we have that fgp = U,_1 @ U,p_2 +

(Up—1 @Uyp2)T.

In both cases, we have that

p if p is odd
det fchain’ =det fgp =
np—1 if p is even.

We therefore have by Lemma 4.3.3 that the Milnor fibres are graded symplectomor-

phic.

4.4 Hochschild cohomology via matrix factorisations

In this section, we make the necessary Hochschild cohomology computations
which will later enable us to deduce the existence of an affine scheme of finite type
which represents the moduli functor of A..-structures on the graded algebras we are
interested in. Moreover, we will combine these computations with Theorem 4.3.4 to
exclude candidate mirrors. This is the main computational component of the chapter,
and we include the entire calculation for completeness, although a computation of

HH"(Z) for n < 2 would have sufficed.

Suppose once more that we are in the setting of Section 4.2, and we have that
w is an invertible polynomial in two variables such that dp > 0, I" is an admissible
subgroup of I'y, and W, the quasi-homogenisation of a semi-universal unfolding

corresponding to u € U;. Denote V = {x,y,z}, S := SymV = Clx,y,z|, and so
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R,=S/(W,),and W, € (S® x)! (recall ¥ = xw|r). Equation (4.18), combined

with the above observation, implies that
HH*(Z,) ~ HH*(A3.T,W,,). (4.57)

This vastly simplifies the calculation at hand, since a theorem of Ballard, Favero,
and Katzarkov ([BFK11, Theorem 1.2]) reduces the computation of the Hochschild
cohomology of the category of I'-equivariant matrix factorisations of W, to studying
the cohomology of certain Koszul complexes, which in nice cases reduces to studying
the Jacobi algebra of W,. To this end, consider an element y € ker ), and V,, the
subspace of V of y-invariant elements. Let S := SymV,, and Ny the complement of
VyinV, so that V ~ Vy, & Ny as a I'-module. Denote by Wy the restriction of W, to

Spec Sy, and consider the Koszul complex
C*(dWy) i={--- = AV @D @Sy —» V) 0" @Sy — Sy}, (4.58)
where Sy sits in cohomological degree 0, and the differential is the contraction with
r
dWy € (V@ x @Sy) . (4.59)

Denote by Hi(dWy) the i™ cohomology group of the Koszul complex. The zeroth
cohomology of (4.58) is isomorphic to the Jacobi algebra of Wy, and if W, has an
isolated critical point at the origin, then C*(dW,) is a resolution. Our main tool for

computing Hochschild cohomology is the following theorem:

Theorem 4.4.1 ([BFK11]). Let w be an invertible polynomial in two variables, I an
admissible subgroup of T'w which acts on A3 = Spec S, and W, € S be a non-zero
element of degree ). Assume that the singular locus of the zero set Z_w \mw, of

the Thom—Sebastiani sum —W,HBW,, is contained in the product of the zero sets
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Zw, X Zw,. Then HH! (A3, T, W,,) is isomorphic to

( @ H‘Zl(dWy) ®x®(u+l) ® /\dimNyN;//

Yvekery, [>0
t—dimNy=2u

r

vekery, [>0
t—dim Ny=2u+1

(4.60)

In the case where the I'-action on V satisfies dim(S ® p)l' < oo for any p €T,

one then has
dimHH' (A3 T, W) < o (4.61)

for every ¢ € Z. To see this, note that the complex C*(dWy) is always bounded,
and the group ker x is finite. Therefore, each direct summand of (4.60) is finite

dimensional, and there are only finitely many « contributing to a fixed 7.

Theorem 4.4.1 is a minor modification of [BFK11, Theorem 1.2], where the
difference is in the convention for the Koszul complex. In our case, when there
is an additional C*-action on V, then (4.60) is equivariant with respect to it. In
particular, in the case of u = 0 € U, we have that there is an additional C*-action
on V given by 7 - (x,y,z) = (x,y,¢z), and this induces an additional C*-action on
HH*(Zy). Denote by HH®(Zy) - the negative weight part of this action. We refer
the reader to [BFK11] for a proof of Theorem 4.4.1.

Definition 4.4.2. We will say that the pair (w,T) is untwisted if HH?(Zo) o comes

only from the summand (Jacy @ C[z] @ x)' corresponding tou=1and y=1 € kery
in (4.60).

It should be emphasised that being (un)twisted is a property of a pair (w,I’),
rather than its category of matrix factorisations. Indeed, we will see below that the

polynomial w = x3y +y? is twisted and w = x>y + yx is not, although by combining
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Corollary 1 and the discussion above, we see that the Hochschild cohomology of
their respective categories of matrix factorisations are isomorphic. A pair (w,I")
being untwisted ensures that all of the deformations corresponding to HH?(Zy) o
come from semi-universal unfoldings of the polynomial w. This is a key step in the
proof of [LU18, Theorem 1.6], a special case of which appears as Theorem 4.6.1.
By an abuse of notation, we will refer to a polynomial w as being (un)twisted to

mean that the pair (w,I'y) is (un)twisted.

4.4.1 Loop polynomials

Consider Wy = xPy 4 y?x with the only restriction that p,g > 2. Without loss of
generality, we can consider p > ¢. This has weights as in (4.19), where we again
setd :=ged(p— 1,4 —1). As explained in Section 4.2, we extend the action of

[y >~C*" x g to A3 as in (4.14) so that we now have
Ty = {(to,t1,12) € (C*)*| tV1r = tJt; = tot112}. (4.62)
The group of characters is given by
[y :=Hom(Ty,C*) ~ Z® Zy, (4.63)

and we take m,n to be the same fixed solution to (4.22) as in Section 4.2.1. We
=) s (0=1))

write each character (to,t1,t) — t, “ 1 ¢, where (i, ) € Z®Zyg, as p;,;.

One has that span{z"} ~ p-1)-1) o span{x'} ~ p(,-1 . span{y'} ~ Py,
d ’ d d

n
X~ p,,qdfl’mfn, and kery ~ ;1.

We have that Jac,y, is given as in (4.20). Since we are in the situation of an affine
cone over an isolated hypersurface singularity, [LU18, Section 3.1] shows that we
must have [ = 0 in (4.60). Furthermore, there are no contributions when u < —1,
and the only possible contribution for u = —1 comes from when Ny = span{x,y},

orz ¢ Vy. When y € kery is the identity element, we have V), =V, N, = 0, and
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W, = w. For every u € Z>, the elements

- r
x'yizk e <Jacw®(C[z] ®x®”> ,
. r
7/ @xiylFt e (Zv®Jan®C[Z]®X®M> ,
where i =u mod (p—1), j=umod (¢—1), and k = u+ | 7“7 ] 4 [ ;%7 ], contribute

C(k) to HH?*(Zy) and HH?**1(Z,), respectively. In addition, in the case where

u=0mod (p— 1), the elements

, r
Xyl e (Jacw®<C[Z]®x®”> :
. r
zv®x”*1yjzk € (ZV®J3CW®C[Z] ®X®") )

where i, j, and k are as above, contribute C(k — 1) to HH?*(Zy) and HH?**!(Z,),

respectively. In the case where u = 0 mod (g — 1), we also have the elements

) r
xiyt= k=1 e (Jacw®(C[z] ®X®”) ;

) r

Z\/ ®xlyq_lzk E (Zv ®Jan®C[Z] ®x®“) 9

where i,j, and k are again as above, contribute C(k — 1) to HH?(Z) and

(p—1)(g—1)
d

HH?“"1(Z,), respectively. In the case when u = 0 mod , we also have the

elements

r
xPya A2 e (Jacw®(C[z] ®%®”> ,

r
2/ @xPlya Al ¢ (zv®Jacw®(C[z]®x®”> ;

where i, j, and k are again as above, and these contribute C(k —2) to HH?*(Z,) and

HH?“*1(Z,), respectively.
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When V, =0, Ny =V, Wy, = 0, we have the summand
(x'® /\3N}\,/)F ~C-x' Ay AZY
contributes C(—1) to HH?**4im¥y(7y) = HH'(Z,), and there are pg —d — 1 such 7.

In the case when V) = span{z}, Ny = span{x,y}, W, = 0, we that for each
n € Z>o, the summands
(nt1)(pg—1) _ (nt1)(p-1)(g=1) _ r
C.z 4 1®xv/\yvz<Jacwy®x® d 1®/\2N¥> ,

n(pg—1) n(p—1)(g—1) _

I
C-z'®z 4 ®xVAyV2(JaCWY®X® d ]®/\2N7Y>,

contribute C(% —1)to Hy (Zy) and C(w —1)to

2n(p—1)(g—1
v d)(q )41

HH (Zp). There are d — 1 such contributions.

There are no elements which fix only x or y in the loop case. Putting this all

together, we have that the Hochschild cohomology of Z; satisfies

(p=1)(g=1)

HHS+Z (ZO)t ~ HHS+[+2 Vi (ZO)siL—l (464)
d
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for s > 0, and that for 0 < n < 2(1’7_1)(1& + 1, HH"(Z) is given by

HH®(Z) ~ C(0),

HH!(Zy) ~ C(0) & C(—1)%P4
qg—1
HH**!(Zy) ~ HH*(Zy) for (p—1),(g—1)fu

rig—1)
1 J-I-r)

HH?(Zy) ~ C(u+|

J+ o5 0) for (p=1).(g = 1)t

HHZr(q—l)(ZO) ~ @(r(q_ 1)+

1 1
@(C(r(q—l)-l—L—r(;_l)J—l—r—l) for1<r<fr

HH> @D+ (7) ~ HH¥@D(Zy) for 1 <r< pT_l
HHzr(Pfl)(ZO) ~ C(r(p 1)+ L%j —I—r)

EBC(r(p—l)—l—LMJ +r—1) forl<r< qT_l

q—1
HHZr(p—l)-H (ZO) ~ HHZr(p—])(ZO)
e (2) ~ (P 1)@@("‘161‘1 _ 1)@1”@@(’”;1 )
HH2 1 (20) ~ HE2Y 44 (7).

Note that this is untwisted in every case.

4.4.2 Chain Polynomials

Consider the case Wo = x”y+y4, where p,q > 2. This has weights as in (4.24), and
we again take d := gcd(p,q— 1). We have I'y, >~ C* x yy as in (4.26), and extend

the action to A? as in (4.14) so that we now have
Ty = {(to,t1,12) € (C*)| tta =] = 191112} (4.65)
The group of characters is given by

['w = Hom(Ty,C*) ~ Z® Z, (4.66)
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and we take m, n to be the same fixed solution to (4.27) as in Section 4.2.2. We write

H—ZJ mi— (q_dl)j
each character (fo,t1,12) — 1, “t,

as p;, j, where (i, j) € Z @ Z,4. One then
has span{z"} = pp-ig-n o spanfx’} = por o span{y”} = py . X = Prg s
kery ~ Upq.

We have that Jacy is given as in (4.25). As in the loop case, we have [ = 0 and
u > —11in (4.60), where u = —1 only if Ny = span{x,y}, or z ¢ Vy. In the case where
Y € ker g is the identity, we have V), =V, N, =0, and W, = w. For each u € Z>,,

we have that the elements

. r
Xyl e (Jacw®<C[z]®x®"> ;

r
2/ @xlyltl e <ZV®Jacw®C[Z]®X®”) ,

where j=umod (¢—1),i= ’”’;%1”’ mod (p—1),and k = %, contribute

C(k) to HH**(Zy) and HH***!(Z,), respectively. In addition, when u = 0 mod (g —

1), we have contributions from the elements

r
yq = (JaCW®C[Z]®x®”> ,

r
VX! yq LA+ ¢ (ZV®Jacw®C[z]®x®”> ,

where i’ = ”pq;(fql_l)p mod (p—1) and ¥’ = “2 q_(il;(fl_)l()q__(lq)_l)p , and these contribute

C(K') to HH?*(Zy) and HH?“*1(Z,), respectively.

(p— )(61 )

wcd(p—Tq) ° we also have

In the case where u = 0 mod 2

xPlk e <Jan®C[Z]®X®u>F,

r
Y @xP 1 e (Zv®Jacw®(C[z]®x®”> ,

where k = % — 1. These contribute to C(k) to HH**(Z,) and HH***1(Z,),

respectively.
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For the elements y € ker ¥ such that V), = 0, Ny =V, and W, = 0, we have that

the only contribution is from the summand
(xv ® /\3N)\,/)F ~C-x Ay AZY,

which contributes C(—1) to HH***4mVy(Z,) = HH'(Z), and there are pg — p —
ged(p—1,9)+ 1 such 7.

In the case where Vy = span{y}, there cannot be a contribution. There are p — 1

such elements of ker ¥ which fix y and nothing else.

In the case where V), = span{z}, Ny = span{x,y}, we have for each n € Z>,

there are contributions from the summands

(n+1)pg _1 Vv v M_] 27V r
C-zed-Ta) ~ @xY NyY ~ (Jacwy@)x ged(p=1.9) DA N7,> )

C.zv gcd(,;)p—qlq) VAyY ~ (fd;)(qlq?_ 2NV r
AN 4D QQx Ny >~ |z ®Jacw ® x el ISAN y ) >

(n+1)(

2t )(p=1)(g=1)
and these contribute C(% —1)toHH =19 (Zp) and C(—gcd(’j,pf T~ 1)

o p—1)(g=1)
to HH® ecdp-1g) ' (Zo). There are ged(p — 1,g9) — 1 such terms. In total, we have

that

(p=1)(g=1)
HH M (Zy), ~ HH 2 eeto1al (70), g (4.67)

ged(p—1.q)
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(p=1)(g—1) ‘o
fors >0,and for0 <n < 2M + 1, HH"(Zy) is given by

HH®(Z) ~ C(0)

HH'(Z)) ~ C(0) ® C(—1)®Pla=D+1)

Wi\ up
HH(2) = C(| 1)) for (g~ 1)

HH**1(Zy) ~ HH?*(Zy) for (g—1)tu

HHzr(q_l)(Zo)EC(LMJ)@C(LMJ) for1 <r< p-1

p—1 p—1 | m
r(g— n"qg— P~
HHZ;QUZHI: (@) = HH" D (Zy) for 1 < r < =
5 (p=1(g=1) rq
HH" ed(—1.9) (Zg) ~ C(m)
@C(ﬁ _p)eeedp=1a) @@(m —2)

(pfl)(qfl)_H (p=D(g—1

)
HH? et-10) T (Z0) ~ HH 2019 (Z,).

This is twisted for the (p,q) = (3,2), but is otherwise untwisted.

4.4.3 Brieskorn—-Pham Polynomials

Consider Wy = x” 4+ y9, and without loss of generality, that p > g > 2. We are
excluding the case of p = g = 2, since dy = 0 in this case. This has weights as in
(4.29), where we again set d := ged(p,q). We have I'y ~ C* X uy, as in (4.31), and

extend the action to A3 as in (4.14), so that we now have
Tw = {(t0,11,12) € (C*)?| ' =1 = o112 }. (4.68)
The group of characters is given by
[y := Hom(Ty,C*) ~ Z® Zy, (4.69)

and we again take m,n to be the same fixed solution to (4.32) as in Section 4.2.3.

i_4J
We write each character (1g,11,t,) — t;n T

t;”Jr" , where (i,j) € Z @ Zg, as p; ;.

One has that span{z"} = Py g, spanfa’} = py . spanfy'} = py _,,
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X = Prg o and kery ~ Hrg X lg.

We have that Jacy is given as in (4.30). As in the loop and chain cases, we have
I =0and u > —1 in (4.60), where u = —1 only if Ny = span{x,y}, or z ¢ V. When

Y € ker x is the identity, we have that for 0 < u < %, the elements

. r
Xyl e <Jacw®(C[z] ®x®”) ,

. r
2V @xiylt! e <ZV ®Jacy ® C[z] ®x®”) ,
where i, j, k are solutions to

i—k=—mp
Jj—k=—nq

k=u+m+n (4.70)
0<i<p-2

contribute C (k) to HH2*(Zy), and HH?**1(Z;). In the case where y = ?=D=1-1 (2171)71 ,
we have that there are precisely two solutions to (4.70), otherwise the solution is

unique.

For the elements y € ker x such that V), = 0, Ny =V, and W, = 0, we have that

the only contribution is from the summand
(xv ® /\3N)\,/)F ~C-x Ay AZY,

and this contributes C(—1) to HH2T4mNy(7,) = HH!(Z)). There are (p — 1) (g —
1) —ged(p,q) + 1 such v.

When Vy = span{x} or V;, = span{y}, there is no contribution. There are ¢ — 1

and p — 1 such elements in ker , respectively.
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When V) = span{z}, Ny = span{x,y}, W, =0 for n > 0 we have that the
summands
(n+1) (n+1)(p—1)(g—1) r
4 dpq_1®xv/\y\/: (Jacwy@)x o _1®/\2N7y> ,

n(p=1)(g—1)

n r
C-ZV®Z%®xV/\yV:(z\/@]acwy@x d _1®/\2N7\,/> ,

n+1)((p=1)(g=1)=1)
d

contribute C(% — 1) and C(*Z — 1) to HH™
H2n((17*1)€§q*1)*1)+1

(Zy) and
(Zy), respectively. There are gcd(p,q) — 1 such terms. Putting

this all together, we get that

(p=1)(g=1)-1

HH(Zo), ~ HH™ 20 (Zp), g 4.71)
for s > 0, and that for 0 <n < w + 1, we have that HH" (Z)) is given by

HH'(Z)) ~ C(0)
HH!(Zy) ~ C(0) & C(—1)2P-Dlg-1)
HH?(Zy) ~ HH**1(Z,) ~ C(k)

foru<(p—1)(q—1)—1

and k the unique solution to (4.70)

ged(p,q)
5 (p=1)(g=1)-1 pq pq @ ocd -1
HH® =«dra)  (Z)) ~C(—EL — _2)eC(—2 _ 1)®eed(pg)
(%) (gcd(p,q) ) (gcd(p,q) )
Pq
C %
(gcd(p,q))

o (P=1)(g=1)-1 2 (p=Dig=D-1 4
HH® ged(p.9) (ZO) ~HH" dpg) (ZO)-

Note that this is twisted in the case p = g = 3, and p =4, g = 2, but is otherwise

untwisted.

4.4.4 Unfoldings of invertible polynomials
Of course, Theorem 4.4.1 can also be used to compute the Hochschild cohomology of
the category of matrix factorisations of an unfolded polynomial. For the polynomials

where dimUy > 1, we will need some of these calculations in order to be able to
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isolate the correct mirror. Towards this end, we (partially) calculate HH?(Z,) in the

relevant cases.

Lemma 4.4.3. Let w an untwisted invertible polynomial in two variables such that

dimUy > 1. Then:

o For w=xPy+y*x and p > 2, we have HHZ(ZM) =0 unless uj o =0, u;; #0
in (4.23).

o For w=x%y+xy%, we have dimHH?(Z,) < 3 unless ui1 #0andugo=ui o=

up, = 0 in (4.23).

o Forw=xPy+y?and p >3, we have HH?(Z,) = O unless u1 1 # 0 and up o =0
in (4.28)

o Forw=x?y+y?, we have dimHH?(Z,) < 2 unless up,1 #0andugp=u;o=0
in (4.28).

Proof. In each of the cases we consider, the sequence (d;W,,d,W,) is a regular
sequence in S. Therefore, the cohomology of the Koszul complex, (4.58), will be
concentrated in degrees 0 and — 1, and the only contributions to HH?(Z,) can come
from (Jacw, ® x)! and (Jacw, ®x AyY)'. Note that if the latter term contributes

to HH?(Z,), then the polynomial is twisted, and we will not consider it.

The two loop polynomials we must consider are w = x”y + y>x for p > 2
and w = x>y +y’x. In the former case, the unfolding is given by W, =
xPy + y*x + Ui, 1xyz + uLoxzz. For a contribution to HH?(Z,), there must be
an element of Jacw, which is proportional to x. Note that if u;; = O then
dim(Jacy, ® x)'' = 0. On the other hand, we have that dim(Jacy, ® x)' =0
)T

if ur o # 0. In the case w = x%y 4+ y*x, we have that dim(Jacw, ® x)* < 3 unless

u1,1 7 0, and the other coefficients are zero.

The only chain polynomials which need to be considered are w = x”y + y? for

p>3and w= x2y+y2. In the former case, note that if u; 1 =0, or uy 1,u20 # 0,
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then HH?(Z,) = 0. In the latter case, note that dimHH?(Z,) < 2 unless ug ; # 0 and

the other coefficients are zero. ]

4.5 Generators and formality

In this section, we recall and implement the results of various authors to establish
the required generation statements for the compact Fukaya category of the Milnor
fibre, and also the category of perfect complexes on Z, for any u € U, as outlined

in Section 4.1.1.

As in the previous sections, let V be the Milnor fibre of the transpose of an
invertible polynomial in two variables such that dy > 0. Let {S i}?:l be a distinguished
basis of vanishing cycles, and let S be the full subcategory of D* F (V) whose objects

are {S,-}f;l. As in Section 4.1.1, denote by A the total A.-endomorphism algebra S,

i
A= @ homs(S;,S;). (4.72)
i,j
Let 77, € Symp(X; dX) be the Dehn twist around a Lagrangian L in a surface with
boundary (X;0X), as in [Sei08b, Section 16¢]. By [Sei00, Theorem 4.17, Comment
4.18(c)], we have that

(Ts, 00+ T5,)" = [2dy). (4.73)

Since Jo > 0, the argument of [Sei03, Lemma 5.4] then shows that S split-generates
D”]—"(V), and so

D" F(V) ~ perfS. (4.74)

On the B—side, let w : A2 — A be an invertible polynomial in two variables such that
do > 0. In each case, we aim to associate U to the moduli space of A.-structures on
a fixed quiver algebra. In order to do this, for each u € U, we must find generators

S, of perfZ, such that
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(i) the isomorphism class of the cohomology level endomorphism algebra

End*(S,) does not depend on u € U, and

(i1) the generator Sy at 0 € U, admits a C*-equivariant structure such that the
cohomological grading on End®(S,) is proportional to the weight of the C*-

action.

If we find generators which satisfy condition (i), then we can think of deformations
of Z in terms of deformations of the A--structures on the cohomology level endo-

morphism algebra. Condition (ii) will be necessary to deduce that end®(Sp) is formal.

Recall from Theorem 3.1.2 that mf(A?, Ty, w) has a tilting object, £, for any
two variable invertible polynomial w. For each u € U, let S, be the image of £

under the pushforward functor
mf(A?, Ty, w) — mf(A Ty, W,) ~ D’ Coh(Z,).
It is then a consequence of [LU18, Theorem 4.1] that S, split-generates perfZ,.

Let A4, be the minimal model of the dg-endomorphism algebra of S, end®(S,).

One then has a quasi-equivalence
DQCoh(Z,) ~ D(A,), (4.75)
and therefore, by the Morita invariance of Hochschild cohomology, an isomorphism
HH*(Z,) ~HH*(A,). (4.76)

The cohomology algebra A, := H®*(.A,) is independent of u, and by [Ued14, Theo-
rem 1.1], is isomorphic as a vector space to (4.3). On both the A—, and B—sides, the
algebra structure is given as in (4.4), since A~ is the path algebra of a quiver with

no cycles, and so HH?(A™, (A™)V[~1]) = (HH{(A7))Y =0.
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By exploiting the additional C*-action, one can prove a general statement for
the formality of .4¢. This is done by first showing that the cohomological grading on
End®(Sp) is proportional (equal in the case of curves) to the weight of the C*-action.
This follows from the fact that the dualising sheaf of Zj is trivial as an Oz,-module,
but has weight one with respect to the additional C*-action. Since C* is reductive,
the chain homotopy to take end®(Sp) to a minimal A-structure can be made C*-
equivariant. Since Uy lowers the cohomological degree by 2, the only map which

can be non-zero is .
Theorem 4.5.1 ([LU18, Theorem 4.2]). Ay is formal.

In particular, this means that
HH®(Zy) ~ HH*(A), 4.77)

and so the computations in Section 4.4 imply that the moduli space of A..-structures
on A is represented by an affine scheme of finite type. Furthermore, combining
equation (4.77) with Theorem 4.3.4, and the calculations in Sections 4.3.3 and 4.4
gives us that the Aw-structure on .4, the A.-endomorphism algebra of the generators

of D™ F(V), is not formal (since SH*(V) # HH*(Z))).

4.6 Homological mirror symmetry for invertible

curve singularities

In this section, we bring together the previous sections of the chapter to establish
Theorem 4.1.1. As noted above, the computations of Section 4.4 together with (4.77)
mean that the moduli space of A.-structures on A is represented by an affine scheme
of finite type, Us(A), for any untwisted invertible polynomial w. As explained in
Section 4.1.1, we would like to identify U..(A) with the space U, corresponding
to w by showing that the map (4.12) is an isomorphism. To this end, we utilise the

following special case of [LU18, Theorem 1.6]:

Theorem 4.6.1. Let w be an untwisted invertible polynomial in two variables such

that dy > 0, and T be an admissible subgroup of I'y. Let A~ be the endomorphism
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algebra of a tilting object in mf(A%,T",w), and let A be the degree 1 trivial extension
algebra of A~. Then there is a C*-equivariant isomorphism U, — U..(A) which

sends 0 € Uy to the formal Aw-structure on A.

This isomorphism descends to the quotient by the C*-action, and so we get an
isomorphism (U, \ (0)) /C* = M (A). It should be reiterated that the polynomial
being untwisted is a crucial assumption, as can be seen by considering, for example,
w = x>y + . In this case, we have that HH?(Zy) .o = C(3) @ C(2)®2 @ C(1), but

U_|_ - A3.

Proof of Theorem 4.1.1. In each case, we know that the A.-structure on A is not
formal, and so is represented by a point in M (A). By Theorem 4.6.1, this, in turn,
represents the A-structure corresponding to the dg-enhancement of the derived
category of perfect sheaves on a semi-universal unfolding of w. In the cases where
dimU; = 1, we have that M (A) is a single point, and so the semi-universal
unfolding (up to scaling) corresponding to this point must be the mirror. Note that in

the cases w = x>y + y4 for ¢ > 2 and w = x” +y? for p > 4, we have

Clx,y,2)/(Py+y1+y2%) = Clx,y, 2]/ (*y + ¥ +xy2),

Clx,y,2)/ (¥ +y* +°2%) = Clx,y,2) /(" +y* + x2y)

by completing the square.

In the case where dim U, > 1, we must exclude the points in M. (A) other
than the claimed mirror. In the case w = x”y + y? for p > 3, we have by Lemma
4.4.3 that dimHH?(Z,) = 0 < dimSH?(V) unless u = (0,1). By Theorem 4.3.4,
we must therefore have that the mirror is identified with Z, for u = (0,1) € U;.. A
similar argument in the cases w = x>y 4 y?x and w = x”y + xy” for p > 2 leads to

identifying the mirrors as Z, for u = (0,0,0,1) and u = (0, 1), respectively.

In the case of x>y 4 y2, we have that if u # (0,0, 1), then dimHH?(Z,) < 2 =
dim SH? (V) by Lemma 4.4.3, and so the mirror is identified with Z, for u = (0,0, 1).
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Again, by completing the square, we have
Clx,y,2)/ (Py+3* +2%) = Cle, 3,2/ (Fy +y? +xy2).

In the case of w = x> 4 y2, we follow the same argument as in [LP11b]. Namely,
we have that if Z, is an elliptic curve, then HH®(Z,) exists in only finitely many
degrees by the Hochschild—Kostant—Rosenberg theorem. Since the symplectic
cohomology of the Milnor fibre is non-trivial in arbitrarily large degree, by Theorem
4.3.4, we have that the mirror cannot be smooth. We therefore have that the mirror

3
must be the nodal cubic W, = XX+ y2 +xzt + \@56 , and we have

Clx,y,2)/(Wy) = Clx,y,2]/ (¥’ +y* +xy2)

by a change of variables.

In the cases where the polynomial is twisted, the B—model does not have generic
stabilisers. In the language of [LP17b], this forms a ring of orbifold curves, and

homological mirror symmetry was established in this case in loc. cit.

The only invertible polynomial where dy % 0 is w = x> + 2, for which dy = 0.
This, however, corresponds to the mirror symmetry statement for C*, which is

already well established. Therefore, Theorem 4.1.1 is true in this case, too.






Chapter 5

Homological mirror symmetry for

nodal stacky curves

5.1 Introduction

Whilst the topology of Riemann surfaces is very tractable and well-understood,
the various flavours of Fukaya categories of such surfaces have rich and intricate
structure. Correspondingly, homological mirror symmetry in this dimension has
been an active and fruitful area of research in recent years. This has not only lead
to new instances of homological mirror symmetry, but also interesting links to the

representation theory of finite dimensional algebras.

Let X be a surface with non-empty boundary and choose A a collection of
points on its boundary, called stops. Then, there exists the derived partially wrapped
Fukaya category introduced in Chapter 2, which we denote by DW(X; A) ([Aurl0],
[Syl16]). In good circumstances, this gives a categorical resolution (smooth and

proper) of the Fukaya category of £, D* F(¥), and yields functors
D™ F(X) — D"W(X;A) — D"W(X). (5.1)

The last category in this sequence is the (fully) wrapped Fukaya category of the
surface, and can be considered as the partially wrapped Fukaya category when A = 0.

The first functor above is full and faithful, and the second is given by localisation at
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the collection of Lagrangians supported near the stops.

Of particular interest to us is the seminal work of Haiden, Kontsevich, and
Katzarkov, [HKK14], who, amongst other things, give a combinatorial construction
for the partially wrapped Fukaya category of a surface with a particular collection of
stops. As part of the construction, the authors show that there exists a generating
collection of Lagrangians of the partially wrapped Fukaya category whose endomor-
phism algebra is formal and gentle. This class of algebras has long been of interest
to representation theorists ([AS87]), and this link with the symplectic geometry
of surfaces provided a new tool in their study ([OPS18], [APS19]). Converse to
the construction in [HKK14], it was shown in [LP20] how to construct a Z-graded
smooth surface with boundary, with a prescribed configuration of stops on this

boundary, from a homologically smooth, Z-graded gentle algebra.

On the algebro-geometric side of the correspondence, these algebras arose
independently (and chronologically prior) in the work of Burban and Drozd, [BD09],
who construct a categorical resolution of the derived category of perfect complexes
on certain curves. This category is given as the derived category of coherent modules
of a non-commutative sheaf of algebras, which they call the Auslander sheaf, and
denote by Ac. Their main result is that this category has a tilting object whose

endomorphism algebra is gentle. Moreover, there is a sequence of categories
perfC — D”(A¢ — mod) — DP Coh(C), (5.2)

where the first functor is again full and faithful, and the second is given by locali-
sation. It is still an open problem to find a B—side analogue to the work of [LLP20].
Namely, to start with a given homologically smooth, Z-graded gentle algebra and
construct a B—model whose corresponding category has a tilting object whose
endomorphism algebra is precisely the algebra we started with. The present work
provides new examples of such geometric realisations of gentle algebras, although

does not include any examples whose corresponding graded marked surface on the
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A—side can have odd winding numbers. In particular, every line field considered in
this chapter comes from the projectivisation of a vector field, and so must have even
winding number (cf. Section 4.3.2). For example, the gentle algebra considered in
[BD18, Example 7.4] cannot arise as the endomorphism algebra of a tilting object

for a curve considered here.

The fact that gentle algebras arise as the endomorphism algebras of generating
objects on the A— and B—sides of homological mirror symmetry was first utilised
in [LP17b]. Here, the authors establish the conjecture in the case where C is a ring
or chain of projective lines with n irreducible components, but where the nodes,
and endpoints in the chain case, are allowed to be orbifold points. The irreducible
components of this curve are examples of weighted projective lines in the sense of
[GL87], and are referred to as balloons in [LP17b]. The mirror surface is constructed
by first considering the mirrors to the irreducible components, a cylinder with stops
on its boundary, and then gluing these cylinders together in a way which is mirror to
the stacky structure of the node where two irreducible components meet. The strategy
of proof is to establish a derived equivalence between the categorical resolutions on
the A— and B—sides by matching the corresponding gentle algebras. One can then
establish HMS by matching localising subcategories under this equivalence, and

then localising.

With the same notation as introduced in Chapter 1, we have the following

theorem:
Theorem 5.1.1. Let C be a Deligne—Mumford stack such that:
* The coarse moduli space of C is a ring or chain of n P'’s.

* Each irreducible component, C;, has underlying orbifold P, _ ,, , and generic

}"i7+
stabiliser g, such that r; d; = riy1 _diy1 (we allow ry _ and/ or r, =0 in

the case of a chain of curves).

* The node q; := |C;i| N |Ci11| has isotropy group H; and is presented as the
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quotient of Spec Clx,y|/(xy) by H;, where the action is given by

h-(x,y) = (Wi+(h)x, Yit1,—(h)y)

for some surjective W; y - H; — Uy, and Wiy - Hi — W, .

Then
D’(Ac —mod) ~ DPW(E; A)

is a quasi-equivalence of 7-graded pre-triangulated A--categories over C, where
Y is a Z-graded, b-punctured surface of genus g such that the genus, boundary
components, and collection of stops are determined by the r; +, d;, and the local

presentation of the nodes as the quotient by H;.

Unlike in the orbifold case considered in [LP17b], there is no canonical identifi-
cation of the isotropy groups at the nodes. Even if one fixes Y _, it is possible
to change the identification of H; by an automorphism which pushes down to the
identity by ;41 —, and this is an equivalent presentation of the node. The source of
this non-uniqueness is that the generic stabilisers of the irreducible components are,
strictly speaking, torsors for ;.. The fact that there is no canonical identification
of H; can then be explained by the fact that there is no canonical identification of
the generic stabiliser groups with .. In order to work concretely with groups, a
key ingredient in our argument is to choose a gerbe structure on the irreducible
components, which one can heuristically think of as a ‘principal By, -bundle’ over
P, . This is extra structure which allows us to work concretely with groups,

rather than torsors. We obtain the desired result by observing that the computations

are independent of the choice of gerbe structures.

For us, choosing a gerbe structure will be necessary in order to make an identifi-

cation ker y; =~ g, (resp. ker Wi~ ~ g, ), yielding a short exact sequence of
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groups

I — uy — H; mum — 1,
and similarly for y; | _. This short exact sequence will be of crucial importance;
however, computations only depend on the isomorphism class as a complex, rather
than the class as an extension. In particular, choosing different gerbe structures
may yield non-equivalent Ext—classes, although they will always be isomorphic as
complexes. The fact that the computations only depend on the isomorphism class of

the complex will mean that our results are independent of the gerbe structure chosen.

Gerbes have a long history in algebraic geometry, and were originally intro-
duced by Giraud in the study of non-abelian cohomology [Gir71]. Of particular
interest to us is the root stack construction of Cadman and Abramovich, Graber,
Vistoli ([Cad07], [AGVO08]), as well as the toric Deligne—Mumford stack perspective
provided in [BCS03] and [FMN10].

Remark 5.1.2. Note that our presentation agrees with the orbifold case when each
di = 1 by observing that one can always arrange the action of H; ~ [, to be such

Ki
that Wiy — = id, and W; | : Ly, TR Uy, for some K; € (Zy,)™.

Following [LP17b], when referring to a specific configuration of points on the
b boundary components of X, we will denote the partially wrapped Fukaya category
by W(Z;my,my,...,my), where m; is the number of stops on the i boundary
component. When there are d boundary components with m stops, we shall notate

this as (m).

As part of the equivalence of Theorem 5.1.1, the respective localising subcate-
gories are identified with each other. Moreover, one can match the characterisation of
the category of perfect complexes under the inclusion (5.2) with the characterisation

of the Fukaya category under the inclusion (5.1). This yields:
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Theorem 5.1.3. Let C and X be as in Theorem 5.1.1. Then

perfC ~ D* F(X)
D’ CohC ~ D*W(X),

are quasi-equivalences of Z-graded pre-triangulated A--categories over C in the
case of a ring of curves. In the case of a chain of curves, there are quasi-equivalences

of Z-graded pre-triangulated A«-categories over C

perf,C o D™ F (% (ry )™, (0)P~4 =% (r, 1 )™)

D’ Coh(C) =~ D™W(Z; (r1,— )N, (0)P =17 (1, 1)),

where perf,.C is the full subcategory of perfC consisting of objects with proper

support.

It should be emphasised that the choice of grading on the surface in the above
theorems is a crucial piece of data. Changing it would change the grading of the
endomorphism algebra of the generating Lagrangians, and, in general, would not
yield a derived equivalent algebra. Moreover, taking perf,.C, as opposed to perfC, in

the case of a ring of curves is only necessary when r _ and/ or r,, = 0.

As already mentioned, the primary motivation for generalising the approach of
[LP17b] to allow for the irreducible components to have non-trivial generic stabiliser
comes from invertible polynomials in two variables. By applying Theorem 5.1.1
to the B—-model of the invertible polynomials in Lekili-Ueda conjecture, and then
showing that the resulting surface on the A—side is graded symplectomorphic to the

quotient of the corresponding Milnor fibre, we prove:

Theorem 5.1.4. Let w be an invertible polynomial in two variables with admissible

symmetry group I C Ty, and corresponding dual group 1. Then, the action of T on
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V is free, and there are quasi-equivalences

D™ F (V1) ~ perf Zy r
D™W(V /T') ~ D*Coh(Zyr)
of Z-graded pre-triangulated A-categories over C.

By combining the graded symplectomorphisms of Section 4.3.4 with Theorem

5.1.4, we deduce the following corollary:

Corollary 5.1.5. For each n > 1 and q > 2, let Wipop = KM@=+l 4 \ax and
Wenain = X1y +y4, each with the maximal symmetry group. We then have quasi-

equivalences
D’ Coh(Zy,,,) ~ D" Coh(Zy,,,..)

of Z-graded pre-triangulated A-categories over C.

Similarly, for eachn>1and p>2, orn>p=2, letw, . = xPy 4y (p=1),
wgp = X +y"P, each with the maximal symmetry group. We then have quasi-

equivalences
D" Coh(Z,;, )~ D" Coh(Zyy,)

of Z-graded pre-triangulated A-categories over C.

It should be emphasised that the Milnor numbers of the polynomials in Corollary
5.1.5 will not in general agree, since part of the proof is to show that the Milnor
numbers of the transpose polynomials agree. As already noted, this result was

previously obtained by purely algebro-geometric methods in [FK19].

Example 5.1.6. For example, consider the case of n =1 and q = 4. Then, Wipop =
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x4y + y4x and Wenain = x v+ y4. We have

.u(wloop) =16= ,u(vvvchain)
X(‘V/loop) =15= X(‘V/chain)
g(‘v/loop) =6= g(‘v/chain>

Arf(aloop) =1l= Arf(qchain)‘

Therefore, the corresponding Milnor fibres are graded symplectomorphic by Lemma
4.3.3. Since graded symplectomorphisms induce quasi-equivalences on the corre-
sponding derived (wrapped) Fukaya categories, we deduce by Theorem 5.1.4 that

the B—models mirror to Vloop and Vo are likewise derived equivalent.

5.1.1 Structure of the chapter

In Section 5.2, we recall the basic constructions of root stacks, both with and without
section. In Section 5.3, we review the theory of Auslander orders over nodal (stacky)
curves. In Section 5.4, we recall the construction of [HKK14] of the partially
wrapped Fukaya category. Sections 5.5 exposits the localisation argument on the A—
and B—sides with the necessary alterations to our setting before proving Theorem
5.1.1. Section 5.6 characterises the category of perfect complexes on the B—side and
the Fukaya category on the A—side before establishing Theorem 5.1.3. We provide
applications in Section 5.7 and give first an example which does not arise as the

Milnor fibre of an invertible polynomial before establishing Theorem 5.1.4.

5.2 Root stacks

In this section, we aim to give a brief and self-contained account of the constructions
of stacks and gerbes as we will later need them. For a detailed account, we refer to
the original sources of [Cad07], [AGV08], [FMN10], and [BCS03]. An excellent
reference on the subject is [Ols16], and a very readable introduction to the theory of
stacks is [Beh14]. The reader already proficient in the language of stacks, or willing

to take these constructions as a black box, is invited to skip to Section 5.3.
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The notion of a root stack was introduced independently in [Cad07] and
[AGVO08]. There are two related notions of a root stack — the first is a way to
‘insert stackiness’ along an effective Cartier divisor, and the second defines a gerbe
structure, which ‘inserts stackiness’ everywhere, and also keeps track of the generic

stabiliser.

Recall that the stack [A!/C*] is the classifying stack of line bundles with section
— this can be seen by considering a morphism to this stack as a principal C*-bundle
with a global section of the corresponding associated line bundle. To define the
root stack of a line bundle with section, consider X a scheme, . an invertible
sheaf on X, s € I'(X,.%) a global section, and r > 0 an integer. Moreover, let
6,: [A!/C*] — [A!/C*] be the ™ power map on both A! and C*.

Definition 5.2.1 ([Cad07, Definition 2.2.1], [AGVO0S8, Appendix B.2]). Define the

stack X ¢ s r) to be the fibre product

Xz5r) — [Al/C]

[ Jo

x 9 [A!/C]

This is a Deligne-Mumford stack ([Cad07, Theorem 2.3.3]), and is isomorphic
to X away from the divisor s~!(0). By construction, X( 2,5, comes with a line bun-

dle N and a section t € I'(X( ¢ ; 1, N) such that ¢ : N*" = pri#, and @(t") = pris.

Concretely, we have that for X a scheme, an object of X( ¢ ¢ . over a scheme §

consists of a quadruple

(f,N,1,9),

where f : S — X is a morphism, N is an invertible sheaf on S, r € I'(S,N), and
@ : N®" = f*% is an isomorphism such that ¢@(t") = f*s. A morphism from

(f1,N1,11, 1) over S to (f2,Na2,12,¢2) over Sy is a pair (h,p), where h: S| — S5 is
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a morphism of schemes such that f>o f = fi, and p : N; = h*Nj is an isomorphism

such that
NEm Py NG

b e

fiL —— 5 h* HL
commutes, and the bottom isomorphism is canonical. The construction can be

generalised to when X is a Deligne-Mumford stack.

For an effective Cartier divisor, we will also use the notation Xp ,y to mean
X(ox(D),1p,r)> Where 1p is the tautological section vanishing along D. One can iterate
this root construction, and for D = (Dy,...,D,) and ¥ = (r1,...,r,), we define X 7
to be the root stack defined by iteratively applying the above construction. This is

equivalent to the fibre product

Xpy — [A"/(C)"]
L
X —— [A"/(CH)"],
where 6; = 6,, X 6, X --- x 6,,, and X — [A"/(C*)"] is given by the product of
(Ox(Di), 1p,)is-

An important example for us will be the following:

Example 5.2.2 ([Cad07, Lemma 2.3.1]). For X = Al, and D = [0], there is an

equivalence X(p ) =~ [A] / ,ur}, where L, acts via its natural character.

In fact, Example 5.2.2 can be generalised ([Cad07, Example 2.4.1], cf. [Ols16,
Theorem 10.3.10]) to any X = SpecA and . = Oy, with s € I'(X, Ox) such that
D = s 1(0), yielding

X(p,r) == [(SpecA[x]/(x"—s)) /1],

where 1, acts on b by t-x =¢"'x, and ¢ - @ = ta. In general, any root stack can be
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covered by such affine root stacks. For further exposition on root stacks of line
bundles with section we refer to the original references [AGV08], [Cad07], as well

as [Ols16, Section 10.3].

The second flavour of root stack defines a gerbe over the original scheme (or
stack), and we refer to [Ols16, Chapter 12] for a definition and further discussion
about generalities of gerbes. As already mentioned, one can think of a gerbe as a
‘BG-bundle’ over X for some group G, meaning that not only does the isotropy group
of each point contain a copy of G, but the identification of this copy of G in the
automorphism group of each point is a crucial part of the definition. In particular,
an equivalence of gerbes is an equivalence of categories which is compatible with
these identifications. Note that this means that two gerbes can be equivalent as
stacks, but inequivalent as gerbes, in analogy with how two principal G-bundles can
have diffeomorphic total spaces, but are not isomorphic G-bundles. As a simple
example, there are three principal p3-bundles over S', but two of them have total
space S'. More non-trivially, principal S> bundles over $* are classified by Z & Z,
and [CEOQ3] establishes an explicit diffeomorphism between the total spaces of the
bundles classified by (1,1) and (2,0). In what follows, we will restrict ourselves to
the case at hand and only consider trivially banded gerbes, which are classified by

H>(X,G).

Example 5.2.3. If one considers the topological setting, then a good example to
have in mind is given by the observation that any principal S'-bundle is in fact a
Z-gerbe, since BZ ~ K(Z,1) ~ S'. From this, we recover the usual classification of
principal S'-bundles as the cohomology class in H*(X) corresponding to the Euler

class.

To define a root stack of a line bundle (without section), consider .¥ € PicX.
d
Recall that such a line bundle is equivalent to a map X Z, BC*, and let BC* 25 BC*

be the ™ power map. Then, we have:

Definition 5.2.4 ([Cad07, Definition 2.2.6], [AGV0S8, Appendix B.1]). The stack
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X(#q) is defined to be the fibre product

X(2.a) P2, per

[ [

X —Z , BC*

The stack X( ¢ 4) is a pig-gerbe over X, and, by construction, there is a line

bundle V€ PicX| ¢ 4) such that
N® ~ prt 2.

Of course, there is also a corresponding iterated statement (see, for example [FMN10,

Proposition 6.9]), although we will not make use of it. We will mainly use the

notation X ¢ 4) = v/ £ /X.

Perhaps a more geometric way to think of a root stack of a line bundle is given
in [AGVO08, Appendix B.1]. Let .Z be a line bundle on a scheme X, and .Z* be the
total space minus the zero section (i.e. the principal C*-bundle associated to .¥).

Then,

VZ/Xx=[2"/C7],

where C* acts fibrewise with weight d. In particular, the usual description of the
weighted projective stack P(d,d) is recovered as {/O(—1)/P!, since O(—1)* =
A%\ ((0,0)).

Remark 5.2.5. It should be noted that X ¢ 4) and X ¢ g 4) are not equivalent. In-
deed, as is demonstrated in [Cad07, Example 2.4.3], the latter category is an

infinitesimal thickening of the former.

The Kummer sequence

5y 5 G2 Gr— 1 (5.3)
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induces a long exact sequence on cohomology
o HY (X, G) S H2(X, 1) 5 HA(X,Ga) — ... (5.4)

For a root stack m , the corresponding class in H*(X, 1) is the image of .2 €
H! (X,G,,;) ~ PicX under the connecting homomorphism. Conversely, a (,;-gerbe
is called essentially trivial if its corresponding class in H?(X, u,) is in the image of
the connecting homomorphism. In particular, in the case where H>(X,G,,) = 0, we

make the identification
H?(X,ug) ~ PicX /dPicX,

and so the cohomology class classifying the d™ root of .Z is given by the quotient of
its corresponding class in the Picard group, namely its first Chern class. Moreover,
in this case [FMN10, Lemma 6.5] identifies H?(X, ity) ~ Ext},(Z4,PicX), where a

class [.Z] € PicX /dPicX corresponds to the short exact sequence
0 — PicX — PiCXXPicX/dPicXZd — Zd — O, (55)

where the map PicX — PicX /dPicX is the projection, the map Z; — PicX /dPicX

is given by 1 + [.Z], and the first morphism of the extension is . — (.£%¢,0).

For each p,-gerbe X, there is an underlying orbifold. This is the stack which
results from the stackification of the prestack whose objects are the same as the
original stack, but whose isotropy groups are quotiented by ;. This process is
known as rigidification, although we refer to Appendix C of [AGVO08] for the precise
details. It suffices for us to observe that, in the case where the gerbe is the stack of
roots of a line bundle on a scheme or orbifold, the map pr; : {‘/éf—/X — X 1s the
rigidification map. In particular, for X’ = m and D a Cartier divisor on X, by
Ox (D) we mean pr;Ox (D).

Example 5.2.6. The most basic example of a gerbe is given by considering Bl to
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be a U;-gerbe over a point.

Example 5.2.7. Consider an orbifold X and the trivial action of [y on X. Then the
resulting quotient stack is given by X x Bll,, and corresponds to the stack of d™

roots of Oy, or indeed any line bundle on X whose d™ root exists in PicX.

Example 5.2.8. Consider the compactified moduli space of elliptic curves ﬂl’l ~
P(4,6). This is a Zy-gerbe over P(2,3), where the Zy-torsor corresponds to the
symmetry present in any lattice defining an elliptic curve. It can be constructed as
the stack of square roots of any line bundle £ € PiclP(2,3) ~ 7Z such that | L] €
PiclP(2,3)/2PicP(2,3) ~ Z, is non-trivial. In this case, P(2,3) is the rigidification

of the moduli space of elliptic curves.

Example 5.2.9. Consider the short exact sequence
1-K—H—G—1,

where K, H, and G are all finite abelian groups. Then BH — BG is a K-gerbe, so is
classified by H*(BG,K) ~ H?(G,K), which recovers the usual classification of short

exact sequences in terms of group cohomology.

Remark 5.2.10. Note that above, and in what follows, we are implicitly taking K
to have the structure of a trivial G-module since we are only considering the case
of trivially banded gerbes. Furthermore, we will only consider the cases where G
and K are cyclic groups, and so we have H*(G,K) ~ Ext},(G,K) by the universal

coefficient theorem.

Example 5.2.11. In general, if Y is a K-gerbe over X, and x € |X| has isotropy

group Gy, x € |Y| has isotropy group H,, then there is a short exact sequence
1-K—H,—G,—1.

We will exclusively deal with root stacks, both with and without section, over

P!. To this end, consider Dy = [0] = g_, Dy = [eo] = g, and 7 = (a,b). Then we
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define
ol
]P)a,b . — ]P)]D),?

to be the weighted projective line with a stacky point of order a at g_ and of order b
at g+. Unless ged(a,b) = 1, this is not a weighted projective space; however, if this

18 the case then we have
Po ~P(a,b) := [A*\ ((0,0))/C*],

where C* acts on A2\ ((0,0)) with weights a and b. In general, the space P, ; can
be realised as the quotient of A%\ ((0,0)) by C* X Hyeq(qp) (FMN10, Example
7.31]). Note that H> (Pa»,Gm) = 0, and so all gerbes whose underlying orbifold is

P, , are essentially trivial.

Given a i -gerbe over P, 5, C, the structure of the gerbe at the points g4 will

be of central importance to us. Observe that there is a natural (surjective) map

H?(Pyp, ig) — HA([A'/1a], a) @ HA (A /1), 1a) (5.6)

which comes from the Mayer—Vietoris sequence, and this determines the Ext-class
at g+ which locally describes the gerbe. Explicitly, let Z/_ = [A!/u,], suppose that
C = {/L/P,p, and that L]y ~ Oy (nq_) has class B € Picld_ ~ Z,. Observe
that H2([A! /], g) ~ Zged(a,4)> and that the reduction § mod d yields an element

[B] € Zgcd(a,a) determining a short exact sequence
1 —us—H_— u, —1, (5.7)

classifying the gerbe on the patch Z/_, and corresponding to the d™ root of Oy, (ng_).
By construction, there exists a (not unique!) character ; of H_ such that H_ acts
via dy,_ on the fibre of prjOy (ng) at the origin, and which pulls back via the

inclusion of i, to H_ to a unit in Z,. Therefore, as N'|;;  we take the equivariant
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sheaf on A! where H_ acts via )y, on the fibre at the origin. By construction, for
any y € H_, there is a unique k € {0,...,d — 1} and j € {m,...,m+a— 1} such

that H_ acts on the fibre of the sheaf
priOy_(jg) @ N (5.8)

at the origin with character . The local description of the gerbe on the patch
U, = [A'/uy) is analogous, giving the local description of the gerbe on the two
patches of [P, ;. Conversely, the description of a gerbe on IP, ;, is given by the local
description on U+, together with the information of how the two local descriptions

get identified on the overlapping C* = U, NU_.

There is a strong link between the derived categories of root stacks and the
representation theory of finite dimensional algebras. If one takes a = b = 1, then this

relationship is classical, and is Beilinson’s result ([Bei78]) that
D’ (P') ~ D?(A°" —mod),

where A is the path algebra of the Kronecker quiver. This was generalised in [GL87]
to the situation ]P’ﬁ) = where D is a finite collection of disjoint points with multiplicity
one, and 7 is a tuple of positive integers. In particular, for D = (¢_,q) and ¥ = (a,b)

as above, it was shown that
DP(P,p) ~ DP(AYY —mod),

where A, is the path algebra of the quiver

~

O(-aq-) —— O(—(a—1)q-) —— ... —— O(—q-) —— O
H | o
O(=bg.) —— O(-=(b—1)q-) —— ... —25 O(—q,) —2> 0.

As for sheaves on the gerbes constructed as the root stacks over orbifold curves,
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consider C = {/.Z /P, for some .Z € PicP, ;. There are natural full and faithful

functors

®; : Coh P, ;, — CohC

F s priF @ N

where pr; : C — P, ; is again the rigidification map. Taking the direct sum yields a

special case of [IU15, Theorem 1.5], giving an equivalence
CohC ~ (CohP,;)“". (5.10)

Note that is not just semi-orthogonal, but also orthogonal, and that the equivalence
is at the level of abelian categories. Therefore, the derived category of coherent
sheaves on a gerbe over PP, , only depends on the generic stabiliser group and the

underlying orbifold.

It is essentially because of (5.10) that our results are independent of the precise
choice of gerbe structure on irreducible components. To elaborate, consider C to be a
chain of curves with two irreducible components which has isotropy group H at their

intersection; the general proceeds inductively. One can construct C as the pushout

Ci
(5.11)
o

C» «+—— BH,

where ¢ : BH — C, is the composition of the autoequivalence of BH induced from
the action of H on the node, followed by its inclusion into C,. Since the abelian (and
hence derived) categories of C; and C; are independent of gerbe structures by (5.10),
the only information required to understand the category of coherent sheaves of C is
the autoequivalence of BH, and this is independent of the gerbe structure chosen, as

well as the characters x,, . and Xy, .
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5.2.1 Root stacks and stacky fans

The theory of toric Deligne-Mumford stacks was initiated in [BCS03], and the
relationship with gerbes and root stacks was explored in [FMN10]. For a more

in-depth account, we refer to these original sources.

Analogously to a toric variety, which contains an open, dense, torus, 7', a toric
Deligne-Mumford stack is defined to be a smooth, separated Deligne—-Mumford
stack with an open immersion of a Deligne-Mumford torus, 7 x BG for G a finite
abelian group, such that the action of 7 x BG on itself extends to the whole stack
([FMN10, Section 3]). In the case of invertible polynomials, we work with root
stacks over P! on the B-side, although these curves are naturally presented as a
hypersurface in a quotient stack. Therefore, in order to be able to apply our theory,
we must demonstrate an equivalence between the irreducible components of the
curves arising in invertible polynomials, and root stacks over P'. To this end, recall

that the data of a stacky fan is given by a triple £ = (X, N, ), where:
* N is a finitely generated abelian group (not necessarily torsion-free),
* Yisafanin Ng = N ®7 Q with n rays such that the rays span Ng, and

B :7Z" — N is a morphism of groups such that the image of the i basis vector

of Z" in Ng is on the i ray.

For simplicity, we will always assume that ¥ is complete. From this data, one can
construct a toric DM stack in analogy with the Cox construction for toric varieties

([Cox95])) as follows. Let d be the rank of N, and choose a projective resolution
02" S 74t 5 N 0.

Then, choose a map B : Z" — Z4+¢ which lifts . The cone of 3, considered as a

morphism of complexes [0 — Z"] — [0 — Z¢ L, ga+t _, 0], is given by the complex

0zt B gare ¢
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We define DG () := coker([BQ]"), and define the map
B':(z")" —DG(B)

by the composition (Z")" — (Z"+)Y — DG(B). We then have Zy = A"\ (0)
(since X is complete) is the quasi-affine variety associated to the fan. By defining
Gy = Homy(DG(B),C*), we get a morphism Gy — (C*)", and this induces an
action of Gy on Zy via the natural action of (C*)"” on C". The resulting stack

X (X) := [Zg/Gy] is called the toric Deligne-Mumford stack associated to Z.

Example 5.2.12 ([BCS03, Example 3.5]). Let X be the complete fan in Q, and

Then one can check that

(4 o)

B': (2% —— DG(B) ~Z,

and so the C* action on Zg = A%\ ((0,0)) is t - (x,y) = (t*x,1%), yielding X (E) ~
P(4,6) ~ M, ).

Given a stacky fan £ = (X,B,N), one can associate its rigidification
Ti¢ — (L, B"E N/Ny) by defining B¢ : Z" — N/Nyr to be the composition
of B and the quotient morphism N — N /Ni,. The stack X (Z"¢) is the DM stack
associated to this stacky fan, and, by construction, comes with the rigidification map

X(Z) — X(Z"2) induced from the injective morphism DG(B"2) — DG(p).

Closed substacks corresponding to cones of the fan are defined in [BCS03,
Section 4]. We will restrict ourselves to the case of rays (one-dimensional cones),
and recall the basic construction here. Let p; be aray of ¥, e; the positive generator of

the i summand of Z", N, the subgroup of N generated by 3(e;), and N(p;) = N/N,,
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the quotient. This defines a surjection Ng — N(p;)q, and the quotient fan X/p; in
N(p;)q is defined as the image of the cones in X containing p; under this surjection.
The link of p; is defined as link(p;) = {7| T+ p; € X, and p;N T = 0}. Let £ be the

number of rays in link(p;). We define the closed substack associated to p; as the

triple £/p; = (X/pi,N(pi), B(pi)), where

B(p;): Z" — N(p;)

is defined as the composition Z‘ < Z" LV /Np; = N(p;). In particular, the

divisor Dp, corresponding to the ray p; is X'(X/p;).

Of most importance to us is the fact that if X" is a toric DM stack whose coarse
moduli space is P! or P?, then (amongst other things) [FMN10, Theorem II] shows
that there exists a stacky fan whose corresponding quotient stack is X'. Moreover,
in the case that X is an orbifold, this fan is unique. This is far from true in the
case where N has torsion, as is demonstrated in [FMN10, Example 7.29]. There
are several sources of non-uniqueness, although in our situation it is essentially
equivalent to the fact that it is possible to choose multiple lifts of an element in Z, to

Z.

From now on, we will restrict ourselves the the case of toric Deligne-Mumford
stacks whose coarse moduli space is given by P! or P2, Let C = X'(Z) be a toric
Deligne—-Mumford stack whose rigidification is P, ;. Then, [FMN10, Proposi-
tion 7.20] shows that there is a unique class in Extz (Nior, PicP; ) such that the
Hom (N, C*)-banded gerbe over P, associated to this class is equivalent to C.
The proof of this proposition is constructive, and it is straightforward to determine
the short exact sequence (5.5) from the data of a stacky fan. The main ingredient,

however, which we will use in our application to invertible polynomials is [FMNI10,
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Theorem 7.24], which shows (as a special case) that if X is the complete fan in (Q and

a —b

) n— ny
B:72 L 7a7,=N,

then

X(E)~ (/L /Py

as toric DM stacks, where £ = O(q-)"~ ® O(q+)".

Remark 5.2.13. It is important to emphasise that two inequivalent gerbes can be
equivalent as toric DM stacks. This happens when the corresponding Ext-classes
are isomorphic as sequences, but inequivalent as extensions — see [FMN10, Remark
7.23] and [BNOS, Proposition 6.2]. In particular, the above application of [FMNI0,
Theorem 7.24] only makes a claim about toric DM stacks. By [FMN10, Proposition
7.20], one can check when this equivalence is also an equivalence of gerbes, although

this will not be necessary for our purposes.

Example 5.2.14. (¢f. [BCS03, Example 3.6]) Let ¥ be the complete fan in Q,
N=7Z®Z3, and

I —1

n 0
Bn: 7> ———— 5 7.3 Zs.

Since ¥ is complete, we have Zg, = A%\ ((0,0)) for any n. In the case of n mod 3 =0,

we have

I 1

00
By : (2*)Y —25 DG(B) ~Z @ Z3,

and so Gy, ~ C* x 3, and X (Ly) ~ P! x Bus. In the case where n mod 3 # 0, we
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have

()

B/ : (2*)" ——% DG(B) ~Z,

and so Gy, ~ C*, and X (¥,) ~P(3,3) as toric DM stacks for any such n. However,

the class in EX'[IZ(Zg,, Z) corresponding to n is given by the sequence
072237 7, 0,

and so ny and ny do not define equivalent gerbes unless ny = ny mod 3. Moreover,

this shows

X(Z,) ~/O1) /P! fornmod3 =1, and

X(X,) ~/OR2)/P!  fornmod3=2.

This also demonstrates the non-uniqueness of the fan in the case where the DM stack
is not an orbifold — taking B, for any n € Z yields a gerbe which is equivalent to the
3" root of O(n mod 3).

5.3 Auslander orders

In this section, we give a brief account of the theory of Auslander orders, as intro-
duced in [BD09] and expanded upon in [LP17b], before constructing the relevant

generalisation.

Roughly speaking, an order is a non-commutative algebra which is finite over
its centre. In [BD09], the notion of an Auslander order was introduced in studying
non-commutative resolutions of the subcategory consisting of perfect complexes of
the derived category of coherent sheaves on certain curves. Such an order is a sheaf
of algebras, and a categorical resolution of the category of perfect complexes of the
underlying curve is given by the derived category of finitely generated left modules

of this sheaf, as discussed in the introduction to this chapter.



5.3. Auslander orders 197

Before moving on to the situation we are focusing on, it is instructive to review
the non-stacky case, as in [BD09]. Let C be a chain or ring of P!’s joined nodally,
and 7 : C — C its normalisation (i.e. Cisa disjoint union of P!’s). Let Z be the ideal

sheaf of the singular locus, and define the sheaf of Oc-algebras

A
F = . (5.12)
Oc

One can then define the Auslander sheaf as

Oc T

AC = gl’ldOC(]:) = ~
Oc Oc¢

: (5.13)

where (5C = m.Op. In [BD09], the authors study the category of finitely generated
left Ac modules on the ringed space (C, A¢). Their main result is that D? (A —mod)
has a tilting object, and is also a categorical resolution of perfC. They also show that
DP Coh(C) is equivalent to the localisation of D?(.A¢ —mod) by a certain subcategory

of torsion modules, yielding the sequence (5.2).

Remark 5.3.1. In [BD09], the authors work with triangulated categories, however,
these categories have unique dg-enhancements by the work of [LO10], and we work

with these enhancements.

In [LP17b], the authors build on the construction of [BD09] to allow for the
nodes to have stacky structure, meaning that the irreducible components are orbifold
curves of the form PP, ;,. We further extend this approach to allow for the irreducible
components to have non-trivial generic stabiliser, although the major arguments in

[LP17b] carry over to our situation with only minor alterations.

Let C be a as in Theorem 5.1.1 and choose a compatible gerbe structure on
each irreducible component, meaning that the local model about g; + is compatible

with the maps y; . This can always be done by taking the root of a line bundle on
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Py, _ r, . whose restriction under (5.6) yields short exact sequences compatible with
the action of the isotropy group at the nodes. Two compatible gerbe structures on an
irreducible component will differ by how the two patches are identified on overlaps,
but by (5.10), this does not affect our theory. To ease notation, we let P; =P, ,

be the rigidified i™ irreducible component of C. Let

be the normalisation map, and H; the isotropy group at the node ¢; = |C;| N |Ci+1],
and Hy and H), the isotropy groups of the points g and g, 4, respectively, in the
chain case. At the points g; + and g;11 _, there are, by construction, short exact

sequences

1 — ug, — H; ¢ ﬁ> My, — 1, and (5.14)

Vitl,—

l =g, — Hip1 - —— U — 1. (5.15)

Titl,—

There are (non-canonical) isomorphisms H; ~ H; . ~ H;; _, although by choosing
the representatives of (5.14) and (5.15) such that the y; ; (resp. Yy ) are as in
Theorem 5.1.1, one can take these identifications to be the identity. This yields the

local model of g;.

Remark 5.3.2. It should be emphasised that, even when it would make sense, we
do not require that the short exact sequences (5.14), (5.15) are equivalent such that
H; . ~ H, | _ via the identity map, only that the groups H; { and H; | _ can be
identified with H,.

Recall that the ideal sheaf of a closed substack is the sheaf which pulls back to

the ideal sheaf of the preimage in any atlas. As such, we define
I= 7 Op (—4i~ — gi+)
i

for a ring of curves, and analogously for a chain. Here 7; : 5, — C is again the natural
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projection. We let F be as in (5.12) and A¢ be as in (5.13). For any integers j, m,
and k € {0,...,d; — 1}, we define distinguished .A¢-modules

7 (Og (jgi— +mgi 1) @ N

7 (Og (jgi— +mgi ) O NF¥)

1

Pi(j7m>k) =

For fixed integers j, m, and 0 < k < d; — 1, let Exc;(j,m, k) be the collection

Xi Xi

Pi(j,m k) —— P;(j+1,m,k) _ s Pi(j+ri,m,k)
H H (5.16)
Pi(j,l’l’l,k) L) Pl(]am+17k) " QIR i > Pi<j7m+ri,+7k)

Note that by the decomposition (5.10), we have that P;(j,m,k) is orthogonal to
Pa(j',m' k") unless k = k’. With this, it follows directly from the proof of [LP17b,
Lemma 1.2.1] that the modules P;(j,m,k) are exceptional, and Exc;(j,m, k) is an
exceptional collection for any fixed j, m, and k € {0,...,d; — 1}. In the case of

d; = 1 we omit k from the notation.

As in the non-stacky and orbifold cases we also define simple modules at each

node, given by

Fixing an identification of the isotropy group of the node ¢; = |C;| N |Ciy1]
with H; (for i counted modulo 7 in the ring case), let y; , and ;1 be as in be
as in (5.14) and (5.15), respectively. We have that locally, around ¢g;, we can view
Ac—modules as equivariant H; modules on Spec Clx,y]/(xy) = SpecS, where the
H; action is given by h- (x,y) = (Wi + (h)x, Yiy1,—(h)y). We fix the u,,,,  action
on the fibre of the sheaf Op, | (—git+1,—) at giy1 — to be via its natural character,
and similarly for the action of y,,, on the fibre of the sheaf Op,(—g; ) at g; .

Moreover, we define the character corresponding to the weight of the action of H; on
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the fibre of (95+1 (—gi+1,—) to be the character induced from the natural character of
My under the dual of y; 1 _, and we call this y,,,, . We define Xris similarly as
the character of H; induced by the natural character under the dual of y; . For the

chosen gerbe structure, choose ¥4, , such thatd; + X4, . = Xr,,. as in Section 5.2.

Since H; is diagonalisable (is isomorphic to a closed subgroup of an algebraic

torus), we have an eigenspace decomposition of an H;-equivariant S-module M as

M= P My,

x€H;

where H; is the group of characters of H;. Furthermore, for any y € H; there is a
twisting operation M — M{x} which identifies the y-eigenspace of M{y} with the
(x + 7)-eigenspace of M.

For a chain (resp. ring) of nodal stacky curves, consider a tuple of characters
x= 0, Xnt1) Gﬁo@m@ﬁnH (resp. X = (X1s---+Xn) €eH ®---® H,). We
call such a tuple admissible if there exists a line bundle O@ (jgi— +mgqiy) ®M®k
on each 5, such that H;_; acts on the fibre at ¢; _ with character x;_; and H; on the
fibre at ¢; . with character y;. Denote by ﬁad the set of admissible characters. It is
not true that ﬁad contains any tuple of characters; however, for any character y € H;

there is a tuple in ﬁad such that y; = x. For each admissible ), we define the sheaf

M{x} by gluing the line bundles of the above form together at the nodes.

Consider the map p : C — C, where C is the coarse moduli space of the stacky
curve, i.e. is a chain or ring of P! joined nodally. Following [0S02], we call a sheaf

€ on C an generator of QCoh(C) with respect to p if the natural map

P (psHomo,(E,G))RE =G

is a surjection for any G.
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Lemma 5.3.3. The sheaf

P Mix}

XE€Hu
is a generator of QCoh(C) with respect to p.

Proof. Let x be a point of C, considered as a map x : SpecC — C. Let G, be its
isotropy group, and denote by % : BG, — C the corresponding natural map. Then,
[0S02, Theorem 5.2] stipulates that if £ is a locally free sheaf such that ¥*£ contains
every irreducible representation of G, for every geometric point x, then £ is a

generator of QCoh(C) with respect to p.

From the fact that for each y € H; there is a X <€ ﬁad such that y; = x, it is clear
that the fibre of B, M{x} at any nodal point (as well as at ¢; — and g, in the
chain case) contains every irreducible representation of H;. Since ¥, pushes down
to a generator of Zg;, the fibre of b, M{x} at a point whose isotropy group is g,

contains every irreducible representation of L4, and this establishes the claim. [

To calculate the morphisms between the modules S, and their twists Sy, {x }
for y € H;, with the Pi(j,m,k), we can work locally in the patch U = SpecS, as
above, and consider H; equivariant Ay -modules. We begin by observing that, as in
the non-stacky and orbifold cases, the only relevant Ext-class is given by the short

exact sequence of Ay -modules

1 1
0— — — Sg; — 0, (5.17)

1 Oy

and that this class is H;-equivariant. Therefore, we have morphisms

Ext! (S, Pi(j,m,0)) = a;(m,0)
Eth (Sqi,Pi+1<j7mao)) = bl(]ao)

for any m = —1 mod r; 1, and j = —1 mod ;1 —, respectively. Consider M{x}
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such that the character at g; is ;. It is clear that we have

Sqi ®M{X} = S%{Xi}‘

In particular, as in (5.8), we have that for each y € H;, and any mj, ji, mit1, ji+1 € Z,
there exists m € {m;,...,mj+ri —1}, ky €{0,...d;—1} and j € {jit1,...,jir1 +
riv1— — 1}, k- €{0,...,diy1 — 1} such that H; acts on the fibres of the sheaves

k
O(Z (mqi,-i-) ®N’1® +7

. Rk
OEI.H (]CIH-L—) ®J\/;'+1

at g; + and g; 1, respectively, with character .

By twisting the sequence (5.17) by M{x}, we obtain morphisms

Eth(SQi{X}7Pi(ji7mO+m7k+)) :C'ai(mak-l-): and

(5.18)
Eth(SCIi{X}vpi-i-l (]0 +j,mi+17k*>) =C- bi<j7k*)>
for each y € H;, where mq € {mj,...,mi+r;  — 1} is a distinguished element such
that
mo = —1 mod r; 1, and (m, k) as above solves
—MYr . ki Xa =X (5.19)
Jo € {Jitts---sjit1t+ Figl,— — 1} is a distinguished element such that jo == —1 mod
rit1,—, and (j,k_) as above solves
—JXri- +k—Xdi+l-f =X (5.20)

Now, we have constructed a full, strong exceptional collection consisting of the

objects:

* For any fixed j;, m; € Z, and each irreducible component, being a ,.-gerbe
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over IP;, the collections

di—1

@Exci(jhmi?k)u

k=0

* For each node g; = |Ci| N |Ci+1], the objects

Sg{xx} foreach x; € H;.

The endomorphism algebra of this collection is generated by the morphisms x;, y;
in (5.16), as well as the morphisms given by (5.18). The relations are ya = 0 and
xb = 0 whenever the composition is possible. The proof of this, as well as the claim
that the collection is full and strong, can be seen from following through the proof of
[LP17b, Theorem 1.2.3] mutatis mutandis (cf. [BD09, Theorem 9]). Of course, the
resulting category D?(.Ac — mod) only depends on the parameters stated in Theorem

5.1.1, ultimately for the same reason as D” Coh(C) does.

5.4 'The partially wrapped Fukaya category

In this section, we recount the strategy of [HKK14] for constructing the partially
wrapped Fukaya category of a graded symplectic surface before describing the
collections of generating objects for surfaces glued from columns of cylinders, as

described in Section 4.3.2.

5.4.1 Computation of the partially wrapped Fukaya category

Given a surface with non-empty boundary, X, and a collection of stops on its bound-
ary A, [HKK14, Section 3] shows that if {L;} is a collection of pairwise disjoint
and non-isotopic Lagrangians such that X\ (I_IiLi) is topologically a union of discs,
each of which with exactly one marked point on its boundary, then the L; generate
DPW(X; A). Moreover, it is also shown that the total endomorphism algebra of the
generators is formal, and can be described as the algebra of a quiver with monomial
relations. A connection to the representation theory of finite dimensional algebras

is given by the observation that the endomorphism algebra of such a generating
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collection of objects is gentle.

To construct the partially wrapped Fukaya category, it was shown that there
exists a ribbon graph dual to the collection of Lagrangians. This graph has an
n—valent vertex at the centre of each 2n-gon cut out by the Lagrangians, and the half
edges connect two vertices if that edge is dual to a Lagrangian on the boundary of
both of the corresponding discs. The cyclic ordering is induced from the orientation
of the surface. From this, it was shown in [HKK14, Theorem 3.1] that the partially
wrapped Fukaya category is given as the global sections of a constructible cosheaf
of A--categories on the ribbon graph. In particular, for each n-valent vertex at the

centre of a 2n-gon, there is a fully faithful inclusion functor
D"W(D?*;n+1) — D"W(Z;A), (5.21)

where D°WW(ID?;n+ 1) is the derived partially wrapped Fukaya category of the disc

with n + 1 stops on its boundary.

The two prototypical examples from which our strategy is built are the disc
with m points on its boundary, as well as the cylinder with a stops on one boundary,
and b stops on the other. Consider the disc with m stops on its boundary, and
m — 1 Lagrangians, L1,...,L,_ supported near these stops, as in Figure 5.1. The
morphisms between Lagrangians is given by the Reeb flow along the boundary of
the disc in the anticlockwise direction. Let a; : L; — L; 11 be such a morphism, and
observe that a;;1a; =0fori=1,...,m—2. Itis clear that the endomorphism algebra
of the direct sum EB;":_II L; is the A,,_1 quiver with relations given by disallowing
any composition.

There are two key facts about the collection of Lagrangians Ly,...,L,,_1. The

first is that the Lagrangian L,, is quasi-isomorphic to the twisted complex

Lim—2] —— L[m—3] o > Lip—o[—1] —— Ly—1.  (5.22)
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Figure 5.1: A collection of generating Lagrangians for D? with m stops. The Reeb flow is
in the counter-clockwise direction.

This is first observed in [HKK14, Section 3.3], and will be important later in
our localisation argument. The second key observation is that the complement
D2\ (I_I?:ll L,-) is a collection of topological discs, each with exactly one marked
point on the boundary. Therefore, the collection {Li,...,L,,—1} generates the

partially wrapped Fukaya category D"V (D%, m).

The second fundamental example which forms the cornerstone of our strategy
is the cylinder, A, with a stops on one boundary component, and b on the other.
A generating collection of Lagrangians on such an annulus is given in Figure 5.2,
and its corresponding quiver in Figure 5.3. Observe that the quiver algebra of the
generators for the single annulus with a stops on one boundary component and » on
the other matches precisely the quiver algebra of the exceptional collection of P, ;,

given in (5.9). This establishes that
D"W(A;a,b) ~ D" Coh(P,;),

and this observation is at the heart of our strategy.

5.4.1.1 Circular Gluing

Here, we compute the partially wrapped Fukaya category for columns of cylinders
glued circularly, as in Section 4.3.2. To begin with, we add two stops on each

attaching strip — one on the top, and one on the bottom. We will refer to this collection
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_ X _ X X, -

Py ——> P 2 ‘s P
1 2 b

POJFy—>Pfr 2, . y>P;

Figure 5.3: Quiver for A(a, b;0).

Figure 5.2: A collection of generating La-
grangians for A(a, b;0). Top and bottom iden-
tified.

as A. On the k™ annulus in the i/ column we have a collection of Lagrangians Py
of the same form as in Figure 5.2. This collection consists of the objects
+ — —
{P 10,0 ¥ FERRRRY N RR TV IRE ‘Pi,fi,k}'
The morphisms within this collection are of the same form as in Figure 5.3. For each
attaching strip, we consider a Lagrangian which spans it in such a way that the two
stops are in the clockwise direction of its endpoints. We label the Lagrangian which

spans the attaching strip beginning at the neighbourhood around the j™ stop between

the i and (i + 1) columns by S; ;. Here j € {0,...,r;m; — 1} and i € Z,.

As well as the morphisms within each collection P;, if we write j = kyr; +
Ct+ and G(]) = k_€i+1 + c_ for k+ S {0,...,di— 1}, Cy € {0,...,r,- — 1}, k_ €
{0,...dix1—1},and c— €{0,...,¢;+1 — 1}, we also have morphisms

. +
al ] S —> PlC+7k+

bij:Sij =Py e k-
By construction, the complement of this collection of Lagrangians is the disjoint
union of hexagons, each with exactly one stop on its boundary. Therefore, we have

that the collection of Lagrangians consisting of all of the P; ;, as well as the §; j is a
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generating collections of Lagrangians for D°WW(Z; A).

5.4.1.2 Linear Gluing

The case of linear gluing is almost identical to that of circular gluing; however, the
first and last columns are now no longer glued to each other. Due to this, we include
the stops on the distinguished boundary components in A, although we allow the
number of stops on the distinguished boundary components to be zero. In dividing
the surface into topological discs for the computation of the partially wrapped Fukaya
category, observe that a topological disc with a Lagrangian §; ; on its boundary is a
hexagon, as in the circular gluing case, and a quadrilateral otherwise. The generating
collection is again given by all of the P;, as well as the S; ;. See Figure 5.4 for an

example, where its corresponding quiver is given in Figure 5.5.

Piho S1,0

P Pl,l,o

1,1,1

_|_
Py {

Figure 5.4: Generating collections of Lagrangians for linear gluing of A(2,2;2) to A(4,3;1)
via 07 : (0,1,2,3) — (0,2,1,3). Top and bottom of each annulus is identified.



208 Chapter 5. Homological mirror symmetry for nodal stacky curves

P X1,1,0 p- X1,2,0 P P X1,1,1 p- X1,2,1 P
1,0,0 1,1,0 5 1,2,0 1,0,1 5 1,1,1 5 1,2,1
+ Y1,1,0 + Y1,2,0 + + Y1, 4 Y1,2,1 +
Pl,O,O 5 PI,I,O 5 P1,2,0 Pl,O,l 5 Pl,l,l 5 P1,2,1
611,0]\ 01,1]\ al,ZT 01‘3]\

S10 S11 Si2 S13
b 7 b] l b] 2 b )

lbu) lbl,s

Pz’2 ¢

P274 X2’4 P2,3 < XQA’3 x2ﬁ2 P27 1 x2,1 P270
+ + + +
Py <5 o 2 Py o1 Py

Figure 5.5: Quiver describing the endomorphism algebra of the generating collection of
Figure 5.4. Relations given by xb = 0 and ya = 0.

5.5 Localisation

As described in the introduction, there are natural localisation functors on the A— and
B-sides, given by the second functors in (5.1) and (5.2), respectively. The strategy
to establish Theorem 5.1.3 is to show that the quasi-equivalence in Theorem 5.1.1
intertwines localisation on both sides, although this argument is also required to
prove Theorem 5.1.1 in the case of a chain of curves with ri _ and/ or r, 4 zero.
In this section, we describe the localisation functors on the A— and B—sides before

establishing Theorem 5.1.1.

5.5.1 Localisation on the B—side

As in the non-stacky case ([BD09, Section 4]), we consider the functor

Hom(F,—) : Ac —mod — CohC, (5.23)

and construct a subcategory 7 on which this functor vanishes. We again work locally,
and so the analysis follows from the non-stacky case by working equivariantly, as
is demonstrated in the orbifold case [LP17b, Section 3.2]. Note that this functor is

exact since JF is a summand of Ag, so is locally projective.
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In order to construct 7, we define the modules

7 (O (jgi+) O N;)|g

. 72 (Og (jgi =) ® N

where g = ;(g; + ). These modules fit into the short exact sequences

0 — Pi(j— 1,m,k) — Pi(j,m,k) — Si(j, k)~ — 0
R (5.24)
0 — Pi(j,m—1,k) — P;(j,m, k) — Si(m, k)T — 0,

and have support at 7;(¢+ ). When the point ¢; + is not a node (i.e. the g; — and g,
in the chain case) we set £(j, k) = Si(j, k)=, If gi + is a node, then we have natural

inclusions

Sgix+} — Si(m,k)*

SCli—l{X—} — ‘§i(j7k)_7

where x4 (resp. x—) is the character through which H; (resp. H;_1) acts on the fibre
of the sheaf (’)@(mqw) RN (resp. (’)(Z(jqiﬁ) RNR) at ;4 (resp. qi—). We

then define &(jj,k)* to fit into the short exact sequences

0 — Sy {xs} — Silm k)t — Ei(m, k)T — 0,

0— 8‘11‘—1{%*} — ‘i(],k)i — gi(j>k>7 —0.

As in the orbifold case, we find that the objects &(j,k)* are exceptional unless
mi(qi+) is a smooth point with no stacky structure. At nodes, this follows from
the presentation as a quotient of xy = 0 by H;. In this presentation, the relevant
Ext-groups are the H;-invariant classes of the Ext-groups computed on xy = 0, and
it is shown in [LP17b, Lemma 3.2.1] that these groups vanish. In the case where
the point is a smooth point with non-trivial stacky structure, we find that the objects
&i(j,k)* are exceptional from the locally projective resolution (5.24). We define T

to be the subcategory formed by direct sums of all the objects & (j, k)™ supported at
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the nodes.

With this, we have that 7 C D? (Ac —mod) is a Serre subcategory, and identifies

CohC ~ A¢ —mod/T
D’ Coh(C) ~ D°(Ac —mod) /(T).

To see this, note that the derived equivalence follows from the equivalence of abelian
categories by [Miy91]. The equivalence of abelian categories is given for non-stacky
curves in [BD09, Theorem 4.8], and the present situation follows from this. As
explained in the orbifold case, [LP17b, Proposition 3.2.3], one must check that the
unit of a certain adjunction is an equivalence, and this boils down to checking the
statement locally at nodes. One can then use the presentation at a node as the quotient

of xy = 0 by H,, and the argument follows from the non-stacky case.

5.5.2 Localisation on the A-side

Part of the utility of the construction in [HKK14] is that it not only provides a
categorical resolution of the compact Fukaya category of a surface, but also gives an

explicit description of a map
D™W(X;A) — D™W(Z;A),

where A’ is obtained from A by removing stops. This map is given by taking the
quotient of the partially wrapped Fukaya category by the category generated by
Lagrangians which are supported near the stops being removed. In particular, by
removing all of the stops in the case of circular gluing, one recovers a map to the
wrapped Fukaya category of the surface. In the case of linear gluing, the situation is
analogous, however, the stops on the distinguished boundary components are not
removed. It is in this context that the quasi-isomorphism (5.22) and the functor (5.21)
show their utility by giving the Lagrangian supported near a stop to be removed in

terms of the generating Lagrangians of a disc.
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For circular gluing, we will define the object El+] (resp. E;__ 7 j) to be Lagrangian
supported near the stop on the bottom (resp. top) of the attaching strip beginning
at the neighbourhood of the j stop on a boundary component between the i and
(i+ 1)% columns. By again writing j = kyr;+c4 and 6;(j) = k_{;11 +c_ fork, €
{0,...,di—1},¢1 €{0,...,ri—1},k_-€{0,...dis1—1},andc— €40,...,l;i1 1 — 1},
we have by (5.22) and (5.21)

Ef; = {83 = PL 2] = P51}

E;y;~={S[3] = Pt —1—c k. 2] — Bt —c ke (1]}

In the case of linear gluing we have the same iterated cones in for the hexagonal

regions, as well as the cones

Epj= AP ;2] = P}

E,; ~{P%[2] = B[]}

Proof of Theorem 5.1.1. In order to prove the statement, it suffices to match the
generators of the categories in question. We begin with the case of a ring of curves,
or a chain where both r; _,r, 1 > 0. On the B—side, we fix an exceptional collection
such that j; =0 and m; = —1. We again label the characters in ﬁi such that ritm
is the character of ng (mgqi ) ®./\/’l-®k+. On the A—side we construct the candidate
mirror as follows. For each irreducible component C; of C, being a ti4,-gerbe over

Py, ., we consider a column of annuli A(r; —,r; 1;d;). Let j, k_ solve
_j%riJrl,f + k*der = Xksriy+m>
as in (5.20). We then define the permutation o; to be given by

kiriy+m—k_rig1 -+ (—j) mod rizy .
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Let X be the surface constructed in this way, and let D)V(X;A) be its partially
wrapped Fukaya category, as described in Section 5.4.1. The identification of the
generation objects on both sides is given by:

l)i,_j’k — Pl(.]a_l?k)
Pifm’k > Pi(0,m—1,k)

Si.j < Si{x;}—1].

From this, we can see that the endomorphism algebras of the two exceptional collec-
tions which generate their respective categories are equivalent, which establishes the

claim in this case.

To complete the proof in the case of a ring of curves, where either or both of
r1,—,rn+ = 0, we must utilise [LP17b, Proposition 3.2.2], which, suitably reworded

to our context, states that under the above equivalence, we have a correspondence

{Ac —modules & (j,k)} +— {Eiy_ri,_kﬂ[—l]} (5.25)
{Ac —modules &' (m,k)} «—{E}. ., [-1]}. (5.26)

The proof of the alteration of the statement to our situation follows directly from
the proof of the original statement. Namely, we let Exc be the direct sum of the
objects in the exceptional collection in D?(Ac —mod) described in Section 5.3
and A its endomorphism algebra. One can describe the right A-modules of the
form RHom(Exe, —) corresponding to the objects & (j,k) and & (m,k) in the

equivalence
RHom(Exc, —) : D?(Ae — mod) = D’ (mod — A),

and see that they match with the objects in D?(mod — A) calculated using the

presentations of E; +.

. (resp. E;

j ”_1) given in Section 5.5.2.
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Now, consider the case of r, > r| _ = 0, and define the stack C to be the
same curve as C, but where C; = Pl-fl,w Namely, we have C = E\ {q1-}. Since Az
is isomorphic near g1 — to the matrix algebra over O, we have that the restriction

functor
Az —mod — A¢ —mod

identifies A¢ — mod with the quotient of Az —mod by the Serre subcategory gen-

@)
erated by EBdl 151 (0,k) (ie. @dl ! - ®/\/'1®k). By the main result of

q1,-
[Miy91], this yields a derived equivalence
di—1
DP(Az —mod)/ EB £1(0,k)7) ~ D°(Ac —mod).

From the first part of the proof, there is a graded surface (X, A) such that
D"W(E;A) ~ DP(Az — mod).

Now, since £, (0, k) is identified with E, [—1] in (5.25), removing the stops on the
left distinguished boundary corresponds to localising D” (Az —mod) by the category
generated by EBZLB] &1(0,k)~, which yields the result. The cases of | — >r, . =0

orrg— = ry—1 4+ = 0 are analogous. ]

Remark 5.5.1. Choosing different values for m; and j; in the above theorem cor-
responds to changing the identification of the cylinders on the A—side by a cyclic
reordering. This yields homeomorphic mirrors, since cyclically changing the identifi-
cation of an individual annulus, and/ or reordering the annuli in a column, does not
change the number of cycles, or their length, in the cycle decomposition determining

the topology of the surface.



214 Chapter 5. Homological mirror symmetry for nodal stacky curves

5.6 Characterisation of perfect derived categories

In order to establish the statement about perfect objects in Theorem 5.1.3, one must
show that the compact Fukaya category and derived category of perfect complexes,
considered as full subcategories of DWW (Z; A) and D?(A¢ — mod), respectively, are
identified with each other under the quasi-equivalence of Theorem 5.1.1. The aim
of this section is to characterise perfect complexes on the A— and B—sides of the

correspondence before establishing Theorem 5.1.3.

5.6.1 The derived category of perfect complexes

As in the localisation argument, our strategy closely follows that of [BD09, Theorem
2] for the non-stacky case. Let C be a ring or chain of curves with ry _, 7, >0, F

as in Section 5.3, and consider the functor

perfC — D’ (A —mod)

G— Fe®o,G.

In the non-stacky case, it is shown that this functor is full and faithful in [BD09,
Theorem 2 (5)], and this result is generalised to the orbifold case in [LP17b, Proposi-
tion 4.1.3]. As in these cases, one can again identify the essential image of perfC
in D?(A¢ —mod) as the subcategory which is both left and right orthogonal to the
category 7 defined in Section 5.5.1. The proof of the this follows verbatim from
the proof of [LP17b, Proposition 4.1.3 (i)] after replacing u, by H, an extension
of u, by yy. In the case of a ring of curves with r, > r| _ = 0, the category of
compactly supported perfect complexes on C is identified with the category which
is both left and right orthogonal to 7, where this category is formed by the ob-
jects of T, together with & (k)™ for 0 < k <d; — 1. To prove this, observe that
Oq, - (kXdl,_)

0611,7 (kXdl,, )
orthogonal to @z‘:?)] &, (0,k) if and only if its support does not contain g; _. Then,

& (0,k) ~ near ¢; _, and so a module in perfC is left or right

the rest of the proof in this case follows as in [LP17b, Proposition 4.1.3 (ii)]. The

cases whenry _ >r, . =0and ri — = r, =0 are considered similarly.
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5.6.2 Characterisation of the Fukaya category

On the A-side of the correspondence, the characterisation of the Fukaya category as
a subcategory of the partially wrapped Fukaya category remains unchanged from
[LP17b, Section 4.2]. We briefly recall the argument here, and refer to loc. cit. for

the proof.

Let 7; be the collection of Lagrangians supported near the stops on the i
boundary component. It is shown ([LP17b, Proposition 4.2.1]) that 7% =+ T;
corresponds to those Lagrangians in D” W(Z;A) not ending on the i" boundary
component. One direction of this argument is clear: if there is a Lagrangian which is
either compact, or does not end on the i boundary component, then the intersection
with the geometric representatives of Lagrangians supported near the stops can be
taken to be empty. In the other direction, one shows that if a Lagrangian does end on
a boundary component, then there is necessarily a non-trivial morphism at the level
of cohomology between this Lagrangian and a Lagrangian in 7;. In the case where
just one endpoint of the Lagrangian lies on the i boundary component there is a
chain level morphism between the Lagrangian and a Lagrangian in 7; which is of
rank one, so the differential vanishes. In the case where both endpoints lie on the i
boundary component, the chain level morphism complex between the Lagrangian
and a Lagrangian in 7; is either rank one or two. In the rank one case we again
have that the differential must vanish, and in the rank two case one shows that the
differential vanishes by a covering argument. This shows that any Lagrangian with
at least one endpoint on the i boundary component cannot belong to 7?. Checking
that a Lagrangian with at least one endpoint on the i™ boundary component cannot

belong to -7 is done in the same way.
By summing over the boundary components of £ we define 7 = €, 7;. Then,
[LP17b, Corollary 4.2.2] shows:

« In the case of a ring of curves, the subcategory D*F(Z) C D’W(X;A) co-

incides with 7+ =1 7, where 7T is the category generated by the objects
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+
E:.

* In the case of a chain of curves with r; _,r, > 0, the subcategory
D™ F(Z; (r1,_ )%, (0)b=41=4n (r, 1 )%) C DPW(Z;A) coincides with 7+ =+
T, where T is the category generated by El+] forie{l,...,n—1} and E;; for
i€{2,...,n}.

Proof of Theorem 5.1.3. In the case of a ring of curves, or a chain where r| _,r, >
0, the theorem follows from the observation that the generating objects of the category
T on both sides of the correspondence are identified under the equivalence given
in Theorem 5.1.1. In the case where r, . > r; — = 0 we again consider C such
that C = C\ {q1.—}. Then, the statement follows from using the characterisation of
perfC C D?(Az — mod) ~ D®W(Z; A) as the category which is both left and right
perpendicular to 7. O

5.7 Applications

Before demonstrating our main application of invertible polynomials, we first con-

sider an example which does not arise in this context.

Example 5.7.1. For an example outside of the framework of invertible polynomials,

consider a ring of curves with two irreducible components given by

C| = C/O(Ql,— +2q1.4)/P24

Cr = ¢/O(q2,+)/Ps 4,

where the presentation at q; € |C1|N|Ca| for i = 1,2 is given by the action of Hy =

M X g
(Ci7nj) ’ (x,y) = (Cin2jx7 77])’)
at q1, and the action of Hy = g on the node q, is given by

l- (X,y) = (t2x7f4}’),
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where the x coordinate is on Cy here. Letting Uy + =P 4\ {q1 =}, we have that the
isotropy group of the node q - is determined by the class in H? (U 1, 14) given by

the restriction O(q1 - +2q1 +)|u, .- This yields the short exact sequence
D1+ Vi+
1=y — tp X g — g — 1,

where @y . is the map A — ({1, n?), and v .. is given by the map ({',n7) — {'n?/.
The short exact sequence characterising the isotropy group of the gerbe at q _ is
split, and so we have ¥, = (0,1) € Zy ®Zg = Hy, and take Xy = (1,0) € H.
Since %, , = (1,2), we that the weight of Hy on the fibre of @51 (q1,— +2q1.+) at
g1+ is (0,—4) € H,, and we take Xa,, = (0,—1) € H.

At the node g, the isotropy group at q; _ is determined by the class of O(qi,— +

2q1,+ )|, _ in H? (Uy —, U4), yielding the non-split exact sequence
/\4
1 = g — pg — tp — 1,

where the first map is the inclusion. The short exact sequence corresponding to the

gerbe structure at q; 4 is given by
/\2
1=ty — ug — ug — 1.

At the node g we have Xy, , =2 € Zg = Hy, Xr,_ =4, and take X4, = Xq,, = —1.
In order to compute the endomorphism algebra of the exceptional collection given
in Section 5.3, we order the characters of Hy such that Yay,  +., ., is the character
ki +Xa, , —c1.+Xr - Similarly, we order the characters of Hy such that Yak, , +c, ,

is the character ky 4 Xa, . — 2.+ Xry , -

To calculate the endomorphism algebra of the exceptional collection given in
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Section 5.3, fix ji=0and m; = —1 for i =0, 1. Then, there are morphisms

Ext! (Sg, {Xaty +ers 1 P1(0,c1 4 — Liki ) =Cray(er 1,k 1),

Ext! (Sq {Xak,  +er, > Pa((T+ ki 4 +2c14)),—1,e1,4)) = C-bi(ca— ko ).

At the node g, we have morphisms

Ext! (Sg, { Xty +c2., 1 P2(0,24 — Lo ) = Caz(ca i ko y),

2 +k
Ext! (S {2} Pr (24 [ =22 ), =1, 22 + ko)) = Cobaler - ).

Based on this, we can construct the mirror by gluing together A(2,4;4) to A(8,4;2)

via the permutations

(o] (4k1’+ +C17+) = 8(6‘17+ mod 2) + (—k17+ —2C17+) mod 8

2c2,4 +ka v

62(4](27_,_ + 6‘27_0_) = 2(202,4- + k2,+ mod 4) + (_ L 4

|) mod 2.

The cycle decompositions of determining the boundary components and their winding

numbers are

6; 17,017, =(01387215105)(1 149431211 6)

0, 11,007, =(0123)(4567),

yielding two boundary components with winding number —16, and two with winding

number —8. The Euler characteristic is —24, and so the genus of the surface is 9.

Putting this all together, Theorem 5.1.1 yields

Db(A¢ —mod) ~ DPW(Zo 4;(8)%,(16)?).
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Theorem 5.1.3 yields

perfC ~ Dﬂf(29’4)

DPCoh(C) ~ D™W(Zg 4).

This surface does not arise as the Milnor fibre of an invertible polynomial; however,
it is interesting to observe that it is graded symplectomorphic to a surface considered
in [LP20]. Specifically, it is shown that the surface obtained by gluing A(8,16;1)
to A(16,8;1) by the permutations oy(x) = —x mod 16 and o1(x) = —x mod 8 is
mirror to the ring of orbifolds whose irreducible components are given by P 16
and P16 8, where the structure of the node is given by the action of G on xy = 0 by
t-(x,y) = (tx,ty) for G = ug or W. This curve is denoted by C(8,16;1,1) = C,pp,

and [LP17b, Theorem A] establishes the existence of a surface ¥ such that
DP(Ac, , —mod) ~ D"W(Z;(8)?,(16)%),
and [LP17b, Theorem B] yields

perfC,,, ~ D" F(X),

D’ Coh(C,yp,) ~ D"W(X).

In this case, we can deduce that the surfaces X9 4 and X are graded symplectomorphic
by Lemma 4.3.3 (the Arfinvariant doesn’t need to be checked in this case). Therefore,

there are derived equivalences

DP(Ac,, —mod) ~ D" (A¢ —mod),
D" Coh(C,) ~ D” Coh(C).

5.7.1 Invertible polynomials
In this section, we establish Theorem 5.1.4 by firstly applying Theorems 5.1.1

and 5.1.3 to the curves appearing as the B-model of invertible polynomials in two
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variables. We then show that the surfaces constructed are graded symplectomorphic

toV/T.

As in Chapter 2, consider an admissible subgroup I" C I'y. The group I acts
naturally on A? through its inclusion in ker xy, and in each case, I = i acts on A?

by

E-(x,y) = (Ex,&7Ty). (5.27)

This can be checked directly, or deduced from the fact that I" is a diagonal matrix in
SL,(C), and so its two entries must be inverses of each other. Clearly, the only fixed
point of this action is the origin, which is not a point in the Milnor fibre, and so the

quotient of the Milnor fibre by I" is again a manifold.

5.7.1.1 Loop polynomials

For a loop polynomial w = x”y 4 y%x, where we take p > ¢, we consider W =
xPy + yix 4 xyz with admissible grading group I C T'y, of index ¢ = [y, : I'], and the

corresponding stack

Zuypr = [(W1(0)\\ (0)) /17,

where we take the action of I to be given by its inclusion to I'y. We identify I" ~
C* x Ha, where d = ged(p—1,q—1). The stack Zy,p, T has a natural interpretation
as a codimension one closed substack in the toric DM orbifold [(A*\ (0))/I]. The
unique stacky fan describing this DM orbifold is readily checked to be given by the

data of

0 g—1 -1
Bz’ » 7> =: N,

and each column corresponds to a ray of the fan £. The maximal cones of the fan

are given by the span of any two rays. In general, this is a quotient of weighted
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projective space by Ha.

Remark 5.7.2. It is worth noting that we have made a choice in the identification
I'~C*x Ha, and thus how T acts on A3\ (0); however, the above fan is independent
of this choice. Choosing a different identification of I" corresponds to choosing
different change-of-basis matrices in the Smith normal form decomposition of [BQ]"

used to calculate its cokernel.

With this description, one can see that C; = {y = 0} C Zy,  r is the closed
substack of [(A*\ (0))/I] corresponding to the ray p, = l%qel + (g —1)ey, and
similarly that C3 = {x = 0} is the closed substack corresponding to the ray p; =

pTTIel. The quotient fan £/p, is given by the complete fan in Q, and

p—1 —1
I-r
l
Blps): 22~ 26 Ly = N(ps)

4

This is a 441 -gerbe over P,_1 1, and [FMN10, Theorem 7.24] establishes that there
- :

is an isomorphism of toric DM stacks

q—1
4

a-1 —1
Cl \/O(—pg ql,—)/]P)p—l,l-

12

Similarly, we have an isomorphism of toric DM stacks

p—1 —1
Cs \/ O(t—=43.)/Prg1.

12

The curve C; is always an orbifold, and can be identified with C; ~ P, 1.

V2R
Remark 5.7.3. It is worth reiterating that we are not claiming that the gerbe struc-
ture of C1 and Cs are given as above, only that there is an isomorphism of DM stacks.
Due to this, there is some freedom in the identifications, and we have chosen these

for later convenience.

The majority of the analysis in studying the modules over the Auslander sheaf

is at g3 = |C3[NCy

, which corresponds to the point [0: 0 : 1] € |X|. This node is
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presented as the quotient of xy = 0 by the action of L (,—1)4-1) X M given by
T d

p=l. g1
(tvg)'<y7x> = (t d g nyat d gmx)v
where m,n are Bézout coefficients solving
m(p—1)+n(g—1)=d. (5.28)

Therefore the gerbe structure of the point g3 . is determined by the cohomology class

in chd(q_hp;l) ~ H2([A/u,—1], Mo 1) corresponding to the mod £~ L reduction of

% € Z. Similarly, we have that the gerbe at ¢ — € |Cy] is classified by

the cohomology class in Z (p-1,4) = H2([AY/1,1], Mo ) corresponding to the

ged(p—
mod q L reduction of p L €7Z. The corresponding short exact sequences at g3 1 and

q1,— are

1= fp B g ¥ o Bt g1 — 1, and (5.29)
, (p=1g=1) X He
?1,—- Vi -
1= ‘uflzl — .u(pflzl(qfl) X ,LL% — Hp-1— L, (5.30)

respectively. Here A4, 1, and £ are

/ 14 / 4

27r\/ 21/ —14
’n: 1)(’7 1) ézen ﬁl7

and @5 . is the map A, — (n "7 &), ys 4 is (N9, EP) > n T AEE, @y _
is A — (n’"(pjiw

7D, v —is (n9,E8) nq%laémb, where m,n are again the
Bézout coefficients of (5.28).

From this description, we have that the group H3 acts on the fibre of O~ (—g3,.4)

at g3 4 with weight x,, . = (&~ d ,—Nn) E L @Zd ~ Hj for m, n solving (5.28),
' d

and similarly Oz ( g1,—) at g; — is acted on with welght Xr_ = (%, m). The

character with which Hj acts on the fibre of N3 is (non-uniquely) determined by
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the condition that p—zl Xdy. = % Xr;..» and maps to a unit in Z -1 under the dual
; 7

of @3 1. The natural choice for this is 4, ., = —% _, and similarly we choose
Xd_ = Xr3 ;-
In Hs, we label the characters such that Xki(g—1)+i = —iXrs +kiXas, for

ks €{0,..., pTTI —1}and i€ {0,...,q—2}. This is the B-side version of labelling
the stops on the right side of the left column of cylinders top-to-bottom. With

this ordering, the sheaf on 51 whose fibre at g1 _ is acted on by H3 with character

Xky (g—1)+i is given by
Op. (jar,-) N,
where j € {0,...,p—2}and k_ € {0,...,%— 1} solves
—JjXr_ tk-Xa,_ = —iXr,, +kiXas - (5.31)

A solution to this is readily checked to be given by

—1
k_ = —imod 7
: (5.32)
) p—1, =il
=ky ——— dp—1.
j=k =Ly mod p
Fixing m; = —1 and j; = 0 as in the proof of Theorem 5.1.1, one computes

Eth (8613{_i%r3,+ +k+Xd31+}77)3<07 (l - 1) mod q— 1>k+)) =C- Cl(i,k+), and

Eth(SQ3{_i%r3,+ +k+%d3,+}77)1(<j_ 1) mod pP— 17_17k*)) =C b(]vk*)

for j,k_ asin (5.32).

Consider now the nodes g; = |C;| N |Cz| and g2 = |C2| N |C3]. The structure

of these nodes is far more simple, and at g; we have the node is presented as the
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quotient of xy = 0 by the action of u, 1 given by
J4

t-(x,y) = (x,1y),

and analogously for ¢,. Therefore, one has ﬁl ~ Zq% and I-Alz ~7 pts and Xry_
and Yy, , are the identity in Z g1 and Z Pt respectively. The charactef with which
Hj acts on the fibre of A at q1,+ (resp. on N3 at g3,—) is any unit of ﬁl (resp.
ﬁg), and so we choose Xy, + to be the identity and X, _ to be minus the identity in
their respective character groups. With this, the morphisms between objects in the

exceptional collection supported at g are readily checked to be

Ext!(S,,{c},P1(0,~1,¢)) = C-a(0,c)

Ext' (S, {c}, P2((~1 — ¢) mod %,—1)) —C-b(—0),

and similarly for the morphisms between objects supported at ¢,.

. . . -1
As the mirror to C, we take the surface given by gluing A(p — 1, l;qT),
A("TTI,”TTHI) and A(1,q — 1;1%1) via the permutations o] =id € G41, 0y =
l

ide S,-1,and 03 € G (,_1)-1) 1s given by

N

4
ki(g—1)+i—k_(p—1)+(—j) mod p—1

for i, j solving (5.32). From this, it is clear that one boundary component with
winding number —2‘1%1 arises from o7, and similarly that one boundary component
with winding number —2’%1 arises from 0,. The number of boundary components,
and their winding numbers, arising from o3 is given by the number of cycles, and

their respective lengths, of o3 l’L’gl 037Ty,. This permutation is given by

(51—1)<(k+—1)m0d ijl>+<,‘_1+

g—1 L(lq—l)ﬁ

7 P J)modq—l
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and so there are ged(q — 1,%‘%72) = ged(p — 1,%‘{72) cycles, each of length

(p—1)(g—1)
ged(l(g—1),p+q—2)"

this gluing, and each has winding number —2

Therefore, ged(qg — 1, %?_2) boundary components arise from

(p—1)(g—1)
ged(l(g—1),p+q-2)"

Putting this all together, we have that the surface constructed, call it Zwloopvr’

has 2+ ged(qg— 1,2 +q 2) punctures, and Euler characteristic given by

g—1 p—1 (¢ 1p+q—2 (p—1)(g—1)

—7(¥ =——+——+gcd
A1) = ==+ +ge 0 Tlged(g—1,22422)

_pg—1
T

Therefore, the genus is

8By ) = 55(pa— 1 ~ged(tlg— 1), p+42))

Applying Theorem 5.1.1 yields a quasi-equivalence

Db(A¢ —mod) ~ DbW< p_1 p=1lg=1) )>b,2q_1>7

e (
toop: 1" ¢ "\"ged(l(g—1),p+q—2 14

where b = ged(g—1,2 +Z*2), and then Theorem 5.1.3 establishes quasi-equivalences

D’ Coh(Zy,,, r) ~ D*W(Zy,, 1)

Wloop y

perfZy, . r =~ D" F (Zy, ., )

In the case of I' =I'y, we observe that the graded surface constructed on the
A—side is graded symplectomorphic to the Milnor fibre of the transpose invertible
polynomial. To see this, we note that the above gluing is the same as the gluing
permutation of Section 4.3.2.1, although where the identification of the cylinders in
A(p—1,1,L4; 7 l) here have been rotated —-—="; degrees. It was established in loc. cit.
that the surface glued in this way is graded symplectomorphic to the Milnor fibre
of W by comparing the corresponding ribbon graphs. Building on this strategy, we

establish a graded symplectomorphism V' / I'~% r by first making a topological

Wioops
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identification via the quotient ribbon graphs, and then deducing that the grading

structures match by elimination.

Recall the description of V as w; ! (—&) for 0 < § < € given in Section 3.3,

where

Firstly, observe that the Morsification chosen is I -equivariant, and so taking the quo-
tient commutes with Morsifying. Moreover, since the quotient map is an unramified
cover and the deformation retract preserves equivalence classes of the quotient map,
the deformation retract which takes V to its ribbon graph induces a deformation
retract of V / I" onto the quotient ribbon graph. With respect to the classification of
critical points in Section 3.3.1, we refer to neck regions which form by smoothing
critical points of type (i) as neck regions of type (i), and the corresponding node in
the ribbon graph as a node of type (i). We refer similarly to neck regions and nodes
of type (ii) and (iii). We label the nodes of type (i) and (ii) according to the X and
¥ argument of the corresponding critical points, respectively. Then, the /™ node of
type (i) is identified with the (I + 1%1)”1 node of type (i). Similarly, the m™ node
of type (ii) is identified with the (m — %)th node of type (if). This partitions the

nodes of the ribbon graph.

To understand how I" partitions the edges, recall that part of the basis for the
first homology group of V is given by the Lagrangians lVva (resp. "Vyy and Vi),

which were defined as the waist curves which form in the /th

neck region of type
(i) (resp. the m™ neck region of type (ii), and the neck region of type (iii)) upon
smoothing. Since Morsification commutes with the action of I', the Lagrangians Vv
and l+prlVva become identified in the quotient, and therefore so to do the edges of
the ribbon graph onto which these Lagrangians deformation retract. The analogous

statement for the Lagrangians "Vy; is also true, and so we see that two loops of the

graph are identified with each other when the corresponding nodes are.
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To understand the action of I" on the remaining edges, recall that two nodes
are connected by an edge if there is a vanishing cycle which passes through both
corresponding neck regions. The cyclic ordering of the nodes is determined by
the argument of the Lagrangian away from the neck regions which it connects —
see, for example, Figure 3.8. From this, it is clear that edges between the node of
type (iii) and nodes of type (i) (resp. type (ii)) are identified in the quotient when
the corresponding nodes of type (i) (resp. type (ii)) are. All that remains is to
understand the action of I" on edges which connect the nodes of type (i) and (ii). For
this, recall (Section 3.3.5) that the remaining vanishing cycles which form a basis of
the first homology of V are given by "V, for [ € {0,...,p—2},m € {0,...,q -2},
and these are the Lagrangians which pass through the /™ neck region of type (i)
and the m™ neck region of type (ii). By analysing the action of I" on the ¥ and
¥ projections of the Milnor fibre, as given in Section 3.3.3, we see that """V, gets
identified with ”p%fl’m’%vo as it enters the {Ww = £} component the Milnor fibre.
Away from the neck regions which connect it to the {X =0} and {y = 0} components,
{w = €} is an unramified cover of {{u+v = ¢} \ (Bs(€,0)UBs(0,€))} C C?, and
so the Lagrangians "V; and ”%’m’%vo get identified in the component {Ww = €}.
Therefore, the edge of the ribbon graph connecting the /'™ node of type (i) with the
m™ node of type (ii) gets identified with the edge connecting the (I + pT_l)th node
of type (i) with the (m — %)th node of type (ii) — see Figure 5.6 for an example.
Note that this identifies the cyclic ordering of the two nodes in a non-trivial way.
Moreover, the pushforward of the basis of the first homology for the ribbon graph of
V given by the deformation retract of vanishing cycles spans the first homology of
the quotient ribbon graph. Therefore, the pushforward of vanishing cycles spans the
first homology of V/ I". It should be emphasised, however, that we are making no
attempt to precisely describe a basis of Lagrangians on V' / I"; we only claim that the
vanishing cycles span the first homology of V / I". In general, two Lagrangians "V,
and ”p%fl’m’%vo are not isotopic in the quotient, but are related by Dehn twists

around the waist curves of the cylinders through which they both pass.
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@J
Figure 5.6: Part of the ribbon graph corresponding to V for W = ¥y + . For clarity, we
have only drawn the edges which form the cycles onto which the vanishing cycles “~/V, for
i €{0,1,2,3} deformation retract. In the quotient of V by I" = ,, the two red cycles and
two green cycles are identified, and the representatives of the nodes are given by the blue
and yellow nodes (recall argX = — argy), together with the node of type (iii). In the case of

I" = 4, all coloured cycles are identified, and the blue nodes, as well as the node of type
(iii), are taken as the representative in the quotient.

Since the cyclic ordering at nodes is identified in a non-trivial way, one
must choose a representative of each equivalence class of nodes to work with
a specific ordering. By convention, we will choose the nodes of type (i) corre-

sponding to the neck regions which arise from smoothing the critical points with

2n(p—1-1)
) p— 17 o U(p-1)

type (ii) to Correspond to the smoothing of the critical points of type (ii) with

argument argx € {0 } and similarly we choose the nodes of
argy € {0, — q i D M} Figures 5.7 and 5.8 show the cases of V /I’
for V the Milnor fibre of ¥y + % and I = 1y, W4, respectively. From this,
we see that the surface corresponding to this quotient ribbon graph is given by
gluing A(p — 1, l;q;l), A(‘I;gl, 1%1; 1) and A(1,q — 1;”771) via the permutations
1d€6ql,(72—1d€6pT nd63€6¢ where o3 is given by

—il
1 )

ki(g—1)+i— ((—i) mod %)(p— 1)+ (

As in the maximally graded case, this only differs from the gluing given for Xy,
by changing the identification of the cylinders in the column A(p — 1, 1; %)

To identify the line field used to grade V/ I, observe that the pushforward
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Figure 5.7: Ribbon graph corresponding to V /i, for w = ¥y + 77 x.

Figure 5.8: Ribbon graph corresponding to V /iy for w = ¥y + 7 x.

of any vanishing cycle in V is gradeable with respect to the line field which is
horizontal on cylinders and parallel to the edges of the attaching strips. Indeed, for
the waist curves to be gradeable, the only possible line field is the one which is
horizontal on cylinders. To see that the pushforward of the Lagrangians “"'V; are
gradeable with respect to the claimed line field, observe that the pushforward of
such a Lagrangian deformation retracts onto a cycle of the quotient ribbon graph
which passes through three nodes, one each of type (i), (ii), and (iii). Therefore, the
pushforward Lagrangian is characterised by which attaching strips it passes through,
as well as some number of Dehn twists about the waist curves in the cylinders which
the attaching strips connect. For this curve to be gradable, the line field must be
(homotopic to) the claimed line field. By the uniqueness (up to homotopy) of the
line field with respect to which the pushforward of the vanishing cycles of V are all

gradeable, the line field on V / I" is homotopic to the line field which is horizontal on
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cylinders and parallel to the edges of the attaching strips. This completes the proof

of Theorem 5.1.4 in the case of loop polynomials.

5.7.1.2  Chain polynomials
For a chain polynomial w = x”y + y? we consider W = x”y+y? 4 xyz, and I’ C T’y
of index ¢ with identification I ~ C* x Ha, where d := ged(p, g — 1). We define the

corresponding stack

Zuyin = [(WT1(0)\ (0)) /T,

where I" acts by its inclusion into I'y,. This stack has two irreducible components

—the firstis Cp = {x? +y? 1 4+ xz=0 ~ P, 141 41, and the second we identif
y (p=1)(q )7qT y

l
with a t,-1-gerbe over Py ,_; as follows. We identify C; as the closed substack of
4

Z

wanin I COITEsponding to the divisor {y = 0}. Analogously to the loop case, we see

that the quotient stack [(A?\ (0))/T7 corresponds to the stacky fan given by the data

of a morphism

and the rays of the fan X correspond to the column vectors. The maximal cones
of the fan are given by the span of any two rays. In general, this is a quotient of

weighted projective space by Ha.

With this description, we see that C; is the closed substack corresponding to the
ray po = (1 —q)e; + wg(q_l)ez, and so C; is given by the quotient fan consisting

of the complete fan in Q, N =Z & Z4-1, and
4

p—1 —1

0
B:72 > 73T,
4

~IS
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Again, by [FMN10, Theorem 7.24], we see that there is an equivalence of toric DM

stacks

Cp ~ %{/@(—%ql,_)/xpp_l,l.

As in the loop case, the computation of the morphisms in the exceptional collection is
done locally. To this end, consider a local presentation of the node g, = |C2| N |Cy| =

[0:0: 1]. This is given by the quotient of xy = 0 by the action of t(, 1)1y given by
(p=1g=1)

t-(y,x) = (ty,t97 x).

This yields x, = q—1 and y, = 1. Therefore, the presentation of the

gerbe C; at g is determined by the class of £ mod qTTI € chd(pih%) ~

H2([A'/1,-1],tg-1). This gives the short exact sequence
l

A1
U=ty = ooy — Hp-1 = 1.

The action of H, on N at g _ is such that q%}%dl‘_ = 0xr_ in Z(,H)[(q,w = i,
and a natural choice for this character is x4, = 1. We order the characters in flz

such that ). = —c. With this ordering, the sheaf on CNl whose fibre at g1 _ is acted

on by H, with character y. is given by
. k-
O@(]Q1,7)®N1® ;

where

—1
k_:—cmoqu
et (5.33)
=21 =% | mod p—1.
J qu_lij p

From this, one can see that we have the following morphisms in the exceptional
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collection:

Ext! (842{XC}77)2(07C_ 1)) = C'a2(0>
Eth(SQZ{XC}7P1<(_1 _.]) mod pP— 1, _lvk—)) = (C'bZ(_jak—)

for j,k_ asin (5.33).

As in the loop case, the analysis of the node g; = |C;| N |C;| is determined by
the choice of y,, . In particular, we have ﬁl =Zqg-1, Xr,_ =1, and take x4, . = —1.
: - : :

We again order the elements of H, such that Xc = —c, and with this we have the

following morphisms in the exceptional collection:

Ext' (Sy,{xc},P1(0,~1,¢)) = C-a;(0,c)
—1)(g—1
Ext! (8, (e Pa(e— 1) mod L= )y o)
To construct the mirror to this curve, we glue together two columns, A(p — 1, 1;‘1771)
and A(%, %; 1) via the permutation o) =id € & 1 gluing the first column

to the second, and the permutation 6, € G (,_1),-1) given by
(p=1fg=1)
c—k_(p—1)+(—j)mod p—1

for k_, j as in (5.33) gluing the second column back to the first. From this, it is
clear that there is one boundary components arising from the first gluing, and it has
winding number —2‘%1. From the second gluing, we have that o, ! Ty, 02Ty, 1S given

by
c—c—q,

and so there are gcd(q, %‘%4) boundary components, each with winding number

_p_(p=D)(g=1)
ged(lg,p+q—1)°
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Putting this all together, we have constructed a surface, call it Xy ., which

has 1+ ged(g, %7_1) punctures, Euler characteristic

—1
_x(zwchaimr) = %7

and genus

1
8w T) = ﬂ(m —p+L—ged(lg,p+q—1)).

Applying Theorem 5.1.1 yields a quasi equivalence

ptg—1

(p—1)(g—1) )gcd(% ‘ >)
ged(lg,p+q—1) '

—1
D°(Az, . —mod)~DW (chham,ﬁzq 7 (2

‘Wehain»

Applying Theorem 5.1.3 yields

D" Coh (ZwinT) =2 D"W (Zw i 1)

Peerw = Dn‘F(ZWchainvr)'

chain

In the case of maximally graded chain polynomials, observe that the above descrip-
tion differs from that of Section 4.3.2.2 only be a rotation of the identification of
the left boundary of the first annulus in the first column. Therefore, the surface
constructed in the maximally graded case is graded symplectomorphic to the Milnor
fibre of W in the maximally graded case. In the case of ¢ > 1, we follow the same
strategy as in Section 5.7.1.1 to deduce that V/ I" is graded symplectomorphic to

Y chain,r'» and this establishes Theorem 5.1.4 in the case of chain polynomials.

5.7.1.3 Brieskorn—Pham polynomials

The case of Brieskorn—Pham polynomials is covered in [LP17b], although we include
it here for completeness. For each Brieskorn—Pham polynomial w = x” +y?, we
consider W = x” 4+ y? 4 xyz, and I" C I'y, a subgroup of index ¢ containing the group

generated by the grading element with identification I' ~ C* x Ha. As in the previous
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cases, we define

ZWBP:F = [(Wq(O) \ (0))/F],

where I" acts by its inclusion into I'y. This stack has one irreducible component,

whose coarse moduli space is a nodal rational curve, and the normalisation is given by

C~Ppyg-1)-1 (-1)g-1-1. We identify the coordinates in the patch of C containing
4 ’ 4

g+ = o as x, and in the patch containing g = 0 as y. Therefore, the presentation of
C around the node ¢ is given by the quotient of xy =0 by H = U (,_1)(4-1)-1, Where
(e=Dlg=D-1

the action is given by

t-(xy) = (17 x,1p).

Correspondingly, H acts on the fibre of O(—¢g_) at g with weight 1, and with
weight ¢ — 1 on the fibre O(—q ) at ¢ .

In H =7, 1y, 1) 1, we label the characters such that . = —c(g— 1). Then, for
e
each ¢ € Z (,-1)(4-1)-1, we have the following morphisms in the exceptional collection:
4

Ext' (S, {x:},P(0,c—1)) = C-alc)

(p—1)(g—1)—-1
‘

Ext! (S, {xc}, P((c(g—1) — 1) mod ,—1)) =C-b(c(g—1))

Correspondingly, the mirror surface is given by gluing the cylinder

A((p_l)(z_l)_l, (p_l)(z_l)_l ;1) to itself via the permutation & € & (,_1),-1)-1 given
(r=1)(g=)-1

by
c— —c(g—1).

The commutator [0, T| € & (,—1)4-1)-1 , Where T is the permutation ¢ — ¢ — 1, is given
(p=Dg=1)-1
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c—c—p.

Correspondingly, there are gcd(q, pr") = ged(p, p_ng) boundary components, each

2(17*1)(61*1)*1

. Therefore, the Euler characteristic is
ged({q,p+q)

of winding number —

(p—1)(g—1)—-1
/g )

_%(ZWBPI) =

and the genus is

8(wyer) = 720~ 1+ (= 1)(g— 1) ~ ged({g,p+)).

Applying Theorem 5.1.1 yields

(p—Dg—1)— 1)g°d<q,g>),

D’ — mod) ~ D” (2 ;(2
(A = mod) W (Bt ged({q,p+q)

and applying Theorem 5.1.3 yields

Db COh(ZWBP.F) = DTCW<ZWBP7F)7

perf Zyyo 1 = D™ F (Zywgpr)-

In the maximally graded case, the description of the mirror surface matches that of
Section 4.3.2.3 on-the-nose, and so is graded symplectomorphic to the Milnor fibre
of w. The proof that V/ I" is graded symplectomorphic to Ygp follows as in the

loop and chain cases, and this completes the proof of Theorem 5.1.4.

5.7.1.4 Proof of Corollary 5.1.5

Finally, in this subsection, we provide a proof of Corollary 5.1.5. Such a result was
previously obtained by purely algebro-geometric methods in [FK19], although here

we deduce it as a consequence of homological mirror symmetry.

Proof of Corollary 5.1.5. By observing that the results of Section 4.3.4 show that
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the wrapped Fukaya categories of the Milnor fibres of the transpose polynomials are
quasi-equivalent, Theorem 5.1.4 establishes that the derived categories of coherent

sheaves on their mirrors are, too. OJ
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