HOMOLOGICAL MIRROR SYMMETRY FOR NODAL STACKY CURVES

MATTHEW HABERMANN

ABSTRACT. In this paper, we establish homological mirror symmetry where the A-model is a finite
quotient of the Milnor fibre of an invertible curve singularity, proving a conjecture of Lekili and
Ueda from [LU22| in this dimension. Our strategy is to view the B-model as a cycle of stacky
projective lines and generalise the approach of Lekili and Polishchuk in [LP17] to allow the irreducible
components of the curve to have non-trivial generic stabiliser. We then prove that the A—model which
results from this strategy is graded symplectomorphic to the corresponding quotient of the Milnor
fibre.

1. INTRODUCTION

To begin with, consider an n x n matrix A with non-negative integer entries a;;. From this, we

can define a polynomial w € C[z1,...,x,] given by
n n
W(Z1,. .., &) = Z Hx?”.
i=1j=1
If w is quasi-homogeneous, we can associate to it a weight system (do,dy,...,dy;h), where
w(thzy, . . tha,) = thw(zy, ..., 2p),
and dy := h—d; —--- — d,,. In [BH93], the authors define the transpose of w, denoted by w, to be

the polynomial associated to AT,

and we call this the Berglund-Hiibsch transpose. One can associate a weight system for w, denoted
by (do,dy,...,dn;h), in the same way as for w. We call a polynomial w invertible if the matrix A
is invertible over @Q, and if both w and W define isolated singularities at the origin.

A corollary of Kreuzer—Skarke’s classification of quasi-homogeneous polynomials, [KS92], is that
any invertible polynomial can be decoupled into the Thom—Sebastiani sum of atomic polynomials
of the following three types:

e Fermat: w = al*,

o Loop: w = z'zo + 2b?w3 + - + 2hray,
o Chain: w = af'ay + 25223 + - + 2" oy, + 2.

The Thom—Sebastiani sums of polynomials of Fermat type are also called Brieskorn-Pham.

Remark 1.1. In this paper, we will use the word ‘chain’ to refer to both a chain of curves, as well as
a curve corresponding to an invertible polynomial of chain type (which is in fact a cycle of curves
with two irreducible components). We believe that this distinction will be clear from context.

To any invertible polynomial, one can associate its mazimal symmetry group
Tw = {(t1,... tns1) € (C)" Y w(tizy, ..., they) = thaw(zy, ..., 2,)}

In general, this is a finite extension of C*, and is the group of diagonal transformations of A™ which
keep w semi-invariant with respect to the character (¢1,...,t,+1) — tn+1, which we denote as xw.
1
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It follows from the fact that w is quasi-homogeneous that there is a natural inclusion
¢:C* T
te (¢ ),

(1)

and a subgroup I' € T'y, is defined to be admissible if it is of finite index and contains im(¢). Given
an admissible subgroup I' € I'y,, we define the Berglund—Henningson dual group as

I := Hom('y/T, C*). (2)

The extension to consider invertible polynomials with different grading groups was initiated by
Berglund and Henningson in [BH95] and systematically studied by Krawitz in [Kral0]. By construc-
tion, we have that I'c SL(n,C). Note that this definition differs from that of [KralO, Definition
15]; however, [ET13, Proposition 3|, shows that the above definition is equivalent/{ With this setup,
homological Berglund—Hiibsch—-Henningson mirror symmetry predicts:

Conjecture 1. For any invertible polynomial w with admissible symmetry group I' € 'y and
corresponding dual group I', there is a quasi-equivalence

mf(A", T, w) ~ FSx(W)
of pre-triangulated Ao -categories over C.

In the above, mf(A™, T', w) is the dg-category of T'-equivariant matrix factorisations of w on A",
and FSy(W) is the orbifold Fukaya-Seidel category of (W,T). Presently, there does not exist a
definition of such a category in full generality, although the work of [CCJ20] gives a candidate in
the context of invertible polynomials where dy < 0. In the maximally graded case where I' = I'y,,
this is known as homological Berglund—Hiibsch mirror symmetry, and goes back to [Tak10], [Ued06].
Recently, there have been many results in the direction of establishing this conjecture. In the max-
imally graded case it has been proven in several situations — in particular, for Brieskorn—Pham
polynomials in any number of variables in [FU11], and for Thom-Sebastiani sums of polynomials
of type A and D in [FUI3|. The conjecture is also established for all invertible polynomials in two
variables in [HS20]. Progress on the conjecture was made in [PV21], where the authors demonstrate
that the exceptional collection in the category of matrix factorisations constructed in [AT20] satisfies
a recursion relation with respect to the number of variables. Recently, in [Hab22al, a reformulation
of Conjecture [1in two variables ([FU13|, Conjecture 6.1]) was established, incorporating the equiv-
ariance in the A-model by pulling back W to the total space of the crepant resolution of C? /f

By the definition of I (see Section |§| for the case of two variables which we consider), we have that
it is a subgroup of (C*)™ which keeps W invariant, and so, in particular, preserves its fibres when
considering it as a map W : C" — C. In this case, the (completed) Milnor fibre is w~1(1) = V, so it
makes sense to define the equivariant Milnor fibre as the quotient stack [XV// f‘], although it should be
emphasised that symplectic techniques in this setting are still in their infancy. Nevertheless, once
an appropriate definition of the wrapped Fukaya category for such a quotient stack is made sense
of, one expects:

Conjecture 2 ([LU22, Conjecture 1.4]). For any invertible polynomial w with admissible symmetry
group I' € T'y, and corresponding dual group T', there is a quasi equivalence

W([‘\?/f]) = mf(An-H,F,W + xox71 .. xn)
of pre-triangulated Ay -categories over C.

Here, mf(A" ™! T',w + zox1 ...2,) is the dg-category of I'-equivariant matrix factorisations of
W+ 20 ... 7, on A" where the action of I' has been extended in a prescribed way ([LU22, Section
2]). In the maximally graded case, this conjecture was recently established in the case of n > 3 for all
simple singularities in [LU2I], and the case of Brieskorn—Pham polynomials of the form l’% + x% +w

1Strictly speaking, the cited result pertains to the closely related maximal group of symmetries which keeps w
invariant, although the resulting quotient, and therefore dual groups, are the same.
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in [Li22]. Recently, progress towards a Z/2-graded equivalence was made for the Milnor fibre of any
maximally graded invertible polynomial in [Gam20].

There is a trichotomy of cases depending on the sign of dy, and in the case of dy > 0 (log general
type), a generalisation of Orlov’s theorem ([Orl09, Theorem 3.11]) yields an equivalence

mf(A" " T, w + zoz1 ... 2,) ~ D° Coh(Zyr), (3)
where

Zw,r = [(SpecClzo, 1, ..., xy]/(W + zoz1 ... 2,)\(0))/T]. (4)

The generalisation to the case where I'y, is a finite extension of C* is straightforward, and the ex-
tension to the setting of dg-categories was studied in [Shil2], [Isi10], [CT13|. In two variables, every
invertible polynomial is of log general type except for z2 + y2. This, however, corresponds to the
well-understood HMS statement for C*.

Recall that the subcategory perf Zw r < Db Coh(Zw ) is comprised of the objects which are
Ext-finite, since Zyw r is a proper stack. On the symplectic side, it is clear that compact Lagrangians
have finite dimensional Hom-spaces; however, it is not known in general if non-compact Lagrangians
necessarily do not. This is reasonable to expect though, and is certainly the case in all known
circumstances. In the equivariant setting, it makes sense that the same statement should be true,
since morphisms should be given by the [-invariant pieces of the Floer complexes on V. Therefore,
Conjecture [2] in the log general type case would imply an equivalence

F([V/T) ~ perf Zy r. (5)

In the maximally graded case, the first instance of this was given in [LP11] for 3 + 23, The
equivalence was subsequently establish in the cases of w = ZZ 1T "H and w = 2% + 31", 22", both
for any n > 1, in [LU22], and for all invertible polynomials in two variables in [Hab22]. Our main
result is a proof of Conjecture (1| and the implication in the case of n = 2, also allowing for the
B—model to be non-maximally graded.

Theorem 1. Let w be an invertible polynomml in two vamables wzth admissible symmetry group
I' € I'w and corresponding dual group r. Then, the action ofF on V is free, and there are quasi-
equivalences

F(V/T) ~ perf Zw,
W(V/T) ~ D*Coh(Zy.r)
of Z-graded pre-triangulated A -categories over C.

Remark 1.2. It should be reiterated that, although there is a trichotomy of cases depending on
the weight dg, all but one invertible polynomials in two variables are of log general type, and this
exception is well-understood. We are therefore free to state Theorem [I] in the context of invertible
polynomials of log general type without further assumptions.

Remark 1.3. In general, it is not true that the action of I" on the Milnor fibre will be free; however,
the fixed points of the action on C™ always lie on the divisor {Z ... &, = 0}, meaning that the action
on the very affine Milnor fibre V n (C*)™ considered in [Gam20] is free.

Our proof of Theorem [1}is orthogonal to previous approaches to Conjecture [2, and instead follows
the more abstract construction of [LP17], before checking that this agrees with the predictions of
Conjecture

n [LP17], the authors consider chains and cycles of weighted projective lines meeting nodally at
a point whose isotropy group is finite and cyclic, and where at most two points of an irreducible
component can have non-trivial isotropy group. The mirror symplectic surfaces are constructed by
gluing together the mirrors to the irreducible components of the curve via a permutation determined
by the stacky structure of the node.
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Stacky curves in the above presentation were first considered in [STZI14] as part of the coherent-
constructible correspondence, although the work of Lekili and Polishchuk generalises the class of
curves able to be considered by allowing the stacky structure at the nodes to be non-balanced.
Roughly speaking, the condition that the node be balanced means that the gluing maps of the
mirror are the identity. Moreover, allowing non-balanced curves is crucial in the construction of
mirrors to symplectic surfaces of genus greater than one, and this will continue to be important for
us.

In our approach to Theorem [l we expand on the results of Lekili-Polishchuk to allow for the
irreducible components to have non-trivial generic stabiliser, and then consider the B—model of
Theorem [I] in the abstract as such a cycle of nodal stacky curves. We then show that the A—model
which we construct as its mirror is graded symplectomorphic to the quotient of the Milnor fibre of
the transpose polynomial by the corresponding Berglund—Henningson dual group. Fortunately, the
construction of the Auslander sheaf — a certain sheaf of non-commutative algebras — in the orbifold
case studied in [LP17] is robust, and carries through with only minor alteration when one includes
non-trivial generic stabilisers.

Let Py, _r, . be the orbifold P! with orbifold points (g; —,q; +) such that Aut ¢; - ~ pr; _ and
Aut g;+ =~ pr,, (in the chain case we are allowing 71— = 0, and/ or r,+ = 0, so that the
corresponding irreducible component is a (stacky) Al).

Theorem 2. Let C be the Deligne—Mumford stack such that:

e The coarse moduli space of C is a cycle or chain of n P’s.

e Fach irreducible component, C;, has underlying orbifold P, and generic stabiliser piq,

N
such that r; yd; = 1i41,—dig1 (we allow 1~ and/ or rn 4 = 0 in the case of a chain of
curves).
e The node q; = |C;| n |Cit1| has isotropy group H; and is presented as the quotient of

Spec Clz, y]/(xy) by H;, where the action is given by
h(z,y) = (Yi+(h)z, Yit1,—(h)y)

for some surjective ¢  : Hy — pip, . and i1, Hy — pir,, .
Then

DY(Ac —mod) ~ W(Z; A)

is a quasi-equivalence of Z-graded pre-triangulated A -categories over C, where 3 is a Z-graded,
b-punctured surface of genus g such that the genus, boundary components, and collection of stops,
A, are determined by the r; +, d;, and the local presentation of the nodes as the quotient by H;.

Remark 1.4. Note that our presentation agrees with the orbifold case when each d; = 1 by observing
that one can always arrange the action of H; ~ u,, to be such that v; 1 _ = id, and v; 1 : pp, BANLN Ly,
for some k; € (Z/r;)*. The notion of a node being balanced, mentioned above and appearing in the

work of [STZ14], is the condition that x; = —1.

Remark 1.5. Whilst we do not use this language, the above result, as well as Theorem |3| below, can
also be interpreted as an application of [GPS23].

It is well-known that passing to the quotient by an abelian group on the B—side corresponds to
a cover on the A-side by the dual group; the main difficulty in proving Theorem [2] is in keeping
track of these groups and how this structure ‘fits together’ at intersection points of the irreducible
components. This is the data of the presentation of the H;-action at a node, and corresponds to a
choice of gerbe structure on each irreducible component, as reviewed in Appendix [A] As part of the
proof, we show that the resulting categories are independent of this choice.
Following [LP17], when referring to a specific configuration of points on the b boundary components
of 3, we will denote the partially wrapped Fukaya category by W(X;m1, ma, ..., my), where m; is
the number of stops on the i** boundary component. When there are d boundary components with
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m stops, we shall notate this as (m)?.

By identifying localising subcategories on the A— and B—sides in Theorem [2] we get:
Theorem 3. Let C and X be as in Theorem[3. Then

perf C ~ F(X)
DY CohC ~ W(X),

are quasi-equivalences of Z-graded pre-triangulated A -categories over C in the case of a cycle
of curves. In the case of a chain of curves, there are quasi-equivalences of pre-triangulated A -
categories over C

perf,C ~ F(Z; (r1,—)™, (0)°~h =" (7, 1 )™)
DP Coh(C) =~ W(Z; (r1,-)™, (0)P=h = (r,, 4 )0,

where perf, C is the full subcategory of perf C consisting of objects with proper support.

It should be emphasised that the choice of grading on the surface in the above theorems is a
crucial piece of data. Changing it would change the grading of the endomorphism algebra of the
generating Lagrangians, and, in general, would not yield a derived equivalent algebra. Moreover,
taking perf, C in the case of a cycle of curves is only necessary when r; _ and/ or 7, + = 0. The cat-
egory F(X;mi,mo, ..., my) is the infinitesimally wrapped Fukaya category of [NZ06] (cf. [GPSIS]).

With this in hand, we establish Theorem [1| by first explicitly exhibiting the B-model as a cycle of
weighted projective lines, and then constructing the mirror manifold according to Theorems [2| and
To finish the proof, we then demonstrate that these manifolds are graded symplectomorphic to
the A—models appearing in Theorem

1.1. Structure of paper. In Section we review the theory of Auslander orders over nodal
(stacky) curves, incorporating the necessary alterations of the orbifold case to allow for non-trivial
generic stabilisers. Section [3|is an application of the theory developed in [HKK14] to the curves
on the A-side which we consider, whilst Sections [f] and [5] exposit the changes to the localisation
argument and perfect complex characterisation of [LP17] required to prove Theorems [2| and |3} The
computational heart of the paper is in Section [6] which is devoted to the proof of Theorem [I] We
recall the basic constructions of root stacks, both with and without section, in the context of how
use them in Appendix [A]

1.2. Conventions. We work over C throughout. For a Deligne-Mumford (DM) stack X we write
x € X to mean x : SpecC — X, and let |X| be its underlying topological space. We refer to a DM
stack with trivial generic stabiliser as an orbifold. All Fukaya categories are completed with respect
to cones and direct summands.
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Tim Magee for their interest in this work, and answering the author’s many questions during the
early stages of this project. This work was supported by the Engineering and Physical Sciences
Research Council [EP/L015234/1], The EPSRC Centre for Doctoral Training in Geometry and
Number Theory (The London School of Geometry and Number Theory), University College London.
The author gratefully acknowledges support from the University of Hamburg and the Deutsche
Forschungsgemeinschaft under Germany’s Excellence Strategy — EXC 2121 “Quantum Universe” —
390833306.
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2. AUSLANDER ORDERS

In this section, we give a brief account of the theory of Auslander orders over curves, as intro-
duced in [BD09] and expanded upon in [LP17], before constructing the relevant (mild) generalisation.
These are sheaves of non-commutative algebras, initially introduced to study non-commutative reso-
lutions of the subcategory consisting of perfect complexes of the derived category of coherent sheaves
on certain curves.

Before moving on to the situation we are focusing on, it is instructive to review the non-stacky
case, as in [BD09]. Let C be a chain or cycle of P'’s joined nodally, and 7 : C' — C' its normalisation
(i.e. a disjoint union of P'’s). Let Z be the ideal sheaf of the singular locus, and define the sheaf of

Oc-algebras
z
o (2) @

One can then define the Auslander sheaf as

O T
Ac = Endo, (F) = ( 52 OC> , (7)

where O¢ = mOp. In [BD09], the authors study the category of finitely generated left Ac-modules
on the ringed space (C, A¢). Their main result is that D?(Ac — mod) has a tilting object, and is a
categorical resolution of perf C. They also show that D Coh(C) is equivalent to the localisation of
DY(Ac — mod) by a certain subcategory of torsion modules, yielding the sequence

perf C < D’(Ac — mod) — D°(C) (8)

Remark 2.1. In [BD09], the authors work with triangulated categories, however, these have unique
dg-enhancements by the work of [LU10]. In particular, Section 8 of loc. cit. shows that all categories
considered here, including the categories which result from localisation which we will discuss in
Section [ have unique dg-enhancements. We are therefore free to work with triangulated categories,
since results established here lift to the dg-setting.

In [LP17], the authors build on the construction of [BD09] to allow for the nodes to have stacky
structure, meaning that the irreducible components are orbifold curves of the form P, ;, and where
two irreducible components meet at an orbifold point. We further extend this approach to allow for
the irreducible components to have non-trivial generic stabiliser, although the arguments in [LP17]
carry over to our situation with only minor alterations.

Let C be as in Theorem [2]and choose a compatible gerbe structure on each irreducible component,
meaning that the local model about ¢; + is compatible with the maps v; +. This can always be done
by taking the root of a line bundle on P, _,, . whose restriction under yields short exact
sequences compatible with the action of the isotropy group at the nodes. Two compatible gerbe
structures on an irreducible component will differ by how the two patches are identified on overlaps,
but by , this does not affect our theory. To ease notation, we let ’; = P, _ .., be the rigidified

i*h irreducible component of C. Let

7T:C~=|1|CNZ-—>C
=1

be the normalisation map, and H; the isotropy group at the node ¢; = |C;| N |C;+1], and Hy and H,
the isotropy groups of the points ¢1,— and ¢, 4, respectively, in the chain case. At the points g; +

and g;41,—, there are, by construction, short exact sequences
L — pa, — Hi ¢ 1/}1—“’) Hor; y — 1, and (9)

1 - lu’d7;+1 - i+1,— — /"LT'i+1,— - 1 (]‘0)
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There are (non-canonical) isomorphisms H; ~ H;  ~ H;; _, although by choosing the repre-
sentatives of @ and such that 1; ; (resp. ;41,—) are as in Theorem [2| one can take these
identifications to be the identity. This yields the local model of g;.

Remark 2.2. It should be emphasised that, even when it would make sense, we do not require that
the short exact sequences @D, are equivalent such that H; , ~ H; 1 _ via the identity map,
only that the groups H; , and H;y; — can be identified with H;.

Recall that the ideal sheaf of a closed substack is the sheaf which pulls back to the ideal sheaf of
the preimage in any atlas. As such, we define

n
I =@ mixOp (—ai,— — i+
=1

for a cycle of curves, and analogously for a chain. Here =; : Ci — Cis again the natural projection.
We let F be as in @ and A¢ be as in . For any integers j, m, and k € {0,...,d; — 1}, we define
distinguished A¢-modules

, i (Og. (30— + mai ) @ NP")
[ 7k = Ci ’ ’ Z .
Pildm k) (771‘* (05 (jai,— + mai+) @NEF)

7

For fixed integers j, m, and 0 < k < d; — 1, let Exc;(j, m, k) be the collection

Pi(d,m, k) — Pi(j + 1,m k) — .. 2 Py(f i — Lmy k) —2s Py(§ + 1, m, k)
Pi(j,m, k) —2— Pi(Gym + 1,k) —2— ... —L Pi(jym 4 rig — 1 k) =2 Pi(j,m + 14, k)

(11)
Note that by the decomposition , we have that P;(j, m, k) is orthogonal to Py (j',m’, k') unless
k = k. With this, it follows directly from the proof of [LPI7, Lemma 1.2.1] that the modules
Pi(4,m, k) are exceptional, and Exc;(j,m, k) is an exceptional collection for any fixed j, m, and
k€ {0,...,d; — 1}. In the case of d; = 1 we omit k from the notation.

As in the non-stacky and orbifold cases we also define simple modules at each node, given by

si= (o)

Fixing an identification of the isotropy group of the node ¢; = |C;| N [Ci+1| with H; (for i
counted modulo n in the cycle case), let v¢; ; and ;41— be as in Theorem [2[ and fit into the
short exact sequences @D and , respectively. We have that locally, around ¢;, we can view A¢—
modules as equivariant H; modules on Spec C[z,y]/(zy) = Spec S, where the H; action is given by
h-(z,y) = (i,+ (h)x,¥it1,—(h)y). We fix the .., , = action on the fibre of the sheaf Op,, , (—¢git1,-)
at gi+1,— to be via its natural character, and similarly for the action of y,, , on the fibre of the sheaf
Op,(—4qi+) at gi+. Moreover, we define the character corresponding to the weight of the action of
H; on the fibre of (’)51_+1 (—gi+1,—) to be the character induced from the natural character of pi;,,,
under the dual of 9;+1,—, and we call this x;,,, . We define x,, . similarly as the character of H;
induced by the natural character under the dual of v; y. For the chosen gerbe structure, choose
Xd; » such that dj 1 xa; , = Xr;, as in Appendix [A]

Since H; is diagonalisable (is isomorphic to a closed subgroup of an algebraic torus), we have an
eigenspace decomposition of an H;-equivariant S-module M as

M= P M,
XEﬁi
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where ﬁl is the group of characters of H;. Furthermore, for any x € ﬁl there is a twisting operation
M — M{x} which identifies the y-eigenspace of M{x} with the (x + ~y)-eigenspace of M.

For a chain (resp. cycle) of nodal stacky curves, consider a tuple of characters x = (x0, .., Xn+1) €
ﬁo @D -- @ﬁn+1 (resp. X = (X1,---5Xn) € ﬁ[l ® @ ﬁn) We call such a tuple admissible if there
exists a line bundle Op (jgi,— +mgi +) QNEF on each C; such that H;_; acts on the fibre at ¢i,— with
character x;—1 and H; on the fibre at g; y with character x;. Denote by I;Tad the set of admissible
characters. It is not true that I;Tad contains any tuple of characters; however, for any character

X € H; there is a tuple in I;Tad such that y; = x. For each admissible x, we define the sheaf M{x}
by gluing the line bundles of the above form together at the nodes.

Consider the map p : C — C, where C is the coarse moduli space of the stacky curve, i.e. is
a chain or cycle of P! joined nodally. Following [OS02], we call a sheaf €& on C an generator of
QCoh(C) with respect to p if the natural map

p*(psHomo(€,G))®E — G
is a surjection for any G.

Lemma 2.3. The sheaf
@D Mix}
XEﬁad
is a generator of QCoh(C) with respect to p.
Proof. Let x be a point of C, considered as a map x : SpecC — C. Let GG, be its isotropy group, and
denote by Z : BG,; — C the corresponding natural map. Then, [OS02, Theorem 5.2] stipulates that

if £ is a locally free sheaf such that £*£ contains every irreducible representation of G, for every
geometric point z, then £ is a generator of QCoh(C) with respect to p.

From the fact that for each y € H; there is a X € H ad such that y; = x, it is clear that the fibre of
D, M{x} at any nodal point (as well as at g1, and gy, 4+ in the chain case) contains every irreducible
representation of H;. Since x4, pushes down to a generator of Z/d;, the fibre of B, M{x} at a point
whose isotropy group is ji4, contains every irreducible representation of pi4,, and this establishes the
claim. 0

To calculate the morphisms between the modules S,,, and their twists Sy, {x} for x € IEIZ-, with
the P;(j,m, k), we can work locally in the patch U = Spec S, as above, and consider H; equivariant
Ay-modules. We begin by observing that, as in the non-stacky and orbifold cases, the only relevant
Ext-class is given by the short exact sequence of Ay-modules

0 G) - (OIU> LS, =0, (12)

and that this class is H;-equivariant. Therefore, we have morphisms
Ext!(S,,, Pi(j,m,0)) = a;(m,0)
Eth(Sqi ) Pi+1 (]’ m, O)) = bl (]a O)

for any m = —1mod r; 4, and j = —1 mod r;41,—, respectively. Consider M{x} such that the
character at ¢; is x;. It is clear that we have

S @ Mix} = S {xi}-

In particular, as in (A.6)), we have that for each x € ffi, and any m;, j;, Mit1, Jir1 € Z, there
exists m € {mi,...,mi + i+ — 1}, ki € {O,dl — 1} and j € {ji-i—lv"')ji-i-l + Tiy1,— — 1}, k_ €
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{0,...,di+1 — 1} such that H; acts on the fibres of the sheaves

Ogi(mqi,+)®-/\/;'®k+v
Og,., (14i+1,-) ® it

at ¢;,+ and g;41,—, respectively, with character x.

By twisting the sequence by M{x}, we obtain morphisms
Eth(SQi {X}7 Pz(]la mo +m, k+)) =C- ai(ma k+), and

o . (13)
Eth(SQi{X}7 Pi+1(30 + 7, Mi+1, k—)) =C- bl(]? k—)a
for each x € ITIZ', where mg € {m;,...,m; +r; 4+ — 1} is a distinguished element such that
mo = —1 mod r; 4, and (m, k) as above solves
—mXr;  + ki Xdi+ = X (14)
Jo € {ji+1,- -, Jit1 +Tip1,— — 1} is a distinguished element such that jo = —1 mod 711, —, and (j, k—)
as above solves
_.jXTi+l— + k—XdHLf = X- (15)

Now, we have constructed a full, strong exceptional collection consisting of the objects:

e For any fixed j;, m; € Z, and each irreducible component, being a ji4,-gerbe over P;, the
collections
di—1
@ Exci(jia mi, k)?
k=0
e For each node ¢; = |C;| N |Ci+1], the objects

Sgi{xk} for each xj € H;.

The endomorphism algebra of this collection is generated by the morphisms z;, y; in , as well
as the morphisms given by . The relations are ya = 0 and b = 0 whenever the composition is
possible. The proof of this, as well as the claim that the collection is full and strong, can be seen
from following through the proof of [LP17, Theorem 1.2.3] mutatis mutandis (cf. [BD09, Theorem
9]). Of course, the resulting category D’(Ac¢ — mod) only depends on the parameters stated in
Theorem [2, ultimately for the same reason as D” Coh(C) does.

3. THE PARTIALLY WRAPPED FUKAYA CATEGORY

Partially wrapped Fukaya categories were first defined by Auroux in [Aurl0] and further developed
by Sylvan in [Syl16]. In this section, we briefly recount the construction of the surfaces under
consideration ([Hab22, Section 3.2]) as well as the strategy of [HKK14] for computing the partially
wrapped Fukaya category of a graded symplectic surface.

3.1. Gluing annuli. Let A(¢,r;d) denote d annuli, each with r ordered marked points, p;rk, .. .p:(kﬂ)il,

Pok+1)-1°
boundary component, which have been placed in a column. Here k € {0, ... ,( d —) 1} refers to which
annulus the marked points are on, where we count top-to-bottom. We visualise this as d disjoint
rectangles which have been placed in a column, each rectangle has top and bottom identified, and
with the left boundary components containing the points p;, ,; and the right boundary components

on the first boundary component, and ¢ ordered marked points, p,,... on the second

containing the points p:fk +;- The reasoning for the labelling is that we would like to keep track of
where the marked points are on each individual annulus, as well as where each marked point is on
the left (respectively right) side of the column of annuli with respect to the ordering py, ..., Pae;—1

(respectively par, .. ,plzri_l).
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Given a collection of annuli
A(Ela 15 d1)7 ey A(gnu T'n; dn)a

such that r;d; = f;11d;4+1, and corresponding permutations o; € Sg,,,, we can glue these annuli
together in the following way. For each j € {0,...,d;r; — 1}, we glue a small neighbourhood around
the stop p;’ in A(¢4;,r;;d;) to a small neighbourhood around the stop Py In A(liz1,7i41;div1) by
attaching a strip. We call such a gluing circular if A(¢,,r,;d,) is glued back to A(¢1,r1;dy), and
in this case we count ¢ mod n — see Figure [l| for an example. Otherwise, we call a gluing linear,
and take i € {1,...,n}. In the case of linear gluing we refer to the left boundary components of
A(l1,71,dy) and the right boundary components of A(¢,,7,,d,) as the left and right distinguished
boundary components, respectively.

For each 4, the number of boundary components arising from gluing the i and (i + 1)%* columns
can be computed as follows. Consider the permutations

Tro = (0,ms = Ly — 2,0, 1) (ri, 2 — 1,2r — 2, g+ 1) oo ((ds — Drgymary — 1,0, (d — 1) + 1)
and
70, = (0,1, g — 1) (lig1s - 200 — 1) o ((digr — Dligr, -y digrlivr — 1),

The number of boundary components between the i*" and (i + 1)** columns will then be given by
the number of cycles in the decomposition of o, ngi 10iTr; € Gy Note that if d; = d;11, then
we have 7,, = TZ:L, and we simply get the commutator. When there is no risk of confusion we will
simply refer to the surface which has been constructed as >.

To compute the homology groups of X, one can construct a ribbon graph
Dl oo lpi 1y ey Ty M, ooy My 01, e Op) S 3, (16)

on to which the surface deformation retracts. To do this, let there be a topological disc D? for each
of the annuli. For each disc, attach a strip which has one end on the top, and the other end on
the bottom. Then, attach a strip which connects two discs if there is a strip which connects the
corresponding annuli. These strips must be attached in such a way as to respect the cyclic ordering
given by the gluing permutation. One can then deformation retract this onto a ribbon graph, whose
cyclic ordering at the nodes is induced from the ordering of the strips on each annulus. If there is
no ambiguity, we will refer to this graph as I'(X).

Since the embedding of T'(X) in to ¥ induces an isomorphism on homology, the homology groups
of ¥ can be easily computed. Namely, since the graph is connected, we have Hy(3) = Z. For circular
gluing we have x(X) = V — E = rkHy(X) — rkH(X) = — >, rid;, and for linear gluing we have
x(2) = — Z?:_ll rid;, yielding Hy(¥) = ZU07X) in both cases. A basis for the first homology of the
graph is given by an integral cycle basis, and so the basis of the first homology for ¥ is given by
loops which retract onto these cycles.

A Z-grading of the surface is given by a homotopy class of (unorientated) line field, as explained
in [Sei08 Section 13(c)], and a Lagrangian is gradable with respect to this line field if and only
if its winding number is zero. Note that in the case where the winding number with respect to a
given line field vanishes on each embedded Lagrangian in a basis of the first homology of X, the
homotopy class of the line field is unique. In the remainder of this paper, we will only consider
the case where the line field used to grade the surface is given by the horizontal line field on each
annulus, and is parallel to the boundary components on each attaching strip. With this, we see
that the line field comes from the projectivisation of a vector field by the same proof as in [LP20L
Lemma 4.1.1]. With such a description of a surface, it is possible to determine when two surfaces
are graded symplectomorphic ([LP20), Corollary 1.2.6]); however, in order to do this one must (in
many cases) compute the Arf invariant. Whilst this is theoretically simple, it is computationally
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L _J

FIGURE 1. A genus 5 surface with 4 boundary components constructed by gluing
A(2,4;2) to A(4,2;2) via the permutations o1 = (§33221397) and 00 = (9§33%).

intractable to do in generality without imposing restrictions on the form of the gluing permutations
being considered, as in [LP20) Section 4.3], or [Hab22l Section 4.3].

3.2. Computation of the partially wrapped Fukaya category. Once we have constructed the
surfaces in question, our approach to mirror symmetry involves computing the partially wrapped
Fukaya category via the method given in [HKK14].

Given a surface with non-empty boundary, ¥, and a collection of stops on its boundary A, [HKK14}
Section 3| shows that if {L;} is a collection of pairwise disjoint and non-isotopic Lagrangians such
that Z\( Li; Li) is topologically a union of discs, each of which with exactly one marked point on its
boundary, then the L; generate W(X; A). Moreover, it is also shown that the total endomorphism
algebra of the generators is formal, and can be described as the algebra of a quiver with monomial
relations. A connection to the representation theory of finite dimensional algebras is given by the
observation that the endomorphism algebra of such a generating collection of objects is gentle, a
class of finite dimensional algebras first introduced in [AS87]. These continue to be of interest to
representation theorists, particularly for their relationship with Fukaya categories of surfaces — see,
for example, [OPS18], [APS19].

To construct the partially wrapped Fukaya category, it was shown that there exists a ribbon
graph dual to the collection of Lagrangians. This graph has an n—valent vertex at the centre of
each 2n-gon cut out by the Lagrangians, and the half edges connect two vertices if that edge is
dual to a Lagrangian on the boundary of both of the corresponding discs. The cyclic ordering is
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induced from the orientation of the surface. From this, it was shown in [HKK14, Theorem 3.1] that
the partially wrapped Fukaya category is given as the global sections of a constructible cosheaf of
Aq-categories on the ribbon graph. In particular, for each n-valent vertex at the centre of a 2n-gon,
there is a fully faithful inclusion functor

W(D?n+1) - W(E; M), (17)

where W(D?;n + 1) is the partially wrapped Fukaya category of the disc with n + 1 stops on its
boundary.

The two prototypical examples from which our strategy is built are the disc with m points on its
boundary, as well as the cylinder with a stops on one boundary, and b stops on the other. Consider
the disc with m stops on its boundary, and m — 1 Lagrangians, L1, ..., L;,—1 supported near these
stops, as in Figure The morphisms between Lagrangians is given by the Reeb flow along the
boundary of the disc in the anticlockwise direction. Let a; : L; — L;y1 be such a morphism, and
observe that a; 1a; =0 fori=1,...,m—2. It is clear that the endomorphism algebra of the direct
sum @?:11 L; is the A,,_1 quiver with relations given by disallowing any composition.

FIGURE 2. A collection of generating Lagrangians for D? with m stops. The Reeb
flow is in the counterclockwise direction.

There are two key facts about the collection of Lagrangians Li,..., Ly—1. The first is that the
Lagrangian L,, is quasi-isomorphic to the twisted complex

L1 [m — 2] — Lz[m — 3] e Lm,Q[—l] e mel' (18)

This is first observed in [HKK14l Section 3.3], and will be important later in our localisation argu-
ment. The second key observation is that the complement D2\(\_|?:11Li) is a collection of topological
discs, each with exactly one marked point on the boundary. Therefore, the collection {L1, ..., Ly—1}
generates the partially wrapped Fukaya category W(D?; m).

The second fundamental example which forms the cornerstone of our strategy is the annulus, A,
with a stops on one boundary component, and b on the other. A generating collection of Lagrangians
on such an annulus is given in Figure [3] and its corresponding quiver in Figure [ Observe that the
quiver algebra of the generators for the single annulus with a stops on one boundary component
and b on the other matches precisely the quiver algebra of the exceptional collection of P, ; given in

(A.7)). This establishes that
W(A;a,b) ~ D° Coh(P, ),

and this observation is at the heart of our strategy.



HOMOLOGICAL MIRROR SYMMETRY FOR NODAL STACKY CURVES 13

— xr1 _ xro Ta—1 — Tq _
PO ’ Pl Pafl Pa
y y Yb—1 Y
P —=— P — ... P —— pBf

FIGURE 4. Quiver for A(a,b;1).

FI1GURE 3. A collection of generat-
ing Lagrangians for A(a,b;1). Top
and bottom identified.

3.2.1. Circular Gluing. Here we compute the partially wrapped Fukaya category for columns of
annuli glued circularly, with notation as in Section [3.1} To begin with, we add two stops on each
attaching strip — one on the top, and one on the bottom. We will refer to this collection as A. On
the k" annulus in the i*" column we have a collection of Lagrangians P; ;. of the same form as in
Figure |3l This collection consists of the objects
Piow Pt P o Progr -+ Prooid

The morphisms within this collection are of the same form as in Figure @ For each attaching
strip, we consider a Lagrangian which spans it in such a way that the two stops are in the clock-
wise direction of its endpoints. We label the Lagrangian which spans the attaching strip beginning
at the neighbourhood around the ;%™ stop between the i*" and (i + 1)** columns by S;j. Here
je{0,...,rym; — 1} and i € Z/n.

As well as the morphisms within each collection P;y, if we write j = kyr; + ¢ and o(j) =
k_f; 1+c_fork, € {0, R ,di—l}, Ct+ € {0, R ,’I“Z‘—l}, k_e€ {0, e di+1—1}, and c_ € {0, ce ,fi_;,_l—l},

we also have morphisms

g +
a’LJ : SZ7.7 - 'Pi7C+,]€+
bij :Sijg = Piyg—1—c k-

By construction, the complement of this collection of Lagrangians is the disjoint union of hexagons,
each with exactly one stop on its boundary. Therefore, we have that the collection of Lagrangians
consisting of all of the P; j, as well as the S; ; is a generating collections of Lagrangians for W(X; A).

3.2.2. Linear Gluing. The case of linear gluing is almost identical to that of circular gluing; however,
the first and last columns are now no longer glued to each other. Due to this, we include the stops
on the distinguished boundary components in A, although we allow the number of stops on the
distinguished boundary components to be empty. In dividing the surface into topological discs for
the computation of the partially wrapped Fukaya category, observe that a topological disc with a
Lagrangian S; ; on its boundary is a hexagon, as in the circular gluing case, and a quadrilateral
otherwise. The generating collection is again given by all of the P; ;, as well as the S; ;. See Figure
for an example, where its corresponding quiver is given in Figure [6]

4. LOCALISATION

As mentioned in the introduction, there are natural localisation functors on the A— and B—
sides. The strategy to establishing Theorem [3|is to show that the quasi-equivalence in Theorem
intertwines localisation on both sides. In this section, we describe the localisation functors on the
A- and B-sides before establishing Theorem [2] As in the construction of Auslander orders, this is
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S10

+
P23

)

FIGURE 5. Generating collections of Lagrangians for linear gluing of A(2,2;2) to
A(4,3;1) via o1 : (0,1,2,3) — (0,2,1,3). Top and bottom of each annulus is identi-

fied.
_ 21,1,0 _ 21,2,0 _ _ 21,1,1 _ 21,21 _
Pioo > Prio > Pioo Pio4 > Prig » Pioy
+ Y1,1,0 + Y1,2,0 + + Yi,1,1 + Y1,2,1 4
PI,O,O Pl,l,O P1,2,0 Pl,(],l Pl,l,l Pl,?,l
al,oT (11,11\ a1,21\ a1,31\
S1,0 S11 S12 S13
b1 b1
lbl,o lbl,B
P2,4 T2.4 P2,3 2,3 P2,2 2,2 P2,1 T2,1 PQ,O
+ + + +
Pyy s Pan voa Py Vo Py

FI1GURE 6. Quiver describing the endomorphism algebra of the generating collection
of Figure [5 Relations given by zb = 0 and ya = 0.

only a mild generalisation of the orbifold case studied in [LP17], and we include only the relevant
alterations in the argument.

4.1. Localisation on the B—side. As in the non-stacky case, we consider the functor

Hom4(F,—) : Ac —mod — CohC, (19)
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and construct a subcategory 7 on which this functor vanishes. We again work locally, and so the
analysis follows from the non-stacky case by working equivariantly, as is demonstrated in the orbifold
case [LP17, Section 3.2]. Note that this functor is exact since F is a summand of Ag, so is locally
projective.

In order to construct 7, we define the modules

~ % O~(qui)®./v‘®k)|
Si’ki:ﬁ(c’.’ i M)

where ¢ = 7;(g;,+). These modules fit into the short exact sequences

N (20)
0— Pz(j)m - 17k) - Pi(j)m’ k) - Sl(m7 k)Jr - 07

and have support at m;(¢+). When the point ¢; + is not a node (i.e. the ¢; — and gy 4+ in the chain
case) we set & (4, k) = Si(j, k)T, If ¢; + is a node, then we have natural inclusions

S‘H{X+} - ‘§i(ma k‘)+

SqH{XJ - Sl(]a k)_a
where x4 (resp. x—) is the character through which H; (resp. H,;_1) acts on the fibre of the sheaf
OC~¢ (mgi,+) ®M®k (resp. (9@ (4gi,—) ®M®k) at ¢;+ (resp. g;—). We then define &;(j, k)* to fit into
the short exact sequences

0 — Sy {x+} — Si(m, k)" — &(m, k)t — 0,
0— 8(12'71{X*} I ‘i(], k)_ — gi(j, k:)_ — 0.

As in the orbifold case, we find that the objects &(j, k)* are exceptional unless 7;(g; +) is a smooth
point with no stacky structure. At nodes, this follows from the presentation as a quotient of zy = 0
by H;. In this presentation, the relevant Ext-groups are the H;-invariant classes of the Ext-groups
computed on zy = 0, and it is shown in [LP17, Lemma 3.2.1] that these groups vanish. In the
case where the point is a smooth point with non-trivial stacky structure, we find that the objects
&:(j, k)* are exceptional from the locally projective resolution . We define T to be the subcat-
egory formed by direct sums of all the objects & (4, k)* supported at the nodes.

With this we have that 7 < D°(A¢ — mod) is a Serre subcategory, and identifies
CohC ~ A¢ —mod/T
D Coh(C) ~ D*(Ac — mod) /{T.

To see this, note that the derived equivalence follows from the equivalence of abelian categories by
[Miy91]. The equivalence of abelian categories is given for non-stacky curves in [BD09, Theorem 4.8],
and the present situation follows from this. As explained in the orbifold case, [LP17, Proposition
3.2.3], one must check that certain adjunctions are equivalences, and this boils down to checking the
statement locally at nodes. One can then use the presentation at a node as the quotient of xy =0
by H;, and the argument follows from the non-stacky case.

4.2. Localisation on the A—side. Part of the utility of the construction in [HKK14] is that it not
only provides a categorical resolution of the compact Fukaya category of a surface, but also gives
an explicit description of a functor

W(E;A) - W(Z; A,

where A’ is obtained from A by removing stops. This map is given by taking the quotient of the
partially wrapped Fukaya category by the category generated by Lagrangians which are supported
near the stops being removed. In particular, by removing all of the stops in the case of circular
gluing, one recovers a map to the wrapped Fukaya category of the surface. In the case of linear
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gluing, the situation is analogous, however, the stops on the distinguished boundary components are
not removed. It is in this context that the quasi-isomorphism and the functor show their
utility by giving the Lagrangian supported near a stop to be removed in terms of the generating
Lagrangians on a disc.

For circular gluing, we will define the object E;’ ; (resp. E._, ;) to be Lagrangian supported near

i+1,5
the stop on the bottom (resp. top) of the attaching strip beginning at the neighbourhood of the j*
stop on a boundary component between the i'" and (i +1)%* columns. By again writing j = k,r; +cy
and 0;(j) = k_liy1 + c_ for ky € {0,...,d; — 1}, ¢4 € {0,...,7; — 1}, k— € {0,...d;41 — 1}, and
c_€{0,...,4;41 — 1}, we have by and

E;r] ~ {Si,[3] — Pijrc+,k+ (2] — Pijrc++1,k+[1]}
E;i-l,j ~ {S;;[3] — Pi:—l,éi+1—1—c_,k:_ [2] — 3117£i+1—c_7k_ [1]}

In the case of linear gluing we have the same iterated cones in for the hexagonal regions, as well as
the cones

By =~ {F;12] = P[]}

+ + +

By~ {‘P7,][2] - Pi,j+1[1]}'
Proof of Theorem[2 In order to prove the statement, it suffices to match the generators of the
categories in question. We begin with the case of a cycle of curves, or a chain where both r1 _,r, 1 >
0. On the B-side, we fix an exceptional collection such that j; = 0 and m; = —1. We again label
the characters in H; such that X, , +m is the character of Os (mg; +) ®M® +_ On the A-side we
construct the candidate mirror as follows: For each irreducible component C; of C, being a pg,-gerbe
over P, _ .. ., we consider a column of annuli A(r; —,7; 4;d;). Let j,k_ solve

_ijJrl,f + k;*XdH_l,— = Xk+Ti,++m,
as in . We then define the permutation o; to be given by
kiriy +m— k_rit1— + (—j) mod ripq —.

Let ¥ be the surface constructed in this way, and let W(X;A) be its partially wrapped Fukaya
category, as described in Section The identification of the generation objects on both sides is
given by:
Fijp < Pild, =1, k)

Sij < Si{xg -1l
From this, we can see that the endomorphism algebras of the two exceptional collections which
generate their respective categories are equivalent, which establishes the claim in this case.

To complete the proof in the case of a cycle of curves, where either or both of r1 _,r, + =0, we
must utilise [LP17, Proposition 3.2.2], which, suitably reworded to our context, states that under
the above equivalence, we have a correspondence

{Ac —modules & (j,k)} «— {E;ri,,kﬂ[_l]} (21)

{Ac — modules & (m, k)} «— {E;,rri,+k+m—1[_1]}' (22)

The proof of the alteration of the statement to our situation follows directly from the proof of the
original statement. Namely, we let Exc be the direct sum of the objects in the exceptional collection
in D°(Ac — mod) described in Section [2l and A its endomorphism algebra. One can describe the

right A-modules of the form RHom(Exc, —) corresponding to the objects & (j,k) and & (m, k) in
the equivalence

RHom(Exc, —) : D°(A¢ — mod) => D°(mod — A),
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and see that they match with the objects in D?(mod — A) calculated using the presentations of E;;

(resp. E;rj_l) given in Section

Now, consider the case of r, . > r1 _ = 0, and define the stack C to be the same curve as C, but
where C; = Py, ,. Namely, we have C = C\{q1,—}. Since Az is isomorphic near g;,— to the matrix
algebra over O, we have that the restriction functor

Az — mod — A¢ — mod
identifies Ac—mod with the quotient of Az—mod by the Serre subcategory generated by @21:—01 E1(0, k)~
(i.e. lez)l <8q1=> ®j\/’1®k ). By the main result of [Miy91], this yields a derived equivalence

q1,—
di—1
Db(Ag —mod)/{ P &1(0,k)") ~ DY(Ac — mod).
k=0
From the first part of the proof, there is a graded surface (3, A) such that
W(E;A) ~ D°(Az — mod).
Now, since & (0, k) is identified with E};[-1] in (1)), removing the stops on the left distinguished

boundary corresponds to localising Db(.Ag — mod) by the category generated by (—Dilz_ol &1(0,k),
which yields the result. The cases of 71— > 7, 4+ = 0 or rg_ = r,_1 4+ = 0 are analogous. O

Remark 4.1. Choosing different values for m; and j; in the above theorem corresponds to changing
the identification of the cylinders on the A—side by a cyclic reordering. This yields homeomorphic
mirrors, since cyclically changing the identification of an individual annulus, and/ or reordering the
annuli in a column, does not change the number of cycles, or their length, in the cycle decomposition
determining the topology of the surface.

5. CHARACTERISATION OF PERFECT DERIVED CATEGORIES

In order to establish the statement about perfect objects in Theorem [3] one must show that
the compact Fukaya category and derived category of perfect complexes, considered as full sub-
categories of W(X;A) and D°(Ac — mod), respectively, are identified with each other under the
quasi-equivalence of Theorem [2 The aim of this section is to characterise perfect complexes on the
A— and B-sides of the correspondence before establishing Theorem

5.1. The derived category of perfect complexes. As in the localisation argument, our strategy
closely follows that of [BD09, Theorem 2] for the non-stacky case. Let C be a cycle or chain of curves
with r1 _, 7, + > 0, F as in Section [2, and consider the functor

perf C — D°(A¢ — mod)
G — Fc Qo G.

In the non-stacky case, it is shown that this functor is full and faithful in [BD09, Theorem 2 (5)],
and this result is generalised to the orbifold case in [LP17, Proposition 4.1.3]. As in these cases,
one can again identify the essential image of perf C in D(Ac — mod) as the subcategory which is
both left and right orthogonal to the category T defined in Section The proof of this follows
verbatim from the proof of [LP17, Proposition 4.1.3 (i)] after replacing p, by H, an extension of p,
by 4. In the case of a cycle of curves with 7, > r; _ = 0, the category of compactly supported
perfect complexes on C is identified with the category which is both left and right orthogonal to T,
where this category is formed by the objects of T, together with & (k)™ for 0 < k < d; — 1. To

prove this, observe that £ (0, k) ~ (gql’gzizl"g) near ¢;,_, and so a module in perf C is left or
Q,— 1,—

right orthogonal to @ﬁgol &1 (0, k) if and only if its support does not contain g; . Then, the rest
of the proof in this case follows as in [LP17, Proposition 4.1.3 (ii)]. The cases when r; _ > r, y =0
and 71— = r, 4+ = 0 are considered similarly.
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5.2. Characterisation of the Fukaya category. On the A-side of the correspondence, the char-
acterisation of the Fukaya category as a subcategory of the partially wrapped Fukaya category
remains unchanged from [LP17, Section 4.2]. We briefly recall the argument here, and refer to loc.
cit. for the proof.

Let 7; be the collection of Lagrangians supported near the stops on the i*" boundary compo-
nent. It is shown ([LPI7, Proposition 4.2.1]) that 7,;- = T; corresponds to those Lagrangians in
W(Z; A) not ending on the i** boundary component. One direction of this argument is clear: if
there is a Lagrangian which is either compact, or does not end on the i boundary component, then
the intersection with the geometric representatives of Lagrangians supported near the stops can be
taken to be empty. In the other direction, one shows that if a Lagrangian does end on a boundary
component, then there is necessarily a non-trivial morphism at the level of cohomology between
this Lagrangian and a Lagrangian in 7;. In the case where just one endpoint of the Lagrangian
lies on the i*® boundary component there is a chain level morphism between the Lagrangian and a
Lagrangian in 7; which is of rank one, so the differential vanishes. In the case where both endpoints
lie on the i*" boundary component, the chain level morphism complex between the Lagrangian and
a Lagrangian in 7; is either rank one or two. In the rank one case we again have that the differential
must vanish, and in the rank two case one shows that the differential vanishes by a covering argu-
ment. This shows that any Lagrangian with at least one endpoint on the i** boundary component
cannot belong to ’7}. Checking that a Lagrangian with at least one endpoint on the i*" boundary
component cannot belong to +7; is done in the same way.

By summing over the boundary components of ¥ we define 7 = @, 7;. Then, [LP17, Corollary
4.2.2] shows:

e In the case of a cycle of curves, the subcategory F(X) € W(X; A) coincides with 7+ =+ T,
where T is the category generated by the objects E;r—]

e In the case of a chain of curves with 71 _,r, 1 > 0, the subcategory
F(3; (r1,— )%, (0)b 4= (r, . )%) < W(Z;A) coincides with 7+ =1 T, where T is the
category generated by Efj forie{l,...,n—1} and E;; for i€ {2,...,n}.

Proof of Theorem[3 In the case of a cycle of curves, or a chain where 71 _, 7, ; > 0, the theorem
follows from the observation that the generating objects of the category 7 on both sides of the
correspondence are identified under the equivalence given in Theorem @ In the case where r, 1 >

71— = 0 we again consider C such that C = C\{g1,—}. Then, the statement follows from using the
characterisation of perf C < Db(.Ag —mod) ~ W(X; A) as the category which is both left and right
perpendicular to 7. O

6. MILNOR FIBRES OF INVERTIBLE CURVE SINGULARITIES

Whilst more could be made of examples of mirror symmetry from Theorems 2| and |3 our primary
motivation is in the study of (quotients of) Milnor fibres of invertible curve singularities. Indeed, it
is the ability to handle equivariance on the A-side by dealing with the situation abstractly which
was the impetus for generalising the strategy of Lekili and Polishchuk.

In this section, we establish Theorem [I] by firstly applying Theorems [2] and [3] to the curves ap-
pearing as the B—model of invertible polynomials in two variables. We then show that the surfaces
constructed are graded symplectomorphic to YV//I: .

To begin with, recall the definition of invertible polynomials and the maximal symmetry group,
as defined in the introduction. For simplicity, we will restrict ourselves to the case of two variable in-
vertible polynomials, although much of the following is true in generality ([LU22, Section 2|, [ET13l
Section 1], [Kral0), Section 3]).
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By construction, the map in fits in to the short exact sequence
1 C* STy — ker yw/Gw) — 1, (23)

where jw = (627“/_71%1 , e%ﬁ%) generates the cyclic group im(¢) nker yw, and is called the grading
element. Recall that a subgroup of I' € T'y, of finite index is called admissible if it contains ¢(C*).
For each I' we denote X := xw|r, and define I' = ker x. Note that, by construction, {jw» € T, and
[ker xw : '] < c0. Moreover, such subgroups of finite index containing the group generated by the
grading element are in bijection with finite index subgroups I' € I'y, containing im(¢).

Given an admissible subgroup I' € I'y, of index ¢, one defines the dual group as in . This acts
naturally on A? through its inclusion in ker xw, and in each case, I = u; acts on A? by

£ (z,y) = (Ex,€7"y). (24)

This can be checked directly, or deduced from the fact that Tisa diagonal matrix in SLy(C), and
so its two entries must be inverses of each other. Clearly, the only fixed point of this action is the
origin, which is not a point in the Milnor fibre of any invertible polynomial in two variables, and so
the quotient of the Milnor fibre by Iis again a manifold.

6.1. Loop polynomials. For a loop polynomial w = aPy + y%x, where we take p > ¢, we consider
W = 2Py + yix + xyz, and the corresponding stack

Zrgepr = [(WTH(0)\{0}) /1],

where we take the action of I' to be given by its inclusion to I'y. Let ¢ = [I'y : I'] and identify
I' ~ C* x pa, where d = ged(p — 1, — 1). The stack Z. r has a natural interpretation as a
£

Wloop»
codimension one closed substack in the toric DM orbifold [(A%*\{0})/T']. The unique stacky fan
describing this DM orbifold is readily checked to be given by the data of

-1 1—
o 0
0 ¢g—1 -1

and each column corresponds to a ray of the fan . The maximal cones of the fan are given by the
span of any two rays. In general, this is a quotient of weighted projective space by pia.
¢

7Z? =: N,

Remark 6.1. It is worth noting that we have made a choice in the identification I' ~ C* x pa,
1

and thus how I' acts on A3\{0}; however, the above fan is independent of this choice. Choosing a
different identification of I' corresponds to choosing different change-of-basis matrices in the Smith
normal form decomposition of [BQ]" used to calculate its cokernel.

With this description, one can see that C; = {y = 0} € Zy is the closed substack of

loop,I"
A3\{0})/T"] corresponding to the ray ps = ae, + q — 1)es2, and similarly that C3 = {& = 0
p 7
is the closed substack corresponding to the ray p; = p%lel. The quotient fan 3 /p9 is given by the

complete fan in @, and
p—1 —1
2
B(ps) : 22

This is a pe-1-gerbe over P11, and [FMNI0, Theorem 7.24] establishes that there is an isomor-
£

202/(11) = N(p)

phism of toric DM stacks

q—1

q-1 1
C]. =~ Z\/O(_p E ql,—)/]P)p—].,l'
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Similarly, we have an isomorphism of toric DM stacks

p—

p—1 —1
Cy M@(qe @3,1)/Prg1.

The curve Cq is always an orbifold, and can be identified with Co ~ Pg—1 p-1.
£

[

12

Remark 6.2. Tt is worth reiterating that we are not claiming that the gerbe structures of C; and
C3 are given as above, only that there is an isomorphism of DM stacks. Due to this, there is some
freedom in the identifications, and we have chosen these for later convenience.

The majority of the analysis in studying the modules over the Auslander sheaf is at g3 = |C3|n|C1],
which corresponds to the point [0: 0 : 1] € |X|. This node is presented as the quotient of zy = 0 by
the action of p(p—1)q-1) X pa given by

(p=1=1) d

(£€) - (2.y) = (T & " t"T €M),
where m,n are Bézout coeflicients solving
m(p—1)+n(g—1) =d. (25)

Therefore the gerbe structure of the point g3 4 is determined by the cohomology class in Z/ ged(q —

1, %) ~ HQ([Al/,uq,l],,upTTl) corresponding to the modp%1 reduction of W € Z. Similarly,

we have that the gerbe at ¢; — € |Cy| is classified by the cohomology class in Z/ged(p — 1, %) ~

H2([A'/pp—1], tta—1) corresponding to the modq;fl reduction of pl%l € Z. The corresponding short
l

exact sequences at g3 4 and g1 _ are

: Y3,
1— M% 4,03—+) Iu,(p_nd(q_l) X ILL% L) Mq—l —> 1, and (26)
#1,— Y1,—
11— Pzt 5 Pipe-n) X fid — 1 — 1, (27)

respectively. Here Ay, n, and £ are
4 4
)\Jr _ 6271'\/—1F7 A = 6271'\/—1;’
/1 4d —
n = 6271' I(Pfl)(EI*l), 5 = 627r _137

and 3 4 is themap Ay — (77" @, €71), g 4 s (0, &) o 0 T 9ET o1 _isA_ — (1

—1
Y1 is (n%,&°) — an‘lfmb, where m, n are again the Bézout coefficients of .

m (P*dl)[

’5_1)’

From this description, we have that the group Hs acts on the fibre of (953(—q3,+) at g3+ with

weight X, , = (p%dl,—n) € Z/(%) ®Z/(%) ~ Hy for m,n solving ([25), and similarly
Op (—¢1,-) at g1, is acted on with weight x,, = = (%, m). The character with which Hs acts on
the fibre of A3 is (non-uniquely) determined by the condition that p;ngds,+ = % Xrs» and maps

to a unit in Z/(%) under the dual of o3 . The natural choice for this is xq; , = —X», _, and
similarly we choose x4, = = Xrs , -

In ﬁg, we label the characters such that Xy, (q—1)+i = —iXrs , + K4+ Xas, for k4 €{0,..., pl%l -1}
and i € {0,...,q — 2}. This is the B-side version of labelling the stops on the right side of the left
column of cylinders top-to-bottom. With this ordering, the sheaf on C1 whose fibre at q1,— is acted
on by Hs with character xj, (4—1)+ is given by

. .
Op, (ja1,-) @ NP,
where j € {0,...,p—2} and k_ € {0,...,% — 1} solves
—JXr1, -+ R-Xdi - = ~iXrs .+ R4 Xds (28)
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A solution to this is readily checked to be given by

-1
k_ = —i mod qT
L p—ll—MJ od . (29)
=k, ——— m -1
J + ¢ Lg—1 p
Fixing m; = —1 and j; = 0 as in the proof of Theorem [2] one computes

Ext! (S, {—ixrs, + ki Xds, }»P3(0, (i — 1) mod g — 1,k;)) = C-a(i, ki), and
Ext! (S, {—ixry, + ki Xds, }-P1((F — 1) modp—1,-1,k_)) = C-b(j, k—)
for j,k_ as in ([29).

Consider now the nodes ¢; = |C1| n |C2| and g2 = |C2| N |C3|. The structure of these nodes is far
more simple, and at ¢q; we have the node is presented as the quotient of zy = 0 by the action of
le—1 given by

[

t- (ZL‘,y) = (l‘aty))

and analogously for g;. Therefore, one has H; ~ zZ/ (%) and Hy ~ Z/ (%), and X, _ and X, ,
are the identity in Z/ (%) and Z/ (%), respectively. The character with which H; acts on the
fibre of V7 at ¢; 4+ (resp. on N3 at g3_) is any unit of H, (resp. ﬁg), and so we choose xq4,,+ to be
the identity and x4, = to be minus the identity in their respective character groups. With this, the
morphisms between objects in the exceptional collection supported at g; are readily checked to be

Ext! (S, {c},P1(0,~1,¢)) = C - a(0,c)

Bxt! (S, (e}, Pa((~1 — ) mod T, 1)) = € b(c),

and similarly for the morphisms between objects supported at gs.

As the mirror to C, we take the surface given by gluing A(p — 1,1; %), A(%, %; 1) and
A(l,qg—1; pl%l) via the permutations o1 =id € 641, 09 =id € Gp-1, and 03 € & (p-1)(¢-1) 1S given
7 7 —r
by
ki(g—1)+i—>k_(p—1)+(=j) mod p—1

for 4, j solving . From this, it is clear that one boundary component with winding number —2%
arises from o1, and similarly that one boundary component with winding number —2% arises from
09. The number of boundary components, and their winding numbers, arising from o3 is given by
the number of cycles, and their respective lengths, of o3 17'51037',,3. This permutation is given by

Bila=1) +i> (g = 1)((ks — 1) mod ’%) +(i-1+ qzll(k;__ll)q) mod ¢ — 1
and so there are ged(q—1, W) =ged(p—1, p+q 2) cycles, each of length gcd((ézz;—l)l()?p_j()g—Q)' There-
fore, ged(q — 1, W) boundary components arise from this gluing, and each has winding number
~2gatta V)

Putting this all together, we have that the surface constructed, call it X r, has 2 + ged(q —

Wloop»
1,2 +Z_2) components, and Euler characteristic given by
g—1 p-1 ptqg—2, (p—1)(¢—1) pg—1
—x(Z A A (I - .
X r) = g+ g +eedld ¢ igealg— 1Y) T 0

Therefore, the genus is

(B wWioep.l) = q—1—ged(l(qg—1),p+q—2)).

26(
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Applying Theorem 2] yields a quasi-equivalence
-1 (p—1)(g—1) ged(g—1,2H=2) 41
¢ ( gcd(ﬁ(q—l),p+q—2)> >
and then Theorem |3| establishes quasi-equivalences
D’ Coh(Zwpp,r) = W(Ewyo0r)
perf Zy, 1 =~ ]-"(EWIOOPI).

Db(AC —mod) ~ W(Zmoop,l“% 2P

In the case of I' = I'y,, we observe that the graded surface constructed on the A-side is graded
symplectomorphic to the Milnor fibre of the transpose invertible polynomial. To see this, we note
that the above gluing is the same as the gluing permutation of [Hab22l Section 3.2.1], although
where the identification of the cylinders in A(p — 1, 1; %) 2”1 degrees.
It was established in loc. cit. that the surface glued in this way is graded symplectomorphic to
the Milnor fibre of w by comparing the correspondlng ribbon graphs. Building on this strategy, we
establish a graded symplectomorphism V/F >~ Ywieep,l Dy first making a topological identification

via the quotient ribbon graphs, and then deducing that the grading structures match by elimination.

Recall the description of V as w2 (—6) for 0 < § « ¢ given in [HS20, Section 3], where
We =W —exy = Zg(#P 1 + P — €) = Egw.

Firstly, observe that the Morsification chosen is r -equivariant, and so taking the quotient commutes
with Morsifying. Moreover, since the quotient map is an unramified cover and the deformation
retract preserves equivalence classes of the quotient map, the deformation retract which takes V to
its ribbon graph also commutes with the quotient map. With respect to the classification of critical
points in [HS20, Section 3.1], we refer to neck regions which form by smoothing critical points of
type (i) as neck regions of type (i), and the corresponding node in the ribbon graph as a node of
type (). We refer similarly to neck regions and nodes of type (ii) and (i7i). We index the nodes of
type (i) and (#1) according to the & and g argument of the corresponding critical points, respectively.
Then, the I*" node of type (i) is identified with the (I + 2;%)®™ node of type (i) under the action of
I'. Similarly, the m™ node of type (i) is identified with the (m — 1) node of type (ii). This
partitions the nodes of the ribbon graph.

To understand how ' partitions the edges, recall that part of the basis for the first homology
group of V is given by the Lagrangians Viyw (resp. ™ Vi and Vig), which were defined as the waist
curves which form in the I*" neck region of type (i) (resp. the m™ neck region of type (ii), and the
neck region of type (i77)) upon smoothing. Since Morsification commutes with the action of T, the

Lagrangians ZVW and l+%ng become identified in the quotient, and therefore so to do the edges
of the ribbon graph onto which these Lagrangians deformation retract. The analogous statement
for the Lagrangians " Vzy is also true, and so we see that two loops of the graph are identified with
each other when the corresponding nodes are.

To understand the action of I on the remaining edges, recall that two nodes are connected by an
edge if there is a vanishing cycle which passes through both corresponding neck regions. The cyclic
ordering of the nodes is determined by the argument of the Lagrangian away from the neck regions
which it connects — see, for example, [HS20, Figure 8]. From this, it is clear that edges between
the node of type (iii) and nodes of type (i) (resp. type (ii)) are identified in the quotient when the
corresponding nodes of type (i) (resp. type (i7)) are. All that remains is to understand the action of
I on edges which connect the nodes of type (i) and (ii). For this, recall ([HS20, Section 3.5]) that
the remaining vanishing cycles which form a basis of the first homology of V are given by "™V for
1e{0,....,p—2}, me|{0,... ,q 2}, and these are the Lagrangians which pass through the I*" neck
region of type (i) and the m' neck region of type (ii). By analysing the action of I on the # and 7
projections of the Milnor fibre, as given in [HS20, Section 3.3], we see that ™V} gets identified with
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l+%’m_q%% as it enters the {&0 = ¢} component the Milnor ﬁbr Away from the neck regions
which connect it to the smoothings of the {& = 0} and {§ = 0} components, {0 = ¢} is an unramified
cover of {{u+v = e}\(Bs(e,0) U Bs(0,¢))} < C?, and so the Lagrangians "™V; and l+”7717m—%vo
get identified in the component {w = e}. Therefore, the edge of the ribbon graph connecting the
I™™ node of type (i) with the m'" node of type (ii) gets identified with the edge connecting the
I+ p%l)th node of type (i) with the (m — %)th node of type (ii) — see Figure [7| for an example.
Note that this identifies the cyclic ordering of the two nodes in a non-trivial way. Moreover, the
pushforward of the basis of the first homology for the ribbon graph of 1% given by the deformation
retract of vanishing cycles spans the first homology of the quotient ribbon graph. Therefore, the
pushforward of vanishing cycles spans the first homology of V/f It should be emphasised, however,
that we are making no attempt to precisely describe a basis of Lagrangians on 17/f‘, we only claim
that the vanishing cycles span the first homology of V/f In general, two Lagrangians “™Vj and
l+%’m_q%Vg are not isotopic in the quotient, but are related by Dehn twists around the waist
curves of the cylinders through which they both pass.

5220

FiGURE 7. Part of the ribbon graph corresponding to V for W = 59 + 9°&. For
clarity, we have only drawn the edges which form the cycles onto which the vanishing
cycles “~tV; for i € {0,1,2,3} deformation retract. In the quotient of 1% by I = 1o,
the two red cycles and two green cycles are identified, and the representatives of the
nodes are given by the blue and yellow nodes (recall arg @ = — arg ), together with
the node of type (i7i). In the case of I = 14, all coloured cycles are identified, and
the blue nodes, as well as the node of type (iii), are taken as the representative in
the quotient.

Since the cyclic ordering at nodes is identified in a non-trivial way, one must choose a representa-
tive of each equivalence class of nodes to work with a specific ordering. By convention, we will choose
the nodes of type (¢) corresponding to the neck regions which arise from smoothing the critical points

with argument arg z € {0, 1%’ cel, %}, and similarly we choose the nodes of type (ii) to cor-
respond to the smoothing of the critical points of type (ii) with argy € {0, _(iil’ e —%}

Figures |8 and |§| show the cases of ‘v//f’ for V the Milnor fibre of #°9 + y°& and I= o, fi4, TESPEC-
tively. From this, we see that the surface corresponding to this quotient ribbon graph is given by
gluing A(p — 1, 1; %), A(%, %; 1) and A(l,q — 1; 1%) via the permutations o; = id € G4-1,
£
02 =id € Gp-1, and 03 € S (,-1)(4-1), Where o3 is given by
[ ¢
1 p—1, —il

ki(g—1)+i— ((—i)modq%)(p—l)—i-(p—Q—kur+T[q_1

D-

2Note that we are not claiming that this identification is made globally, just that these two Lagrangians agree as
they enter the {0 = e} part of the curve.
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As in the maximally graded case, this only differs from the gluing given for X,  r by changing
the identification of the cylinders in the column A(p — 1, 1; %).

KSR,

Ficure 9. Ribbon graph
FIGURE 8. Ribbon graph corresponding to V /2 corresponding to V' /iy
for w = 2°¢ + 9. for w = #°¢ + 4.

To identify the line field used to grade 17/1:, observe that the pushforward of any vanishing cycle
in V is gradable with respect to the line field which is horizontal on cylinders and parallel to the
edges of the attaching strips, which we denote by 1. Indeed, for the waist curves to be gradable, the
only possible line field is the one which is horizontal on cylinders. To see that the pushforward of the
Lagrangians "™V} are gradable with respect to 7, observe that the pushforward of such a Lagrangian
deformation retracts onto a cycle of the quotient ribbon graph which passes through three nodes,
one each of type (i), (ii), and (i7i). Therefore, the pushforward Lagrangian is characterised by which
attaching strips it passes through, as well as some number of Dehn twists about the waist curves in
the cylinders which the attaching strips connect, and any such Lagrangian is gradable with respect
to 1. By the uniqueness (up to homotopy) of the line field with  respect to which the pushforward of
the vanishing cycles of V are all gradable, the line field on V/F is homotopic to 7. This completes
the proof of Theorem [I] in the case of loop polynomials.

6.2. Chain polynomials. For a chain polynomial w = 2Py + y? we consider W = 2Py + y? + zyz,

and I' € T'y, of index ¢ with identification I"' ~ C* x puq, where d := ged(p,q — 1). We define the
£

corresponding stack

chhairnF = [(W*%O)\{O})/F])
Where I' acts by its inclusion into I'y,. This stack has two irreducible components — the first is
= {zP + Yyt + xz =0} ~ P 1)(q 1 =t and the second we identify with a pq-1-gerbe over
. [

IPH p—1 as follows: We identify C; as the Closed substack of Zy, . 1 corresponding to the divisor
{y = 0}. Analogously to the loop case, we see that the quotient stack [(A3\{0})/I'] corresponds to
the stacky fan given by the data of a morphism

1 1-q 1
0 D@D _p
l l Z2: N

and the rays of the fan X correspond to the column vectors. The maximal cones of the fan are given
by the span of any two rays. In general, this is a quotient of weighted projective space by fq.
L

B:73
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With this description, we see that C; is the closed substack corresponding to the ray ps = (1 —

qer + %62, and so Cy is given by the quotient fan consisting of the complete fan in Q,

N =2Z®Z/(%), and
(p_l _1>
-7 0 q—1

ZOL/(~).

Again, by [FMNI0, Theorem 7.24], we see that there is an equivalence of toric DM stacks

6~ RO Py

As in the loop case, the computation of the morphisms in the exceptional collection is done locally.
To this end, consider a local presentation of the node g2 = [C2| N |C1| = [0: 0 : 1]. This is given by
the quotient of xy = 0 by the action of y(—1),-1) given by

£

872

t-(w,y) = (tw, 17 1y).
This yields x», _ = ¢ — 1 and x;,, = 1. Therefore, the presentation of the gerbe C; at qi — is
determined by the class of & mod % € Z/ged(p — 1, %) ~ HQ([AI/Mp_l],u%). This gives the
short exact sequence
Ad—1

1= par = =it — fip-1 = L.

—1

The action of Ha on N at g1 is such that 4=xq, _ = #x,, _ in Z/(%)

= ﬁg, and a natural
choice for this character is x4, ~ = 1. We order the characters in .ﬁIQ such that y. = —c. With this
ordering, the sheaf on C~1 whose fibre at ¢ — is acted on by Hy with character x. is given by

Op (1) @ N,

where

-1
k_ = —cmod qT
p, —cf (30)

J=7lq_1

| mod p — 1.

From this, one can see that we have the following morphisms in the exceptional collection:
Ext!(Sg,{xe}, P2(0,¢ — 1)) = C - az(c)
Ext!(Sp{Xc}, P1((—1 = j) mod p —1,—1,k_)) = C - by(—j, k)

for j,k_ as in (30)).

As in the loop case, the analysis of the node g1 = [C1|n|Ca] is determined by the choice of x4, _. In

particular, we have H = Z/(%), Xrp_ = 1, and take xgq, , = —1. We again order the elements of
ﬁg such that x. = —c, and with this we have the following morphisms in the exceptional collection:
Eth (8(11 {XC}> Py (07 -1, C)) =C-a (07 C)
(p—1)(g—1)

Ext! (S, {xe}, P2((c — 1) mod ,—1)) = C - bi(c).

14

To construct the mirror to this curve, we glue together two columns, A(p—1, 1; %) and A(q%f, %; 1)
via the permutation o1 = id € G4-1 gluing the first column to the second, and the permutation
[

02 € G p-1)(g-1) given by
;

c—k_(p—1)+(—j)modp—1
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for k_,7 as in gluing the second column back to the first. From this, it is clear that there is
one boundary component arising from the first gluing, and this has winding number —Qq%f. From
the second gluing, we have that o5 nglang is given by

C}—)C—q7

(p=1)(g=1)

ptg—1
1 ged(lg,p+q—1)°

and so there are ged(q, ) boundary components, each with winding number —2

Putting this all together, we have constructed a surface, call it Xy, .. r, which has 14+gcd(q, & +%_1 )

components, Euler characteristic

plg—1)
_X(chhainar) = g I

and genus

1
Jehain = 55(Pg — p + £ —ged(fg,p +q —1)).
Applying Theorem [2] yields a quasi equivalence
Db(AZ

Wchain>»

g—1 ¢ (p—1(g—1) \eedaPF=)
F—mod):W(Ewchaimpﬂ (2 )) ).

1 ged(lg,p+q—1
Applying Theorem [3] yields
Db Coh(chhainvr) = W(Ewchainar)7
perf chhaiINF = I(chhainur)'

In the case of maximally graded chain polynomials, observe that the above description differs from
that of [Hab22l Section 3.2.2] only by a rotation of the identification of the left boundary of the
first annulus in the first column. Therefore, the surface constructed in the maximally graded case
is graded symplectomorphic to the Milnor fibre of W in the maximally graded case. In the case of
¢ > 1, we follow the same strategy as in Section to deduce that V/f is graded symplectomorphic
t0 Xchain,r;s and this establishes Theorem |1} in the case of chain polynomials.

6.3. Brieskorn—Pham polynomials. The case of Brieskorn—Pham polynomials is covered in [LP17],
although we include it here for completeness. For each Brieskorn-Pham polynomial w = a? + y9,
we consider W = zP + y? 4+ zyz, and I' € 'y, a subgroup of index £ containing the group generated
by the grading element with identification T" ~ C* x p d. As in the previous cases, we define

-1
Zwgpr = [(W(0\{0})/T1],
where I' acts by its inclusion into I'y,. This stack has one irreducible component, whose coarse moduli
space is a nodal rational curve, and the normalisation is given by C ~ Pp_1)q-1-1 p-1@@-1)-1. We
[ ’ [

identify the coordinates in the patch of C containing ¢ = o as x, and in the patch containing
g— = 0 as y. Therefore, the presentation of C around the node ¢ is given by the quotient of xy = 0
by H = pp—1(q-1-1, Where the action is given by

L

t- (.ﬁU, y) = (tq_1$7ty)'
Correspondingly, H acts on the fibre of O(—¢_) at g— with weight 1, and with weight ¢ — 1 on the
fibre O(—q4) at q4.

In H = Z/(%), we label the characters such that x. = —c(¢ — 1). Then, for each
celZ/ (%), we have the following morphisms in the exceptional collection:
Ext!(S,{xc}, P(0,c — 1)) = C - a(c)

(p—1D(g—1)—-1
/

Ext! (Sg{xc}, P((c(g — 1) — 1) mod ,—1)) = C-b(e(g - 1))
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Correspondingly, the mirror surface is given by gluing the annulus A((p _1)(2_1)_1, (p _1)(2_1)_1; 1)

to itself via the permutation o € & (,—1)(,—1)-1 given by
[
c— —c(qg—1).

The commutator [0, 7] € & (p—1)(q-1)-1, Where 7 is the permutation ¢ — ¢ — 1, is given by
L

crc—p.
Correspondingly, the constructed surface, call it Yy, r, has ged(q, p%) = ged(p, pTqu) boundary
components, each of winding number —2%. Therefore, the Euler characteristic is
(p—1)(g—-1)—1
_X(EWBP7F) = / )

and the genus is

1
gep = 5;(20 =1+ (p—1)(g—1) — ged(lq, p + q))-
Applying Theorem [2] yields
Db(AZ

wpp,l

(p—1)(g — 1) — 1\eged(a,?5%)
mod) W( srb ( ged(fg,p +q) )

and applying Theorem |3| yields
D’ COh(ZWBPI) = W(ZWBP,F)a
perf Zwyp,r ~ ]:(ZWBP,F>'

In the maximally graded case, the description of the mirror surface matches that of [Hab22, Section
3.2.3] on-the-nose, and so is graded symplectomorphic to the Milnor fibre of w. The proof that ‘7/ r
is graded symplectomorphic to Yy, r follows as in the loop and chain cases, and this completes
the proof of Theorem

APPENDIX A. ROOT STACKS

In this appendix, we briefly recall the relevant notions of root stacks and gerbes. This theory is
well studied and developed far beyond the scope of application in this paper; we aim here only to
provide a self-contained account of the relevant aspects of the theory in the context of how we use
it. The notion of a root stack was introduced independently in [Cad07] and [AGV0S], to which we
refer to for more details. In addition, the book [Ols16] also provides an excellent exposition.

There are two related notions of a root stack — the first is a way to ‘insert stackiness’ along an effec-
tive Cartier divisor, and the second defines a gerbe structure, which ‘inserts stackiness’ everywhere,
and also keeps track of the generic stabiliser.

Recall that the stack [A!/C*] is the classifying stack of line bundles with section — this can be
seen by considering a morphism to this stack as a principal C*-bundle with a global section of the
associated line bundle. To define the root stack of a line bundle with section, consider X a scheme,
% an invertible sheaf on X, s € I'(X,.Z) a global section, and » > 0 an integer. Moreover, let
0, : [A!/C*] — [A!/C*] be the r*" power map on both A! and C*.

Definition 1 ([Cad07, Definition 2.2.1], [AGVO08, Appendix B.2]). Define the stack X(¢ s,y to be
the fibre product

X(g5m) — [AY/C*]

|7 Jo

X 20 Tatc]
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This is a Deligne-Mumford stack (J[Cad(07, Theorem 2.3.3]), and is isomorphic to X away from the
divisor s~1(0). By construction, X(#,s,r) comes with a line bundle N and a section t € I'(X (g 4y, N)

such that ¢ : N® = pr¥.#, and ((t") = pris. Moreover, the construction can be generalised for
when X is a Deligne—-Mumford stack.

For an effective Cartier divisor, we will also use the notation X p ;) to mean X0, (p)1,,), Where
1p is the tautological section vanishing along D. One can iterate this root construction, and for
D = (Dy,...,Dy) and 7 = (r1,...,7ry,), we define Xp 7 to be the root stack defined by iteratively
applying the above construction.

An important example for us will be the following:

Ezample A.1 ([Cad07, Lemma 2.3.1]). For X = A!, and D = [0], there is an equivalence of categories
XDy = [Al/,ur], where p, acts via its natural character.

In fact, Example can be generalised ([Cad07, Example 2.4.1], cf. [Ols16l Theorem 10.3.10])
to any X = Spec A and .¢ = Ox, with s € I'(X, Ox) such that D = s~1(0), yielding

X(pa) > [(Spec Alz]/(2" — ) /jus].

where p, acts by t - = t7'z, and t - @ = ta. In general, any root stack can be covered by such
affine root stacks. For further exposition on root stacks of line bundles with section we refer to the
original references [AGVO0§|, [Cad07], as well as [Ols16l Section 10.3].

The second flavour of root stack defines a gerbe over the original scheme (or stack), and we refer
to [Ols16, Chapter 12] for a definition and further discussion about generalities of gerbes. Gerbes
were originally introduced in [Gir71], and can, roughly speaking, be thought of as a ‘BG-bundle’
over X for some group G. In particular, this means that not only does the isotropy group of each
point contain a copy of G, but the identification of this copy of G in the automorphism group of each
point is a crucial part of the definition. In particular, an equivalence of gerbes is an equivalence of
categories which is compatible with these identifications. Note that this means that two gerbes can
be equivalent as stacks, but inequivalent as gerbes, in analogy with how two principal G-bundles
can have diffeomorphic total spaces, but are not isomorphic G-bundles. For example, principal 53
bundles over S* are classified by Z @ Z, and [CE03] establishes an explicit diffeomorphism between
the total spaces of the bundles classified by (1,1) and (2,0). In what follows, we will restrict ourselves
to the case at hand and only consider trivially banded gerbes, which are classified by H?(X, Q).

Example A.2. If one considers the topological setting, then a good example to have in mind is given
by the observation that any principal S'-bundle is in fact a Z-gerbe, since BZ ~ K(Z,1) ~ S
From this, we recover the usual classification of principal S'-bundles by the Euler class in H?(X,Z).

To define a root stack of a line bundle (without section), consider .Z € Pic X. Recall that such a
Al

line bundle is equivalent to a map X Z, BC*, and let BC* £ BC* be the d* power map. Then,
we have:

Definition 2 ([Cad07, Definition 2.2.6], [AGV0S, Appendix B.1]). The stack X (¢ q) is defined to
be the fibre product

X(g.4 —— BC*

S

X £ , pc*

The stack X ¢ g) is a pg-gerbe over X, and, by construction, there is a line bundle ' € Pic X 4
such that

N~ pri g,
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Of course, there is also a corresponding iterated statement (see, for example [FMNI0, Proposition
6.9]), although we will not make use of it. We will mainly use the notation X ¢ 4 = 4/-Z/X.

Perhaps a more geometric way to think of a root stack of a line bundle is given in [AGV0S|
Appendix B.1]. Let .Z be a line bundle on a scheme X, and .£* be the total space minus the zero
section (i.e. the principal C*-bundle associated to .£’). Then,

VZ/X =[27/cr],
where C* acts fibrewise with weight d. In particular, the usual description of the weighted projective

stack P(d, d) is recovered as {/O(—1)/P!, since O(—1)* = A%\{(0,0)}.

Remark A.3. Tt should be noted that X ¢ 4y and X (¢ ¢ 4) are not equivalent. Indeed, as is demon-
strated in [Cad07, Example 2.4.3], the latter category is an infinitesimal thickening of the former.

The Kummer sequence
15 g 5 G 25 Gy — 1 (A.1)
induces a long exact sequence on cohomology
> HY(X,Gp) S H2(X, pa) 2> H2(X,Gp) — ... (A.2)

For a root stack {/.#/X, the corresponding class in H?(X, j1q) is the image of £ € H'(X,G,,) ~
Pic X under the connecting homomorphism. Conversely, a ugq-gerbe is called essentially trivial if its
corresponding class in H?(X, uq) is in the image of the connecting homomorphism. In particular,
in the case where H?(X,G,,) = 0, we make the identification

H?*(X, jug) ~ Pic X /d Pic X,

and so the cohomology class classifying the d*! root of .Z is given by the quotient of its corresponding
class in the Picard group, namely its first Chern class. Moreover, in this case [FMNI0, Lemma 6.5]
identifies H?(X,puq) ~ Ext}(Z/d, Pic X), where a class [Z] € Pic X/dPic X corresponds to the
short exact sequence

O_)PiCX_)PiCXXPiCX/dPiCXZ/d—)Z/d_)07 (A?))

where the map Pic X — Pic X /d Pic X is the projection, the map Z/d — Pic X /d Pic X is given by
1+ [#], and the first morphism of the extension is . — (£®%,0).

For each pg4-gerbe X, there is an underlying orbifold. This is the stack which results from the
stackification of the prestack whose objects are the same as the original stack, but whose isotropy
groups are quotiented by ug. This process is known as rigidification, although we refer to Appendix
C of [AGV08] for the precise details. It suffices for us to observe that, in the case where the gerbe
is the stack of roots of a line bundle on a scheme or orbifold, the map pr; : ¢/.2/X — X is the
rigidification map. In particular, for X = {/.Z/X and D a Cartier divisor on X, by Ox (D) we
mean priOx (D).

Ezxample A.4. The most basic example of a gerbe is given by considering Bpug to be a ug-gerbe over
a point.

Example A.5. Consider an orbifold X and the trivial action of pg on X. Then the resulting quotient
stack is given by X x Bjuig, and corresponds to the stack of d' roots of Ox, or indeed any line bundle
on X whose d' root exists in Pic X.

Ezample A.6. Consider the compactified moduli space of elliptic curves M;; ~ P(4,6). This is
a Z/2-gerbe over P(2,3), where the Z/2-torsor corresponds to the symmetry present in any lattice
defining an elliptic curve. It can be constructed as the stack of square roots of any line bundle
Z € PicP(2,3) ~ Z such that [.Z] € PicP(2,3)/2PicP(2,3) ~ Z/2 is non-trivial. In this case,
P(2,3) is the rigidification of the moduli space of elliptic curves.
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Example A.7. Consider the short exact sequence
1-K—->H-—->G-—-1,

where K, H, and G are all finite abelian groups. Then BH — BG is a K-gerbe, so is classified by
H?(BG,K) ~ H?*(G, K), which recovers the usual classification of short exact sequences in terms
of group cohomology. Moreover, this is the local structure at any geometric point of a K-gerbe.

Remark A.8. Note that above, and in what follows, we are implicitly taking K to have the structure
of a trivial G-module since we are only considering the case of trivially banded gerbes. For the
remainder of the paper, we will only consider the cases where G and K are cyclic groups, and so we
have H?(G, K) ~ Ext}(G, K) by the universal coefficient theorem.

We will exclusively deal with root stacks, both with and without section, over P!. To this end,
consider D; = [0] = ¢— and Dy = [o0] = ¢+ and 7 = (a,b). Then we define
Pap:= Pulmf

to be the weighted projective line with a stacky point of order a at g— and of order b at g,. Unless
ged(a, b) = 1, then this is not a weighted projective space; however, if this is the case then we have

Pap > P(a,b) := [A%\{(0,0)}/C*],

where C* acts on A?\{(0,0)} with weights a and b. Note that H*(P,p,G,,) = 0, and so all gerbes
whose underlying orbifold is P, ; are essentially trivial.

Given a pg-gerbe over Py, C, the structure of the gerbe at the points g+ will be of central
importance to us. Observe that there is a natural (surjective) map

H*(Pap, pa) — H*([A/pal, na) ® H?([A' /1], pa) (A.4)

which comes from the Mayer—Vietoris sequence, and this determines the Ext-class at g4+ which
locally describes the gerbe. Explicitly, let U— = [Al/u,], suppose that C = {/L/P,,, and that

Lly_ ~ Oy_(nq_) has class 8 € Picld_ ~ Z/a. Observe that H2([A'/pa], pa) ~ Z/ged(a,d), and
that the reduction 8 mod d yields an element [(] € Z/ gcd(a,d) determining a short exact sequence

1> pg— H- — pg — 1, (A.5)

classifying the gerbe on the patch Z/_, and corresponding to the d root of Oy (ng_). By con-
struction, there exists a (not unique!) character x4 of H_ such that H_ acts via dx4_ on the fibre
of priOy_(ng) at the origin, and which pulls back via the inclusion of jg to H_ to a unit in Z/d.
Therefore, as Ny, we take the equivariant sheaf on A! where H_ acts via y4_ on the fibre at the

origin. By construction, for any y € H_, there is a unique k € {0,...,d—1}and j € {m,...,m+a—1}
such that H_ acts on the fibre of the sheaf
POy (jg) @ N&* (A.6)

at the origin with character x. The local description of the gerbe on the patch U, = [Al/up] is
analogous, giving the local description of the gerbe on the two patches of P, ;. Conversely, the
description of a gerbe on P, is given by the local description on U+, together with the information
of how the two local descriptions get identified on the overlapping C* = U, nU_.

There is a strong link between the derived categories of root stacks and the representation theory
of finite dimensional algebras. If one takes a = b = 1, then this relationship is classical, and is
Beilinson’s result ([Bei78]) that

DY(P') ~ DP(A°P — mod),

where A is the path algebra of the Kronecker quiver. This was generalised by Geigle and Lenzing in
[GL8T] to the situation ]P’]%) ~ where D is a finite collection of disjoint points with multiplicity one,
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and 7 is a tuple of positive integers. In particular, for D = (¢_,¢+) and 7 = (a,b) as above, it was
shown that

D*(P, ) =~ D°(AY, — mod),
where A, is the path algebra of the quiver
O(—aq-) —= O(—(a—1)q-) —— ... —= O(—q-) —— O
H H (A7)
O(=bgy) —— O(=(b—1)g-) —— ... —— O(—qy) —— O.

This can also be viewed as a simple example of a canonical algebra, as introduced by Ringel in
[Rin90].
As for sheaves on the gerbes constructed as the root stacks over orbifold curves, consider C =
{/ L [Pqy for some £ € PicP, ;. There are natural full and faithful functors

®; : Coh P, — CohC
F > priFQN®,
where pry : C — P, is again the rigidification map. Taking the direct sum yields a special case of
[[U15, Theorem 1.5], giving an equivalence
CohC =~ (CohP,;)®". (A.8)

Note that is not just semi-orthogonal, but also orthogonal, and that the equivalence is at the level of
abelian categories. Therefore, the derived category of coherent sheaves on a gerbe over a weighted
projective line only depends on the generic stabiliser group and the underlying weighted projective
line.

It is essentially because of that our results are independent of the choice of gerbe structure
on irreducible components. To elaborate, consider C to be a chain of curves with two irreducible
components which has isotropy group H at their intersection; the general case proceeds inductively.
One can construct C as the pushout

C1
I (A.9)
C, < BH,

where ¢ : BH — Cy is the composition of the autoequivalence of BH induced from the action of H
on the node, followed by its inclusion into Ca. Since the abelian (and hence derived) categories of C;
and Co are independent of gerbe structures by , the only information required to understand
the category of coherent sheaves of C is the autoequivalence of BH, and this is independent of the
gerbe structure chosen, as well as the characters xq4, , and x4, _.

A.1. Root stacks and stacky fans. A key step in our argument of Theorem [1]is the identification
of the B—model with a cycle of nodal stacky curves. To do this, we view the B-model as a hypersur-
face in a toric Deligne—-Mumford stack, which we now briefly review the theory of. This theory was
initiated in [BCS03], and the relationship with gerbes and root stacks was explored in [FMN10]. As
with gerbes in general, this theory is developed well beyond the scope of what is required here, and
we aim only to briefly recount the required background; we refer to the original sources for more
detail.

Analogously to a toric variety, which contains an open dense torus 7', a toric Deligne-Mumford
stack is defined to be a smooth, separated Deligne-Mumford stack with an open immersion of a
Deligne-Mumford torus, T' x BG for G a finite abelian group, such that the action of T' x BG on
itself extends to the whole stack ([EMNI0L Section 3]). The data of a stacky fan is given by a triple
¥ = (%, N, ), where:
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e N is a finitely generated abelian group (not necessarily torsion-free),

e Y is afan in Ng = N ®z Q with n rays such that the rays span Ng, and

e (3:7Z"™ — N is a morphism of groups such that the image of the i*" basis vector of Z" in No
is on the i*! ray.

For simplicity, we will always assume that ¥ is complete. From this data, one can construct a toric
DM stack in analogy with the Cox construction for toric varieties ([Cox95]) as follows. Let d be the
rank of N, and choose a projective resolution

02Dz N 0.
Then, choose a map B : Z" — Z%¢ which lifts 8. The cone of 3, considered as a morphism of
complexes [0 — Z"] — [0 — Z° 9, zd+t 0], is given by the complex

0 — Zn-i—f @) Zd-ﬁ-ﬂ 0.

We define DG() := coker([BQ]"), and define the map

gy (Z")" — DG(p)
by the composition (Z")" < (Z"**)¥ — DG(B). We then have Zs; = A™\{0} (since ¥ is complete)
is the quasi-affine variety associated to the fan. By defining Gs; = Homyz(DG(S),C*), we get a
morphism Gy — (C*)", and this induces an action of Gs; on Zy; via the natural action of (C*)" on

C™. The resulting stack X' (X) := [Zx/Gx] is called the toric Deligne-Mumford stack associated to
3.

Ezample A.9 ([BCS03, Example 3.5]). Let ¥ be the complete fan in Q, and
i o)
1 0
B:7* —— S Z®ZLZ/2=:N.
v 2\v (4 6)
By (Z7)" —> DG(B) ~ Z,
and so the C* action on Zs, = A%\{(0,0)} is t - (x,y) = (t*x, %), yielding X (Z) ~ P(4,6).

Given a stacky fan 3 = (X, 3, N), one can associate its rigidification "8 = (X, "8, N /Ny, ) by
defining '8 : Z" — N/Nio; to be the composition of 8 and the quotient morphism N — N/Ni;.
The stack X'(X®) is the DM stack associated to this stacky fan, and, by construction, comes with
the rigidification map X(X) — X (X"8) induced from the injective morphism DG(8"8) — DG(f).

Then one can check that

Closed substacks corresponding to cones of the fan are defined in [BCS03|, Section 4]. We will
restrict ourselves to the case of rays (one-dimensional cones), and recall the basic construction here.
Let p; be a ray of ¥, e; the positive generator of the i*" summand of Z", N,, the subgroup of N
generated by f((e;), and N(p;) = N/N,, the quotient. This defines a surjection Ng — N(p;)qg,
and the quotient fan ¥/p; in N(p;)q is defined as the image of the cones in ¥ containing p; under
this surjection. The link of p; is defined as link(p;) = {7| 7+ p; € ¥, and p; n 7 = 0}. Let ¢
be the number of rays in link(p;). We define the closed substack associated to p; as the triple

X/pi = (X/pi, N(pi), B(pi)), where

B(pi) : Z* — N(pi)
is defined as the composition Z¢ < Z" 5 NN /Np; = N(p;). In particular, the divisor D,,
corresponding to the ray p; is X' (X/p;).

Of most importance to us is the fact that if X is a toric DM stack whose coarse moduli space is P!
or P2, then (amongst other things) [FMNTI0, Theorem II] shows that there exists a stacky fan whose
corresponding quotient stack is X'. Moreover, in the case that X is an orbifold, this fan is unique.
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This is far from true in the case where N has torsion, as is demonstrated in [FMNI10, Example 7.29].
There are several sources of non-uniqueness, although in our situation it is essentially equivalent to
the fact that it is possible to choose multiple lifts of an element in Z/n to Z.

From now on, we will restrict ourselves the the case of toric Deligne-Mumford stacks whose
coarse moduli space is given by P! or P2. Let C = X(X) be a toric Deligne-Mumford stack
whose rigidification is Py . Then, [EMNI0, Proposition 7.20] shows that there is a unique class
in Extl (Nior, Pic P, ) such that the Hom(Nior, (C*)—bandedﬂ gerbe over PP, ; associated to this class
is equivalent to C. The proof of this proposition is constructive, and it is straightforward to deter-
mine the short exact sequence from the data of a stacky fan. The main ingredient, however,
which we will use in our application to invertible polynomials is [FMNI0, Theorem 7.24], which
shows (as a special case) that if ¥ is the complete fan in Q and

(a —b)
n— Ny
Z®7Z/d=:N,

X(2) ~ {2 /Pus

as toric DM stacks, where £ = O(q-)" ® O(q4)"+.

872

then

Remark A.10. It is important to emphasise that two inequivalent gerbes can be equivalent as toric
DM stacks. This happens when the corresponding Ext-classes are isomorphic as sequences, but
inequivalent as extensions — see [FMN10, Remark 7.23] and [BNO6l Proposition 6.2]. In particular,
the above application of [FMNI10, Theorem 7.24] only makes a claim about toric DM stacks. By
[FMNT10, Proposition 7.20], one can check when this equivalence is also an equivalence of gerbes,
although this will not be necessary for our purposes.

Ezample A.11. (cf. [BCS03, Example 3.6]) Let ¥ be the complete fan in Q, N = Z® Z/3, and
1 -1
o \n 0
Bo: T2~ L TDL/3.

Since X is complete, we have Zs,, = A2\{(0,0)} for any n. In the case of n mod 3 = 0, we have

11
v 2\v 00
By (Z7)
and so Gs, ~ C* x u3, and X(2g) ~ P! x Bus. In the case where n mod 3 # 0, we have

(3 3)

By (2%)" —— DG(B) ~ Z,

and so Gy, ~ C* and X (X,) ~ P(3,3) as toric DM stacks for any such n. However, the class in
Exti(Z/3,7) corresponding to n is given by the sequence

DG(B) ~Z®Z/3,

0->22%722%7/3-0,
and so n1 and ng do not define equivalent gerbes unless n; = no mod 3. Moreover, this shows
X(Z,) ~ Y/O(1)/PL  for nmod 3 = 1, and
X(Z,) =~ Y/ O(2)/PL  for nmod 3 = 2.

This also demonstrates the non-uniqueness of the fan in the case where the DM stack is not an
orbifold — taking 3, for any n € Z yields a gerbe which is equivalent to the 3¢ root of O(n mod 3).

3We mention banding only for completeness; we continue to only consider trivially banded gerbes.
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